Coleman Isomorphisms in Syntomic Cohomology and THH

Kush Singhal

Abstract

This paper proves a generalisation of Coleman’s isomorphism (between norm compatible cyclotomic units
and a group of invertible power series) to various cohomology theories evaluated on proper regular p-adic
formal schemes, for future applications to Iwasawa theory. This generalisation is an immediate consequence
of a description, as a cyclotomic synthetic spectrum, of the limit over transfer maps as one goes up the
cyclotomic tower of motivically filtered THH. This crucially uses a calculation of THH(Zy[(pn]) due to
Devalapurkar-Raksit as well as a calculation of the free loop transfer due to Schlichtkrull. Along the way, we
construct transfer maps for various cohomology theories along finite flat regular maps, using some elements
of P-stable motivic homotopy theory.
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1 Introduction

Throughout, fix an odd prime p.

1.1 Statement of Main Results
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Consider the power series ring in 1-variable Z,[q — 1] =~ @1” Zy[Z/p™]. This is equipped with a ring endo-
morphism ¢, the Frobenius lift, uniquely determined by ¢(¢) = ¢”. The ring Z,[g — 1] is also equipped with
a Z,-action via ring maps induced by multiplication on Z/p™. This article generalises and gives a new more
conceptual proof of the following computation of Coleman [Col79].



Theorem 1.1 (Coleman). Let N, : Zy[q — 1] = Z,[q — 1] denote the unique map determined by

(poN)(@) = [ f(a.

CELp

Then, there is a Z, -equivariant isomorphism of abelian groups
lm 2, G 2 {f € 2l ~ 11 o) = 1)

where the left hand side is the inverse limit over norm maps.

This result (and its generalisation to Galois cohomology of de Rham representations by Cherbonnier—Colmez)
is one of the key local inputs in Iwasawa theory, in particular the theory of explicit reciprocity laws!. These
explicit reciprocity laws are, for example, used in the construction of p-adic L-functions, which are the image
of certain motivic classes under the Perrin-Riou p-adic regulator map. This regulator map is constructed using
Coleman’s isomorphism as well as some (rational) p-adic Hodge theory. Moreover, the construction of these
motivic classes, as well as computations of their images under regulator maps, require chasing around certain
classes in various cohomology theories along comparison maps between them, as well as under pushforward
maps in cohomology (cf. [LZ21]). While the starting motivic input is global, the cohomology arguments most
often occur locally at p.

In integral p-adic Hodge theory, comparison results between many p-adic cohomology theories are medi-
ated by the prismatic cohomology of [BMS19; BS22; BL22a|. Moreover, prismatic cohomology can be used
to construct an integral form of syntomic cohomology Z,(r)*¥™ [BMS19; BL22a|, which identifies with étale
sheaﬁﬁed p- adic motivic cohomology. In fact, one should think of Coleman’s isomorphism as a computation of
Hm Zp(1)™(Zy[Cpn]) since

Zp(1)™™(=) = Rlee(—, G [—1]-

p

With a view towards studying (in future work) an integral version of Perrin-Riou’s regulator map and its
role in constructing p-adic L-functions using modern integral p-adic Hodge theory, we generalise Coleman’s
isomorphism to higher dimensional algebraic (formal) varieties, other cohomology theories, and higher motivic
weights. We obtain such generalisations in one fell swoop by using homotopy-theoretic techniques as in [BMS19].
By [BMS19], topological Hochschild homology THH and its motivic filtration FllmotTHH package together
(Nygaard filtered) prismatic and syntomic cohomology. The following Theorem A is the main result of this
paper, with immediate consequences to (Nygaard-filtered) prismatic, syntomic, and (Hodge-filtered) de Rham
cohomology listed in the following corollaries B-D. To keep track of motivic filtrations on THH, we need to use
the theory of ‘cyclotomic synthetic spectra’ of [AR24], a brief overview of which is in Section 2.3.

Theorem A (Theorem 4.41 and Corollary 4.45). Suppose X is a proper regqular p-adic formal scheme over

Zy[Cp) and write X, := X Xgprz,(¢,] SPEf Zp[Gpn].  There is a functorial-in-X 7 -equivariant equivalence of
Fil=* THH(X)-modules of cyclotomic synthetic spectra
LFllmotTHH (X)) (Fﬂg’gt 'THH(X/S,[q — 1}});) B, [g1yre A (V)[1] (1)
where:

o the limit on the left hand side is over transfer maps (see Section 1.2 below),

Spllg — 1] is the cyclotomic spectrum whose underlying spectrum is the Ex-ring
Spla — 1] := (Sa])(,q—1) = lim S,[Z/p"]

with trivial circle action and with cyclotomic Frobenius given by the Tate diagonal [NS18, Section III.1],
and endowed with a Z, -action coming from the usual multiplication action on Z/p" as n — oo;

Zy[Cp) is a Spllq — 1]-algebra via ¢ — p;

THH(X/Sp[q — 1]); is equipped with a 7. -action coming from Sp[q — 1];

1For a comprehensive survey of explicit reciprocity laws and the role that Coleman’s isomorphism and its generalisations play
in this story, see the survey of Venjakob [Ven25] and the references therein.



o My, is the cyclotomic spectrum with underlying spectrum with S*-action is

My = lim S, [q — 1]
&
equipped with the trivial circle action where

0 pfid,

7:Splg — 1] = Splg — 1], qu{ i/p i
q'’?  pli,

and with the cyclotomic Frobenius given by the shift map

tC,p
limS,[q — 1" — (@ Spla - 1ﬂmv> ~lmSyfg — 1", (fa) = (fas1):

T

e (1) denotes a Tate twist (for a more precise formulation see Section 4.1); and
o the tensor product on the right is the p-complete tensor product of filtered spectra?.

In additional to the usual contravariant functoriality in X, this equivalence is also covariantly functorial in
transfer maps for reqular finite flat maps, as well as Gysin maps for regular closed immersions.

We explain how this recovers Coleman’s isomorphism in Remark 1.5.

Remark 1.2. Readers familiar with Iwasawa theory may recognise the map
Zpllg — 1] =~ mSplg — 1] =5 moS,plg — 1] =~ Z,[q — 1]

as being the normalised trace of Frobenius operator usually denoted by v in the number theory literature.
However, the symbol 1) is also used to denote the Adams operations on KU, which will be used frequently
in Section 4, and so we will use the symbol 7 for the map defined above. We will abuse notation by also
writing 7 for the map Z,[q — 1] — Z,[g — 1] on mp.

Remark 1.3. The reader may have observed the shift in the filtration as one goes from the left to the
right. In fact, the isomorphism in Theorem A has an implicit factor of log (¢?) € Filll\lngp [g—1]M{1} (see
[BL22a, Section 2| for details on this element) on the right; indeed, log (¢?) can be viewed as a generator
of the Tate twist present in the above formula. Since Frobenius preserves this element [BL22a, Proposition
2.5.18], we safely suppress this factor.

For more on this see Remark 4.42.

Theorem A has a lot of immediate consequences for other cohomology theories. For the first corollary, we
recall some basic facts about prismatic cohomology of a p-adic formal scheme X:

1. The r’th Breuil-Kisin twisted absolute prismatic cohomology of X, denoted by x{r}, is an object of
the derived category D(Zy);, of p-complete Z,-modules. It is further endowed with a ‘Nygaard’ filtration

(Fil%;g x){r} and a ‘Frobenius’ map ¢ : x — x that induces a ‘divided Frobenius’ map

plr}: (Filgy, x){r} = x{r}.

If X lives over a perfectoid R, then the above complexes are Ajn¢(R)-modules, and p{r} is given by d™"¢
for d a choice of generator of ker(Ai,s(R) — R). This choice of d also trivialises the Breuil-Kisin twists, so
that {r} is actually independent of the choice of d; a similar phenomenon happens for relative prismatic
cohomology.

2. Relative prismatic cohomology x/z,[4—1] of X relative to the g-de Rham prism Z,[q — 1] is a (p,q — 1)-
adically complete Z,[q — 1] module. This object is equipped with a ¢z 1] semi-linear Frobenius map

PX T X/Zpla=1] 7 X/Zple—1]-

We write
X/z,[a-1117} = adRx ®z,14-17 Zplg — 1]{r}

2The synthetic structure on Fil=* THH(X/Sp[g — 1]) then induces a synthetic structure on the full tensor product.

mot



for the ’th Breuil-Kisin twist, where Z,[q — 1[{r} := Z,[¢q — 1]{1}*" and Z,[¢q — 1]{1} is the invertible
Zy[q — 1]-submodule defined in [BL22a, Section 2.

The Frobenius twist g;}z,, -1 =  X/Zpla-11 ®z,lq-11.¢ Lp [¢ — 1] is further endowed with a Nygaard

filtration Filﬁgg g}z [a—1]’ such that the Frobenius map upgrades to a filtered map
P

>e (1) .
ox ViR, x/z,10-11 = Pl§ x/2,00-11

where [p], == Zf;ol q*. The divided Frobenius map

> (1
ox{r}: (Filgy, Ko i)t = x/z,00-0{r}
is then given by [p],"px.
Theorem A has the following concrete application to prismatic cohomology.

Corollary B. Suppose X is a proper regular p-adic formal scheme over Z,, and write X, = X Xsptz,
Spf Zy[Cpn]. Then, there are L) -equivariant equivalences

~(1)

I&HFllg;g X, & Fll%;g X/Zp[[q—l]]&’ZZ;}IIQ*]-]]MIW(I)[_:H’
n

.o~ ~(1) ~
m x, >~ x/7,14-1192, - 11Mw(1)[-1],

where the limit on the left hand side is over prismatic trace maps (see Section 1.2 below), the right hand side of
both these equivalences are (p,q — 1)-adically completed, both the relative and absolute prismatic cohomologies
are Nygaard completed®, (1) is the Tate twist denoting tensoring by the Ly -module Tppipee, and

Mty = To My = I'&an[[q —1].

Moreover, in addition to the usual contravariant functoriality in X, these equivalences are covariantly func-
torial for Gysin maps associated to reqular closed immersions and for transfers along finite flat reqular maps.

Remark 1.4. The module My, = lim_ 7, g — 1] is a rather large Z,[q — 1]-module. It can be rewritten
as

My = HomZp[[qflﬂ (Ainf(Z;yC)v Zp[[q - 1]])7
the module of (continuous) Z,[g — 1]-linear maps from Ajn(Z5¥¢) — Zy[q — 1], where
. A
Ainf(Z;yC) ~ (co}Lim Zplg®  — 1ﬂ)

p,q—1

is Fontaine’s period ring for the integral perfectoid ring Z7"“. This presentation as linear functionals on
Ainf(ZgyC) is perhaps more psychologically useful. Beyond this presentation, the author does not know of
a useful interpretation of M.

The 7’th integral syntomic cohomology Z,(r)*"(X) of [BMS19; BL22a| is given by the fibre
syn __ > can—p{r} -~ a>r 7 can—p{r} =
Zp(r)™™(X) :=fib (FllNyg x){r} ——— x{r} | ~fib (FllNyg x){r} ——— x{r}

where can : (Fil%;g x){r} — x{r} is the canonical map from a filtration to the underlying object.

Corollary C. Suppose X is a gcgs proper regular p-adic formal scheme over Zy[(p]. Write Xy, := X Xgprz,[¢,]

Spf Zy[Gpn]. Then, for any r € Z, there is a Z,; -equivariant equivalence of objects in D(Zp)ﬁ

—_

lim Z,, ()™ (X))

n

e ~(1) ~ ®dx{r—1}—can ~(1) ~
~ ﬁb <F11Nyé X/Zp[[q—l]] {7" — 1}®ZPHQ*1HM1W X—> X/Zp[[q_l]] {7" - 1}®Zpﬂq1HMIW> (1>[—1]

3This statement should still hold true if one does not Nygaard complete both sides. This should follow from a version of
Theorem A for the decompleted THH constructed in the upcoming work of Devalapurkar-Raksit-Hahn-Yuan [DHRY].



where the transition maps on the limit on the left hand side are given by the trace maps in syntomic cohomology
(see Section 1.2 below), the tensor products on the right are (p,q — 1)-adically completed, (1) denotes the Tate
twist, and where ®x{r — 1} is the map given by the composition

@ x {r—1}®shift
B

r (1 . .
Fi 1§yg ! X}Zp[[q—l]]{r — 1} ®z,[g-11 im Zy[q — 1] x/2,lq—1{T — 1} @z, [g-1] im Zp[q — 1]

— Nz le-1{r = 1} @z, 111 imZy[g — 1]

with the second map induced by

. )
d®1: x/z,[-11 7 X/Z,la-11 Dz, la-11 Zpla — 1] = X)z,14-11-

This equivalence is moreover functorial in X both contravariantly for the pull-back on cohomology, but also
covariantly for Gysin maps associated to reqular closed immersions and for transfers along finite flat regular
maps.

Remark 1.5. One recovers Coleman’s isomorphism from Corollary C by taking X = SpfZ,[(,] and

r =1, and using that
~(1) ~(1)
Fillyg 2,16,0/2,00-11 ~  2p()/2p1a-11 ~ Zola — 1]

as well as the isomorphisms

fib { limZ,[q — 1] 2% 1im Z,[g — 1] ) =~ 8b(Z,[g-1] == Z,[q-1]) —=— ((Z[q — 17°)"*7)"
limZ, g — 1] lim g — 1] | = 8b(Zylg—1] 75 Z,lo-1]) = (2l - 11) ")
T T qdq o8

One can also prove a statement about p-complete (derived) de Rham cohomology dRy, and its Hodge
filtration FilIZ_ITdRX. This requires a little extra effort.

Corollary D. Suppose X is a proper regular p-adic formal scheme over Z,[(p], and write X, := X X Spf Z, [Cp]
Spf Zy[Cpn]. Then, there are Z, -equivariant equivalences

LFll— dRx, ~ FilZ"~ 1olRX/Z l-1192, [¢—1] Jm hmZ ola — 1] (D)[-1],

—~ — (1)

%iLndRXn ~dRx/z,[4— 1]]®Z [g—1] 2 Hm Zp[q — 1](1)[-1],
where the left hand side is the limit over trace maps in derived de Rham cohomology, the right hand side of all

of these equivalences are (p,q — 1)-adically completed, the (=) on dR_ denotes Hodge-completion®, the (—)™M)
denote Frobenius twists over Z,[q — 1], and the remaining notation is as in Corollary B

Moreover, in addition to the usual contravariant functoriality in X, these equivalences are covariantly func-
torial for Gysin maps associated to reqular closed immersions and for transfers along finite reqular maps.

1.2 Transfer Maps

A key technical input is the existence of trace maps in prismatic cohomology in the first place: indeed, the
reason the trace maps (aka corestriction maps)

Rrét(L7 _) - Rrét(Ka _)

exist in étale cohomology for finite field extensions L/K is that Spec L — Spec K is a finite étale map. However,
Spf Zy[Cpn] — Spf Zyp[(yn-1] is not étale. Thus, one needs to do more work in order to construct the trace.

Relatedly, on the homotopy theoretic side, we have glossed over a key technical detail: that the transfer
maps, obtained by applying THH to the map

(Perf(X) ELN Perf(Y)) € Catperf

for f a finite flat regular map, preserve the motivic filtration.

4As with Corollary B, one should be able to get Hodge-decompleted statements by using a decompleted version of HH as in
[DHRY].



Both these issues are resolved by the following, which is one of the main technical results of this paper
and may be of independent interest. In order to express the theorem in full generality®, we use the theory of
prismatic F-gauges, for which we refer the reader to [Bha22]. In the following, for a map f: X — Y of p-adic
formal schemes we denote by f$™ : X5V® — YY" the induced map on syntomifications. We will use f¥™* and

Y™ for the derived pull-backs and pushforwards respectively.
Theorem E. Suppose f : X — Y is a finite locally free reqular map of quasi-syntomic qcgqs p-adic formal
schemes. Then, for any perfect prismatic F-gauge €& € Perf(YS™), there is a ‘trace’ map of prismatic F-gauges

() fN(E) > €

functorial in £ as well as functorial in base-change in f and composition in [ (the latter only up to non-canonical
homotopy), satisfying the following properties:

1. The composition
, , 7 (E)
£ pem(pomee) S g

is multiplication by deg f.

2. Under the identification provided by the projection formula f&"(f¥™*E) ~ fi7"Oxswm ® &, one has
trjcyn(é’) ~ trjfyn((’)xsyn) ®idg.

3. (Etale comparison) For any € € Perf(XY), étale realisation of the trace map on F-gauges
f:ynfsyn,*g N g

coincides with the étale trace map

T Iy Tee(E) = Tt (E)

on Zy-local systems constructed in [LRZ24[, where Tgy denotes étale realisation.

4. If f is finite étale, then this coincides with the trace map for finite étale extensions discussed in [GR24,
Section 7.2].

5. When X = SpfS and Y = Spf R are both p-torsion free integral perfectoids with S/R finite locally free,
the trace map
Ainf(S) — Ainf(R)

is induced by the usual trace map associated to the finite locally free extension Ajne(R) — Aing(S).

Remark 1.6. This theorem is conditional on the forthcoming work [DHRY].

Remark 1.7. We have glossed over a subtlety in statement (3) above. In [Bha22], étale realisation of an
F-gauge is only well-defined for perfect F-gauges. However, fi'"Oxsyn for f a finite map that is not étale
will not be perfect, and so a priori étale realisation as defined in [Bha22| is not well-defined. We address
this issue in Remark 3.26.

The key point in the proof of Theorem E is that transfer maps exist for free for localising invariants, so all
one needs to do is to check that the associated motivic filtrations are preserved by the transfer map. Following
a suggestion of Clausen, we do this by factoring our finite regular map f : X — Y through a regular closed
immersion X — P} into projective space, and then using the Gysin maps of Longke Tang [Tan24; Tan26| as
well as the projective bundle formula. Once we know that the motivic filtrations are preserved, the rest of
Theorem E is then straightforward using standard techniques in the theory of prismatic cohomology.

5To actually prove Coleman’s isomorphism, we only really need to know that the transfer maps on THH preserve the motivic
filtrations. The rest of Theorem E is simply a sanity check to ensure that the transfer maps induced on the associated graded of
the motivic filtration satisfy expected properties.



1.3 1Idea Of Proof of Theorem A

Theorem A is essentially a consequence of an explicit description of the filtered transfer map in motivically
filtered THH, stated in Theorem 4.32. Partly because stating the result rigorously will require introducing a
lot more notation, and partly for the convenience of those readers who may not be as familiar with THH, we
instead write the following more concrete consequence in prismatic cohomology.

Proposition F (Consequence of Theorem 4.32). Let X be any bounded quasi-syntomic p-adic formal scheme
over Zy[Cp], and set Xy := X Xgpez (¢, SPEf Zp[Cpn]. Then, there are commuting diagrams

(1) n >r—17 ()
Fﬂﬁyg Xnt1 E— FllNYg X7L+I/ZP[[‘17L_1]]{T} i) Fi lNyg 71+1/ZP[[Qn_1ﬂ {T}

Lr lT{T} lprojx,n{r}

Filg), x, — Filg), .(;,)L/Z lgn_—1117} o Filg, ! (1,)L/Zp[[qn,171]]{r}
and
[T Y (3 B RO 10
}r |7t [proixatr)
AX E— Ag)/z lgn_—1117} o, Ag)/z lan_—1117}
where

. . a>r a>r -~ -~ .
e tr, are the prismatic trace maps Filg, x,, = Filg, x, and x,,, = x, constructed in Theorem E,

e the horizontal rows are fibre sequences,

e 0, = 7" for n @ topological generator of (14+p"Z,) (chosen so that v,4+1 = 4% ) acting on AX,L/ZP [dn—1—1]
via the usual action on the prism (Zylgn—1 — 1], [plg),

o d.:=[p|" ifr>0,andd. =0 if r <O,

-
q1
® projx , is the composition

. o ~(1) o ~(1) id®pro ~(1)
Proj : Filkiy, x,,/z,fan—11 = Filliyg /2 lam-2-1] @700 11 Zplgns1 — 1] “22D Fill o x 2 g1y

with proj : Zy[qn+1 — 1] = Zplgn — 1] given by ¢i,y — 0 if pti and qﬁil — q., and

~(1) ~(1)
i Zz 0 ’Yn o proj : FllNyg Xpg1/Zplgn—1] FllNyg X /Zplgn-1—1]"

Remark 1.8. The identification of x, implicit in the above theorem is essentially a corollary of [Liu25,
Theorem 1.0.2] (see Remark 4.10 for the precise relationship), though the proof method is completely dif-
ferent. The identification of FllNy ¢ X, in terms of the Nygaard filtration on relative prismatic cohomology
is however new. R R

The identifications of x, and Fﬂ%;g x,, given above are essentially corollaries of Devalapurkar-Raksit’s
calculation of THH(Z,[(p»]) combined with the symmetric monoidality of THH and an analysis of motivic
filtrations; see Proposition 4.26.

Apart from the description of the Nygaard filtration, all of the new content here is the calculation of
the transfer maps which is carried out in Theorem 4.32.

Proposition F (or rather its homotopy theoretic upgrade Theorem 4.32) is proven by a calculation using the
explicit description of THH(Z,[(,»]) and THH(Z,[(,]/Splq1 — 1]) as cyclotomic spectra due to Devalapurkar-
Raksit (recalled in Section 2.4.2) and the explicit calculation of the free loop transfer map THH(S[Z]) —
THH(S[pZ]) due to Schlichtkrull (recalled in Section 2.4.1), followed by an analysis of motivic filtrations. Apart
from Theorem E, this is the only other place in the paper that the homotopy theoretic input is essential, since
we use in an essential way the structure of THH of spherical group algebras. Moreover, the reduction to the
case of a point uses symmetric monoidality of THH, whereas an analogous Kiinneth type formula for absolute
prismatic cohomology fails.



Once one has the description of the prismatic trace map as in Proposition F (respectively the homotopy
theoretic result in Theorem 4.32), one can prove Corollary B (respectively Theorem A) directly. The key point
is that upon taking limits in 7, the middle term in the fibre sequence of Proposition F vanishes since the 1+p"Z,
action on  _/z [4,_,—1] is trivial modulo ¢ — 1; see [BL22a, Section 3.8] for the case n = 1 and [Liu25, Theorem
1.0.6] in general. Indeed, once the action is trivialised, the sum Zf;ol % identifies with multiplication by p, and
taking the limit over this is zero in the p-complete category.

The above suffices to give a description of limn THH(X,,) as a spectrum with S!-action. The description
of Frobenius in Theorem A is then obtained by a slightly tedious diagram chase; the key point however is
to understand how the map 7 interacts with Frobenius, which uses an incarnation of 7 in terms of the oo-
semiadditive structure of K (1)-local spectra.

1.4 Future Work

1. In [CCY9] (see also [Ber03] and [LLZ12]), Coleman’s isomorphism and its generalisations are used to
construct the Perrin-Riou p-adic regulator map, which interpolates between inverses of the Bloch-Kato
exponential map and the dual exponential map. Recently, in [FKM26], a prismatic interpretation of the
Bloch-Kato exponential map was studied. In future work, we will study the relation between the work
carried out here and the work of [FKM26], in order to construct an integral version of Perrin-Riou’s p-adic
regulator.

2. As previously mentioned, the Coleman isomorphism can be used to construct the Kubota-Leopoldt p-adic
L-function (see [CS06] for instance). However, it has already been observed in [AHR10] that the Kubota-
Leopoldt p-adic L-function has a description in K (1)-local homotopy theory as a certain endomorphism
of p-complete topological complex K-theory KU,. One can then ask a rather obvious question: how are
these two related? It should be the case that Theorem A connects these two observations. In future work,
we will explore this connection further.

3. One could ask for a description of the inverse limit of prismatic/syntomic cohomology over towers other
than the cyclotomic tower.

Coleman’s original theorem was for towers associated to any Lubin-Tate formal group (not just @m) in
which he replaces what we now call the ¢-de Rham prism with the ring of functions on the Lubin-Tate
formal group. However, such generalisations—where we replace the g-de Rham prism with rings equipped
with Frobenius lifts behaving like the p-power map in higher height formal groups—will require a theory
of prismatic cohomology associated to that formal group (where the usual prismatic cohomology is the
one associated to ((A}m) Such a generalisation of prismatic cohomology to Lubin-Tate formal groups has
been started in [Mar25]. Once such theories are developed, and once one has a spectral level description
of THH of each level of the tower, one should be able to give a generalisation of Coleman’s result using
the methods of this paper.

On the other hand, one could also ask for generalisations to more general perfectoid towers, still using
the usual prismatic cohomology. For the strategy of this paper, this will require a detailed understanding
of the THH of this perfectoid tower, as well as a computation of the transfer in THH. This is likely to
succeed if the perfectoid tower is built from the p-power torsion points G,, := G[p"] of a sufficiently nice
p-divisible group G, for then one could try and calculate the free loop transfer

S[LBG 1] ~ THH(S[Gp41]) — THH(S[Gn]) ~ S[LBG,).

4. There is also a relationship to the theory of higher cyclotomic extensions [CSY24]. Indeed, by [CSY24,
Proposition 4.11] applied to the co-semiadditive category Lg 1) Sp, there is a decomposition

LiySIB*Zy) = Lic(1)S[B*Zy) & Lic(1ySIL-]

where LK(l)S[CI(,Q] is the infinite cyclotomic extension of Ly 1)S. Then, the map 7 : Zp[q—1] — Z,[q—1]
is KUg(f) of the inclusion map®
2 id®0 2 (1) 2
LK(l)S[B Zp] — LK(l)S[B Zp] (&) LK(l)S[CpOO] ~ LK(l)S[B Zp}.
It would be interesting to try and understand the calculations in this paper from the perspective of
the theory of higher cyclotomic extensions. Of course, a priori, we do not work in an oco-semiadditive

category, so one cannot directly generalise. However, this framework is likely to give a more conceptual
understanding of the calculations carried out in Section 4.

6To see this, one should compare Construction 4.15 with the discussion in [DR25, Section 2.2].



1.5 Summary of Sections

Section 2 gives some preliminaries on cyclotomic spectra, localising invariants, and motivic filtrations that we
will need. In Section 3, we prove Theorem E: in Section 3.1 and Section 3.2 we show that the transfer map
on localising invariants respects the corresponding motivic filtrations, Section 3.3 proves the existence part of
Theorem E, Section 3.4 gives a calculation of the trace map for perfectoids, and finally Section 3.5 establishes
the comparison of our transfer maps with the étale traces of [LRZ24].

The bulk of this paper is Section 4; the plan for this section is as follows. In Section 4.1, we list a collection
of technical lemmas that will be used in the following; the reader may safely skip this on a first reading and
refer back to lemmas as necessary. In Section 4.2, we prove Proposition F and its homotopy theoretic upgrade
for the case X = SpfZ,, using the results in Section 2.4.1 and Section 2.4.2. Using symmetric monoidality
of THH and an analysis of its motivic filtration, we may then obtain a description (see Theorem 4.32) of the
transfer map for motivically filtered THH whose associated graded yields Proposition F; this is the subject of
Section 4.3. With this description in hand, we then prove Theorem A in Section 4.4. Finally, in Section 4.5 we
prove Corollary D.

Notation and Conventions
1. pis an odd prime number.

2. Throughout, we will set QY := Z; [p1,] ;\[%} to be the Z,;-Galois perfectoid extension of Q, containing all
p-power roots of unity. We fix a compatible choice of primitive p-power roots of unity (,» (so Cg i1 = Cpn

and (, # 1) inside Q3¥°. We have the (Z/p"Z)*-Galois extension Q,((yn) of Q. We will denote the
integral subrings of these fields by Z5¥¢ and Z,[(yn] respectively.

3. For R a classical commutative ring, we write D(R) for the stable co-category of R-modules. If R is
furthermore p-complete, then we write D(R)Z/} for the full subcategory of p-complete R-modules.

4. For any oo-category C, write grC := Fun(Z?, C) for the category of graded objects of C, and write FilC :=
Fun((Z, <),C) for the category of decreasingly filtered objects. For more on filtered objects see Section 2.3.

5. For G a topological group, we will write CB¢ := Fun(BG, C) for the category of C-valued local systems
on BG, equivalently the category of objects of C with G-action, equivalently Borel G-objects in C. Some
more notation related to spectra with G-action is given in Section 2.1.1.

6. Write Sp for the symmetric monoidal category of spectra, with symmetric monoidal product written as ®
and unit the sphere spectrum S. Write map(—, —) for the internal mapping spectrum in Sp. One can, and
should, think of Sp as the “derived category D(S) of S-modules”. For X € D(Z), we will abuse notation
by writing X € Sp for the Eilenberg-MacLane spectrum associated to X.

Throughout, CAlg will denote the category of E-ring spectra, and CAlgy the category of E.-R-algebras
for R an E,-ring. We will need to consider CAng, the 1-category of classical commutative Z-algebras.

Write (—)[1] : Sp — Sp for the suspension functor in Sp, which induces the canonical shift functor on the
corresponding triangulated category. One has that

T (X[1]) = 11 X

for all X € Sp. Cohomologically, we have H"(C[1]) = H""!(C) for C € D(R).

Write 7>, for the truncation functor on Sp, so that

0 1<n
TiTo>nX = ]
= X 1> n.

7. Write Sp,, for the full-subcategory of Sp consisting of p-complete spectra. Unless otherwise specified, in
Section 4 we will always be working in the p-complete category, and so we will suppress notation. This
is particularly relevant for all tensor products showing up in Section 4: we use @ instead of ® to denote
the p-complete tensor product. Similarly, for the Tate construction for a group G (see Section 2.1.1), we
write (—)*“ to mean the p-completion of the usual Tate construction on G.

8. For any topological space A, we will write S,[A] for the p-complete suspension spectrum (X°A)). As
usual, we are suppressing the p-completion.



9. For any F-ring R in a symmetric monoidal stable co-category C, write Modg(C) for the category of R-
module objects in C. If R is a classical commutative ring, then there is an identification Modg(Sp) ~ D(R).

10. We will write the n’th Frobenius twist of Z,[¢ — 1] as Zp[qg, — 1], where ¢, = ¢? ". Thus, the non-linear
Frobenius map Z,[q — 1] — Z,[g — 1] can be viewed as a Z,[¢ — 1]-algebra map

Zplg — 1] = Zp[qr — 1]
Of course, Frobenius induces an isomorphism Z,[¢,+1 — 1] = Zylgn — 1] where gp+1 — qn-

11. We reserve the older notation @n for specifically sequential limits, while denoting limits over any other
indexing diagram with lim,.

12. Let KU, denote the p-adic completion of topological complex K-theory. There is a continuous action of
Z, via Adams operations on KU, which will be denoted by 97 : KU, — KU, for g € Z,;. We write
ku,, := 759KU,. The Adams operations act on ku,, and we will also write ¢ for this.

13. For any module M over ku,,, write
M(1)[2] := T>2ku, Qku, M.

This notation makes sense since multiplication by the Bott class yields the equivalence 7>oku, ~ ku,[2]
on underlying spectra, and the Adams operations act on the Bott class via multiplication.

14. Recall that a map R — S of classical commutative p-complete rings is p-quasi-syntomic (resp. a p-quasi-
syntomic cover) if S/p is flat (resp. faithfully flat) over R/p and Lg,r/p € D(S/p) has Tor amplitude in
[—1,0] (cf. [BMS19, Definition 4.10]). A ring R is p-quasi-syntomic if Z,, — R is p-quasi-syntomic. As
usual, we will abuse notation by only writing quasi-syntomic rather than p-quasi-syntomic.

We write QSynp for the Grothendieck site of quasi-syntomic maps R — S, where the covers are the

quasi-syntomic covers. This site has a basis by the quasi-regular semi-perfectoids (see [BMS19, Section
4.4]), which we will always abbreviate by QRSP.

We also comment on the notion of regularity that we are assuming in Theorem E. We say a finite map
R — S of classical commutative p-complete rings is regular if it is Koszul-regular in the sense of [SP,
Tag068E], i.e. if it is a locally complete intersection.

15. For f : X — Y a map of p-adic formal schemes, we denote by f&* : X% — YS¥» the induced map on
the syntomic stacks of [Bha22]. We will use f5™* and f*" for the derived pull-backs and pushforwards
respectively as we shall not need their underived versions. However, to prevent confusion, we still use the
notation RT'(—) to denote derived global sections.

Acknowledgements

TO DO

2 Preliminaries

2.1 Cyclotomic Spectra and THH
We follow the streamlined approach to cyclotomic spectra and THH by Nikolaus-Scholze [NS18].

2.1.1 Group Actions in Homotopy Theory

Suppose G is a topological group, and C is a stable co-category. Consider a subgroup H C G, and let 7 : BH —
BG and p : BG — B(G/H) be the canonical maps on classifying spaces induced by the inclusion H «— G and
the projection G — G/H. Pull-back 7* : CBY — CBH corresponds to the restriction functor, where an object
with G-action is sent to the object with H-action obtained by forgetting the rest of the G-action. Similarly,
p* : CBG/H) _ ¢BE implements the functor sending an object with G/ H-action to the object with G-action
where G acts via the quotient G/H.

The functor p* has left and right adjoints, namely

pr: CBG = ¢BG/H)  and  p, : CBG — ¢BG/H)
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obtained by taking the colimit and limit along H respectively. These functors are often denoted by pr =: (—=)ny
and p, =: (—)" and are referred to as the homotopy orbits and homotopy fixed points respectively. On
homotopy groups, these functors give group homology and group cohomology respectively.

Now, if G is a compact Lie group of dimension d, and C is stable, then there is a norm map

Nmg : (=)ngld] = (=)"¢
obtained informally by integrating along fibres. See [NS18, Section 1.1, I.4] for a quick overview.

Definition. The cofibre of Nmg is defined to be Tate-cohomology (—)tC.

If G is finite and so d = 0, then the usual norm map Nmg coincides with the map

D g (e = ()"

geqG

from orbits to fixed points, and the resulting cofibre (—)“ coincides with the usual notion of Tate cohomology.

Since (—)ne and (—)" are both exact functors of stable co-categories, so too is (—)*“. However, not much
more can be said about the commutation of (—)* with limits or colimits in great generality. With connectivity
conditions, we have the following technical lemma.

Lemma 2.1 ([AN21, Lemma 2.11(b)]). Suppose that F: I — SpBS1 is an I-diagram in spectra with S*-action
whose limit is X := lim; F'(i), such that there exists N € 7 satisfying F(i) € Sp>n for alli. Suppose I satisfies

the following property: there exists d € 7 such that the functor limy : Sp’ — Sp sends SpIZO to Sps_g4. Then,

Xne, 2 im(F(i)pe,) and  X'P ~Hm(F(i)").
In particular, countable products and N-indexed sequential limits in SpBS1 commute with (—)hcp and (—)tcp.

2.1.2 Cyclotomic Spectra
Definition. A (p-typical) cyclotomic spectrum is the following data:
e a spectrum X with S'-action, and

e a S'-equivariant map
pp: X =X tCp,

The stable co-category of cyclotomic spectra is denoted CycSp.

Construction 2.2. There is a functor
(=) . Sp — CycSp

which sends a spectrum X to the cyclotomic spectrum X'V whose underlying spectrum is X equipped
with the trivial S'-action, and whose cyclotomic Frobenius is the S!-equivariant composition

X — X" 5 X0,
The first map is induced from the fact that X has trivial circle action.

Cyclotomic spectra have a symmetric monoidal structure as well, with unit S"V. For a precise oo-categorical
construction of this structure, see [NS18, Construction IV.2.1].

Construction 2.3. Suppose X and Y are cyclotomic spectra with cyclotomic Frobenii ¢x : X — X*Cr
and @y : Y — Y*C». We define the tensor product of X and Y as a cyclotomic spectrum with underlying
spectrum with S'-action given simply by X ® Y with the diagonal circle action, and with the cyclotomic
Frobenius given by

XY B, Xt @Yt 4 (X @Y)

where the second arrow is from the lax symmetric monoidal structure on (—)*“». We abuse notation and
write X ® Y viewed as a cyclotomic spectrum.

11



We will use the following fact implicitly.
Lemma 2.4. The functor ‘
(=)™ : Sp — CycSp

18 symmetric monoidal.

Definition. For X € CycSp, write
TC(X) ‘= MaPcycsp (Striv’ X)

This defines a functor
TC : CycSp — Sp.

Essentially by definition, one checks that TC is right adjoint to the functor (—)®V : Sp — CycSp, and that for
X € CycSp

TC(X) ~ fib(xhs" R (X1Cp)hst)
Here are some more examples of cyclotomic spectra.

Construction 2.5. Suppose X is a connective cyclotomic spectrum. We define a new cyclotomic
spectrum X (=) whose underlying S'-spectrum is T50(X1C?) (where C, C S is the subgroup of p’th roots

of unity in C*). There is a canonical S'-equivariant map ;5 x ¢ X — 7>0(X*P) factoring the cyclotomic
Frobenius ¢y : X — X*C» of X (since X is connective). The cyclotomic Frobenius on X (~1) is then the

composition
~tCp

@
TZOXtCP N Xtc,, X (TZOXth)th'

One checks that the map X — TZO(XtCP) upgrades to a map
% X — XY

of cyclotomic spectra.
It turns out that the functor (—)(=1 : CycSpsg — CycSp is lax symmetric monoidal.

If X is an S'-equivariant spectrum endowed with the trivial cyclotomic structure, then we write X~V for the
cyclotomic spectrum (X¥V)(=1) .= 7o (X tiv)iCr,

Construction 2.6. Suppose A is an FE.-ring. Let AT%¢ be the cyclotomic spectrum whose underlying
spectrum with circle action is A equipped with the trivial circle action, and whose cyclotomic Frobenius
is given by the Tate-valued Frobenius ¢ : A — AT3% defined in [NS18, Section IV.1], given by

ALn (Ag-. @ A)Ce DUt 4tCy

One has STat¢ ~ StV (see [NS18, Example IV.1.2(ii)]). In general, the cyclotomic Frobenius on AT% can be
computed via power operations on A.

We end with a technical lemma. In general, the forgetful functor CycSp — Sp?” 5" does not commute with
arbitrary limits. However, in certain special cases, it does.

Lemma 2.7. Suppose F' : I — CycSps is an I-diagram in connective cyclotomic spectra (i.e. the underlying
spectrum is connective) where I is a diagram as in Lemma 2.1. Then, lim; F exists in CycSpsq, and the
underlying spectrum with circle action of limy F' is given by lim; F(i) € SpBSl,

Proof. This is clear by Lemma 2.1, since we can define the cyclotomic Frobenius ¢, : lim; F' — (lim; F)t% by
the composition

lim

i i tC
lim F(i) — 279, i F(3)(Cr ~ (hm F(z‘)) "

That this satisfies the correct universal property is easy to see, using the fact that the forgetful functor Sp?° .
Sp commutes with all limits. O

2.1.3 THH and Related Functors

12



Definition. For an E..-ring spectrum A, the topological Hochschild homology THH(A) is a spectrum
with S'-action defined as the geometric realization of the cyclic bar construction

THH(A) ~ A ®A®Aop A

The cyclic bar construction may equivalently be expressed as the tensor of A with the circle S' in the co-category
of E,.-ring spectra:
THH(A) ~ A® St

This endows THH(A) with a natural action of the circle group S!. For A an E.-ring, the definition of THH
essentially yields the following universal property.

Proposition 2.8 (|NS18, Proposition 1V.2.2]). The (non-S*-equivariant) map A — THH(A) is initial among
all maps A — R where R is equipped with an S*-action.

The circle action on THH(A) extends to a canonical cyclotomic structure
@A : THH(A) — THH(A)!Cr
making THH(A) a ring object in cyclotomic spectra. The following is essentially [NS18, Corollary 1V.2.4].

Lemma 2.9. There is a functorial map w4 : THH(A) — AT of cyclotomic spectra that, on underlying spectra,
is a retract of the canomical (non-S*-equivariant) map A — THH(A).

Proposition 2.10. THH : CAlg — CycSp is symmetric monoidal, i.e. for Eo-rings A, B,C, we have
THH(B ®4 C) ~ THH(B) @rura) THH(C).
Corollary 2.11. THH(A ®s B) ~ THH(A) Qguiv THH(B).
One can also define relative THH, at least as spectra with S'-action.

Definition. For R — S a map of E.-rings, define the F.-R-algebra with S'-action given by
THH(S/R) := S @sgps S-
In general, one has an equivalence of spectra with S'-action
THH(S/R) ~ THH(S) ®raur) R™.

If R is a Z-algebra, one often writes HH(S/R) := THH(S/R). If R = Z, then we simply write HH(S) :=
THH(S/Z).

The cyclotomic structure is much more subtle; see [BMY24] for more. However, we will be interested only
in the case R = S,[¢ — 1], where the latter is defined as follows.

Notation. Write S[z — 1] for the (z — 1)-adic completion of S[z] := S[N], i.e.

Sz — 1] ~ T&lcoﬁb((x — 1" : Slz] — Sz]).
Upon p-completion, we equivalently have
Syle — 1] ~ IS, [Z/p"].
Thus, we can think of S, [z — 1] as equivalently the completed group algebra S[Z,].

Definition. The cyclotomic structure on THH(S/S[z — 1]) is given by the following tensor product in
CycSp
THH(S/S[x — 1]) := THH(S) @runsge—17) Slz — 117,

Remark 2.12. Under p-completion, and for S a Z,[(,]-algebra, there is an equivalence
THH(S/S, [z — 1])) ~ THH(S/S,[z*'])}.

The base reason is that in Sp,, S[BZ,] ~ S[BZ] ~ S[S"].

13



We also have other functors built out of THH.
Definition. Suppose R is an Eo,-ring. Then, we have the functors CAlg — Sp given by

TC™(R) := THH(R)"S"  and TP(R) := THH(R)'S".
There are two maps TC™ (R) — TP(R);) when R is connective.

1. For any spectrum with S'-action, there is always a canonical map (—)"S" — (=)*S". This induces a map

can : TC™(R) — TP(R)}).

2. We have the cyclotomic Frobenius ¢rum(r) : THH(R) — THH(R)'“». Taking (—)hS1 yields the map
¢"5" . TC™(R) — (THH(R)')"S" ~ TP(R))
where we use [NS18, Lemma I1.4.2] for the last equivalence.
One then has
TC(X) ~ fib(TC™ (R) ——5 TP(R))).
2.1.4 Decompleted Cyclotomic Spectra

We would like to get Nygaard decompleted TC™ and TP. An ad hoc approach is given in [Man24|. However,
the following construction that will appear in forthcoming work [DHRY]; an exposition without proofs is given
in the thesis [Dev25|. Throughout, C, denotes the finite cyclic group of order p.

Definition. A decompleted cyclotomic spectrum (X, ®X) is the data of

1. a cyclotomic spectrum X in the sense of [NS18] (i.e. a spectrum X with S!-action along with an
Sl-equivariant map ¢ : X — XtCr),

2. another spectrum ®X with S'-action, and
3. maps X — ®X and ®X — X'C» that factor ¢.

The cyclotomic spectrum X will be referred to as the underlying cyclotomic spectrum and the data of ®X
with the maps X — ®X and ®X — X*“» will be referred to as a decompleted structure on X.
The category of decompleted cyclotomic spectra will be denoted CycSp .

Of course, there is a fully faithful functor
B : CycSp — CycSp
which endows a cyclotomic spectrum X with the decompleted structure ®X := X*“» with the maps ¢ : X — ®X
and id : ®X — X1Cr,
Definition. (cf. [Dev25, Example 7.1.3]) Let R be a Z,-algebra. Denote by THH (R), the decompleted

cyclotomic E.-ring whose underlying cyclotomic spectrum is THH(R)Q7 and whose decompleted structure
is given by declaring
A
®THH (R);\ = (THH(R) ®THH(Z,) THH(Zp)tCP)p .

The map THH(R), — ®THH (R); is obtained by tensoring the unit map S, — (THH(ZP)tCP)Q, while

the map ®THH (R)) — (THH(R)tCP): is induced by the commuting square

A
THH(Z,)) —— (THH(Z,)")’

| |

THH(R)) —— (THH(R)!°")"

p

coming from functoriality of the cyclotomic Frobenius.
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Example 2.13. THH (Z,), = STHH(Z,)).

For (X, ®X) a decompleted cyclotomic spectrum, we write X » for the ring spectrum with S'-action defined
by the following pull-back square

XC ——— XC
J ’ lcan
OX —— XtCr,
In particular, the projection map yields a canonical map
can : (X)"S" 5 (@x)MS",
There is also a Frobenius map ¢ : (X%)hS" — (CIDX)hS1 defined as the composition
(ch)hsl R (thp)hsl ~ Xh51 N ((I)X)hsl.

This sits in a Cartesian square
(Xc,,)hsl SN (thp)hsl ~ XhS?
[
(@X)hsl (Xth)hsl.
The decompleted cyclotomic spectrum THH (R) is related to prismatic cohomology by the following.
Proposition 2.14 ([DHRY]). Suppose R is a QRSP. Then,

Tom ((THH(R)CP)hsl) ~ (Filly, #){n}
T2n (((I)THH(R))hSl) ~ pin}

for any n. All the odd homotopy groups of the above sp(fctm vanish. )
Moreover, the canonical map can : (THH(R)»)"S — (®THH(R))™ induces on homotopy groups the
canonical map

(Filkye r){n} = =r{n},

and the Frobenius map ¢ : (THH(R)®»)"S" — (@THH(R))"S" induces on homotopy groups the divided Frobenius
map
On (Filﬁlyg r){n} — gr{n}.

1
Corollary 2.15. The even filtration (in the sense of [HRW22]) on (THH(R)CP)hS (resp. (CI)THH(R))hsl)
has associated graded given by (Fily,, r){n}[2n] (resp. r{n}[2n]).

Thus, one can think of
TC™(R) := (THH(R)%»)"*

as being Nygaard-decompleted TC™ (R) and
hS*
TP (R) := (PTHH(R))

as being Nygaard decompleted TP(R). Moreover, the Cartesian square defining THH(R)®> yields the following
pull-back square

Fili,, r{n} — Filky,, r{n}
ri{n} ———— rin}

for all n > 0.
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Remark 2.16. Since THH satisfies quasi-syntomic descent, we can globalize the above constructions to
define a sheaf in decompleted cyclotomic spectra THH on the quasi-syntomic site of X. In particular, we
have the quasi-syntomic sheaves TC™ and TP whose even filtrations recover Nygaard-filtered prismatic
cohomology and usual prismatic cohomology of X respectively.

Remark 2.17.  Suppose R is perfectoid. Then, r = Aju(R) is already Nygaard-complete: indeed,
Fily, g Aint(R) = (¢~ 1(€))" Aing(R) where £ generates the prismatic ideal, and Aju¢(R) is ¢~ (£)-adically

complete. In this case, the equality - r = g implies that
TP (R)=TP(R) and TC (R)=TC (R).

In fact, it turns out that ®THH(R) = THH(R)*“» so that THH (R) = STHH(R), generalising Example
2.13.

Finally, we can define the motivic filtration on ®THH, TC™, and TP as in [BMS19].

Definition. For F € {®THH ,TC™, TP }, we define the motivic filtration by
Fil' F(X) := RT(QSyn y, 72, F(—)).

Since QRSPs form a basis for QSyn, we see that

Fil' F(X) ~ lim Ts2:.F(R).
R QRSP, Spf R—»X

Remark 2.18. In [HRW22|, the authors defined the even filtration Fil3, on THH, TP, TC™, and TC.
Moreover, they showed that for any quasi-syntomic ring R, the even filtration coincides with the BMS
filtration

Fil}, F(R) ~ Fil* F(R)

for F € {THH, TP, TC™, TC}. It formally follows that the even filtration coincides with the above defined
motivic filtration on affine p-adic formal schemes, for F € {®THH, TC™, TP }.

However, the even filtration does not coincide with the BMS/motivic filtration on non-affine inputs.
Since we will need to care about non-affine p-adic formal schemes, we thus use the BMS filtration rather
than the even filtration.

Remark 2.19. One can also define a motivic filtration on THH (—/S,[¢1 — 1])) in the same way.

2.2 A Zoo of Cohomology Theories

Many cohomology theories, and certainly all cohomology theories that we will consider, are in fact the associated
graded of a multiplicative ‘motivic’ filtration on a certain nice Zariski sheaf F : Sch®® — CAlg(Sp) (resp.
FSch®” — CAlg(Sp,) for FSch the category of p-adic formal schemes) valued in E.-rings in spectra (resp.
p-complete spectra). These sheaves are usually localising invariants.

Definition. Let Catgsrf denote the category of idempotent-complete small stable co-categories, and maps
are exact functors (i.e. those that preserve finite limits and colimits). Note that Perf(X) € CatP™ for any
(p-adic formal) scheme X.

A sequence

ALBSe

in CatP™ is exact if the composite is zero, the functor f is fully faithful, and the map B/A — C is an
equivalence.

A localising invariant is a functor F : Catggrf — D valued in a stable co-category D that inverts Morita
equivalences and sends any exact sequence of categories to a (co)fibre sequence in D.

We will write F(X) := F(Perf(X)) for any functor F : Catf — D.

Lemma 2.20. Each of THH,®THH, TP, TP ,TC™,TC™,TC,HH,HP,HC™, Lx1yTC are all localising in-
variants.
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Proof. For THH, TP, TC™, and TC, this is well known: for THH this is [BGT13, Proposition 10.2]. In fact,
THH refines to a localising invariant THH : Catggrf — CycSp, and it thus follows for TC, TP, TC™ as each of
these are exact functors CycSp — Sp. That ®THH is a localising invariant is [Mao24, Theorem 1.9]. The claim
then follows for

TP = (THH)"S = lim @THH,

and thus for TC™ := TP x1p TC™. Throughout, we are using that finite colimits in a stable oco-category
are finite limits and thus commute with arbitrary limits. Since K(1)-localisation also commutes with finite
(co)limits, we see that L (1)K is also an localising invariant. Finally, since HH(—) ~ THH(~) ®run(z,) Zp, the
claim follows for HH(—) from the case of HH.

By [BGT13, Theorem 1.12] we know that for any localising invariant F, we have
Map(K, F) ~ F(S)

where K is (non-connective) algebraic K-theory and S is the sphere spectrum. Suppose moreover that F is
a lax symmetric monoidal functor into Sp; then the unit map for the E.-ring F(S) yields a canonical (up to
homotopy) choice of natural transformation 7' : K — F. If F = THH (resp. F = TC), then T is the Dennis
trace (resp. the cyclotomic trace) [BGT13, Section 10].

We now list some motivic filtrations on various localising invariants, where throughout the input X is a
p-quasi-syntomic p-adic formal scheme and the output is implicitly p-completed.

1. For any discrete commutative ring k, there is a motivic filtration on HH(X/k), HP(X/k), and HC™ (X/k),
whose associated graded yields, respectively, p-complete derived Hodge cohomology L% Jk [2%], p-complete

—_ ~ %
Hodge-completed derived de Rham cohomology dRx/x[2+], and the p-complete Hodge filtration dR y ;[2%]
thereon. For more on this filtration see [BMS19; Ant19; Rak20; HRW22].

2. There is a motivic filtration on TC(X), TP(X), TC™ (X), and THH(X), whose associated graded is respec-
tively syntomic cohomology Z;Y" (x)(X)[2#], Breuil-Kisin twisted Nygaard completed prismatic cohomol-

ogy AX{*}[2*]7 the Nygaard filtration (Fil%;gAX){*}p*] thereon, and its associated graded grl’i]ygAX{*}[%].
For more on this filtration see [BMS19], [BS22|, [HRW22].

3. As described in the previous section, there are motivic filtrations on the decompleted variants of the
above localising invariants TP ,TC™, and THH [DHRY]. The associated motivic graded identifies
respectively with Breuil-Kisin twisted prismatic cohomology x{x}[2%], the Nygaard filtration thereon
Fil%;g x{*}[2#], and its associated graded gry,, x{*}[2#].

4. Endow Zp[(,] with a S,[¢ — 1]-algebra structure via the map ¢ — (,. For X a p-adic formal scheme
over Zy[(p], there is a motivic filtration on TC(X/S,[q — 1]), TP(X/Sp[lq — 1]), TC™ (X/S,[q — 1]), and
THH(X/S,[q—1]); see [Wag25, Appendix A] and [HRW22]|. This motivic filtration agrees with the Hahn-
Raksit-Wilson even filtration on affines. The associated graded of this motivic filtration identifies with
relative syntomic cohomology Z™ (x)(X/Zy[q — 1])[2#], Frobenius twisted Nygaard completed relative

prismatic cohomology Ag /2, [a—1]1*}[2%], the Nygaard filtration thereon Filﬁ;gAg Jz,la—1]1*}H2%], and

. . )
its associated graded gry,, x,/z,[q—17{*}2+]-

5. The localising invariant Ly 1)K (—), when viewed as a functor from Z[%]—algebras to (K (1)-local) spectra,
has the Thomason filtration given by the étale sheafification of 7>2.Lx (1)K (—), whose associated graded
is

RIg(—, Zy(%))[2%].
This filtration is moreover exhaustive, but not necessarily complete. For any ring R, one has

Lg)TC(RY) = LxyTC(R) ~ Ly K(R) =~ LiqyK(R[}])

by [BCM20], and so one can view the functor Fil}, ; Lk (1)TC as being a functor from arbitrary commutative
Z-algebras to filtered spectra, with associated graded given by

Rar((—)} 2], Zp(+)) (24

the étale cohomology of the rigid generic fibre. In [Kim25], it is shown that the Thomason filtration on
LK(l)K(R[%]) ~ Lg1)TC(R) is compatible with the motivic filtration on TC. Further facts about the
motivic filtration on Lg1)TC that we will need are recorded in Proposition 3.6.
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All of the usual comparison maps between these cohomology theories are realised by maps at the level of
the corresponding localising invariant. Moreover, all of the above filtered localising invariants except for filtered
K(1)-local K-theory satisfy quasi-syntomic descent [BMS19] and are all quasi-syntomic locally even.

All of the above filtrations, at least on affines, are obtained in two ways:

1. Via descent where, on a basis of a certain topology, the motivic filtration is the double speed Postnikov
filtration (using that the value of the localising invariant at such a basis is always even).

2. Wariants of the even filtration as in [HRW22].

We will discuss the latter approach in a little more detail in the next section.

2.3 Cyclotomic Synthetic Spectra

In order to keep track of motivic filtrations, we need to use synthetic spectra which were introduced in [Pst23],
as well as cyclotomic synthetic spectra from [AR24]. We will follow the latter reference. This also gives us a
chance to recall some fact about filtrations.

Definition. For a stable category C, write
FilC := Fun(Z°?,C)
for the co-category of filtered objects, where Z°P is the poset of decreasing integers.

We will write an object of FilC as FZ* M. Evaluation at i € Z yields a limit and colimit preserving functor
FZF . FilC - C, FZ*M w— FZFM.
For each k € Z, there is also a shifting functor
— (k) : Filc — Filc, F=*(M (k)) := F*~*M.
If C is symmetric monoidal with tensor product ®¢, then so is FilC via Day convolution, so that

FZR(FZ*M ®pic FZ*N) := colim FZ'M ®c¢ FZ/N.
i+

If C admits all sequential colimits, we have the underlying object functor

FZ=®°:FilC - C, FZ*M s FZ~°M := colim FZ*M.

k——o0

We say that an object F2*M € FilC is complete if lim; FZ*M ~ 0, and we will denote the full subcategory of
complete filtered objects of C by FilC.
The basic example of filtered spectra we will need is the following construction, see [HRW22, Section 2|.

Lemma 2.21. There is a lax symmetric monoidal functor
CAlg(Sp,) — CAlg(FilSp,), R~ FiR

which is right Kan extended from even rings and satisfies F2* R := T>2. R whenever R is even.

*

In particular, we set Sey := FZ,S; € FilSp,. We abuse notation by not including the dependence of p in Sey.

Definition. The category of (p-complete) synthetic spectra is the symmetric monoidal stable co-category
SynSp,, := Mods,, (Fil Sp,,).
Note that Fz* : CAlg(Sp,) — CAlg(ﬁ Sp,,) factors through a lax-symmetric monoidal functor
Fz* . CAlg(Sp,) — CAlg(SynSp,,).

Set Tey := F2*S,[S1]. The bicommutative bialgebra structure on S,[S*] naturally upgrades to a bicommu-
tative bialgebra structure on Tey in the category SynSp,,; see [AR24] for more details.
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Definition. A synthetic spectrum with synthetic circle action is a Tey-module in SynSp,,. Write
SynSpr,, := Modr,, (SynSp,),
where as usual we leave the p implicit.

Since T,y is a bicommutative bialgebra, it in particular has an F,,-augmentation Te, — Sev, and so restriction
of scalars along this augmentation yields a functor

(—)ov . SynSp,, — SynSprg,, -
This functor has left and right adjoints
(=)nT., = Sev @7, — : SynSpy, — SynSp, and (—)hTev := Homr,, (Sev, —) : SynSpy_ — SynSp,,.

This is a filtered version of the homotopy orbits and homotopy fixed points under a circle action, whence the
notation. There is a synthetic norm map

Nmr,, : (=)nr,, (=1)[1] = (=)'

and we define
(_)t’]rev = COﬁb(NmTev)'

The p*-power map S' — S' induces a map p(k) : Tey — Tey. There are left and right adjoints of the
restriction-of-scalars along p(k) functor p(k). : SynSpy_ — SynSpy_, given by

(_)hcpk,ev = p(n)sTey O, — : SynSpy_, — SynSpr_, and
(—)hcp’%v := Homr,, (p(k)+Tev, —) : SynSpr_ — SynSpr__ .
Again, there is a norm functor
hC
Nme, -t (Sncy, (D1 = (=) e

and we define
(—)"Crtev - cofib(Nmg, ).

We finally define cyclotomic synthetic spectra.

Definition. A (p-complete) cyclotomic synthetic spectrum is a p-complete synthetic spectrum FZ* M
with synthetic circle action equipped with a map @y : FZ*M — (FZ*M)*Crev, Let CycSyn,, denote the
category of p-complete cyclotomic synthetic spectra.

This is a symmetric monoidal stable co-category with monoidal unit SEV.

The following example is [AR24, Proposition 3.25].

Example 2.22. Suppose X € CycSp is an F.-ring in cyclotomic spectra such that the underlying
spectrum of X is even. Then FZ*X naturally admits the structure of an E.-ring object in CycSyn.
This essentially follows because F=*X ~ 759, X and (F2*X)!Crev ~ 755, X' and so the cyclotomic
Frobenius px : X — X'C» naturally upgrades to a filtered map. See [AR24, Proposition 3.25] for an
upgrade of this construction to an equivalence of categories.

Given F=*M € CycSyn,,, we define

TC(F=*M) := mapcycsyq (e, F=* M) ~ fib (can — e (F2* M)Tev ((FZ*M)tCPveV)hTeV> .

ev
With all of this notation out of the way, we finally come to the result we will need.

Theorem 2.23 ([AR24]). There is a functor
FZ*THH(-) : QSyn,, — CAlg(CycSyn,,)

such that for any R € QSyn, there are natural equivalences of Eo,-rings in p-complete filtered spectra:

FZ*THH(R) ~ Fil>*, THH(R), (FZ*THH(R))"™ ~ FilZ, TC™(R),
(FZ*THH(R))""™ ~ FilZ%, TP(R), TC (FZ*THH(R)) ~ FilZ}, TC(R).

Moreover, the underlying cyclotomic spectrum of F=*THH identifies canonically with THH.
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2.4 Computations in THH

In this subsection we record some computations of THH of certain E..-rings that will be crucial in the proof of
Theorem A.

2.4.1 THH of Group Algebras

For G a topological group, write S[G] := X°G for the corresponding E-ring. If G is abelian, which we will
assume from now on, then S[G] is an E.-ring. In this case, the cyclotomic spectrum S[G]T®* is particularly
nice.

Lemma 2.24. For G either a discrete abelian group or a topological abelian group that is a finite CW compler,
we have Sp[G]Cr ~ S, [G|"Y of S'-equivariant spectra, and the Tate-valued Frobenius

(pg:[tg] :Sp[G] = Sp [G]th ~ Sy[G]
is induced by the multiplication-by-p map G — G.

Proof. That S,[G]*“» ~ S,[G] follows in the discrete case from [Yua23, Lemma 6.7] and in the finite CW
complex case from [BS24, Theorem 1.2 and Example 4.4]; these follow from the now proven Segal conjecture

S;,C” o~ S,. The second part of the statement then follows from the definition of the Tate-valued Frobenius. [

We summarise everything we need to know about THH(S[G]) for G an abelian topological group. All of
these results are classical, but for a modern reference see [NS18].

Theorem 2.25. Let G be an abelian topological group.
1. There is a natural S*-equivariant equivalence
THH(S[G]) ~ S[LBG]

where LBG := Map (S, BG) is the free loop space of the classifying space BG, with the natural S*-
action.

2. The cyclotomic Frobenius is given by
THH(S[G]) ~ S[LBG] — S|[LBG]"“» — S[LBG]'“» ~ THH(S[G])"“»
where the first map is induced by the map
LBG — LBG"®» ~ Map(S', BG)"“» ~ Map(S"'/C,, BG)

given by taking Map(—, BG) of the p-power covering map [p] : S* — St (this latter map factors through
St/C, and induces the equivalence S*/C, = S*).

3. The assembly map S[BG]'"™ — THH(S|G]), under the equivalence THH(S[G]) ~ S[LBG], is induced by
the S*-equivariant map BG — LBG sending a point of BG to the constant map valued at that point.

4. We have an equivalence of cyclotomic spectra

Striv ®S[BG]triv THH(S[GD ~ S[G]Tatc.

5. For H a subgroup of G, the canonical map THH(S[H]) — THH(S[G]) induced by the ring map S[H| — S[G]
is induced by the map LBH — LBG given by post-composing with the projection BH — BG.

Remark 2.26. For G = Z, we can write the S'-action on S' x Z ~ LBZ as t- (s,n) = (t"s,n) for t € S*
and (s,n) € S x Z.

Under the S*-equivariant equivalence THH(S[Z]) ~ S[S! xZ], the cyclotomic Frobenius lift THH(S[Z]) —
THH(S[Z])"“> is induced by the map

S' x Z ~ Map(S*, BZ) — Map(S*, BZ)"“» ~ Map(S*/C,, BZ) ~ S* x Z
given by (s,n) — (s,pn). Indeed, the map z — sz™ upon pre-composition with the p-power map goes to

z > szP™. This fixes a typo in [BMS19, Proposition 11.3].
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We now make a few remarks about the transfer map in THH for group algebras of abelian groups, which is
the key input in the proof of Proposition F. Let G be an abelian topological group and H an open subgroup of
finite index. Then S[G] € Perf(S[H]) so that we have the restriction of scalars map

Perf(S[G]) — Perf(S[H]).
This map is moreover Perf(S[H]) linear. In particular, we get the THH(S[H])-linear transfer map

This map is explicitly described in [Sch98; Sch06]. Rather than stating the result in full generality, we specialise
to the case of infinite cyclic groups.

Proposition 2.27 (Schlichtkrull). Under the S*-equivariant equivalences of Remark 2.26, the transfer map
trz/mz : THH(S[Z]) — THH(S[nZ])

s given by

0 nta,

Yiso(as;)  nla,

where {sq, ..., 5,1} s the preimage of s € S' under the n-power map S*' — S*.

S[Z x S'] — S[nZ x S, (a,s) — {

Remark 2.28. Here, the S'-action on the right hand side of the decomposition THH(S[nZ]) ~ S[nZ x S1]
is given informally by
t-(a,s) = (a,t%"s)

where a € nZ and s,t € S*.

One checks rather easily that the above map as written is S'-equivariant and commutes with Frobenius.

2.4.2 THH of Cyclotomic Extensions

In this subsection, we give an explicit description of the cyclotomic spectrum THH(Z[(y»]), due to Devalapurkar-
Raksit [DR25]. These results are one of the key inputs in the proof of Theorem A. In order to give this explicit
description, we need to recall some notation from [Dev25, Remark 6.1.5].

Construction 2.29. For n > 0, define
kuy, = Tzo(kugcpn)

where ku, has the trivial Cpn-action. Here, ku, o := ku,. There is a residual action of S*/Cpn = S!
on ku, ,, (it is the trivial circle action on ku, o = ku,). This S'-action on ku, ,, refines to a cyclotomic
structure on ku,, ,, as follows.

Since ku, has the trivial S'-action, we have an S'-equivariant E..-ring map ku, — kuch. Taking
hCpn fixed points followed by connective covers yields a map

kuy, ,, = Tzokuch’" — Tzo(kugcp)hcp" ~ Tzo(kuch”)hcp.

Since 7>9 : Sp — Sps( is a right adjoint and so commutes with limits (computed in the appropriate
category), we have
T>0 (ku};Cf’" Vi ~ Tzokugff .

We then have the composition
hC hC, tC
ku, , — 7>0ku,, » — ku, P — ku, 77
which defines the cyclotomic Frobenius on kuy, .

Notice that the Adams operations induce an action of Z; on kuy ,, which is moreover compatible with the
given cyclotomic structure. It is also clear that each ku, , is a ku, ,—;-algebra in cyclotomic spectra: indeed,

we simply take Tzo(f)hcp"‘l of the S'-equivariant map of Es-rings ku, — kugc”. This kuy,,—1-algebra
structure on ku,, ,, is also Z, -equivariant.

We now define the cyclotomic spectrum En as follows.
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Construction 2.30. Define the cyclotomic spectrum
}n = T>0 (ku (A4p"*'2p ))

This has an S'-action induced by the S'-action on ku, ,. The cyclotomic Frobenius of }n is constructed
as follows: recall that the cyclotomic Frobenius on ku, ,, factors through ku ». Taking (1+p"t1Z,) fixed
points and then taking connective covers yields

hC
~ hCp\h(14+p"T1Z h(14+p™tiz P ~hC, ~hC, p7e;
Jn = T2o(kupGr) PR o 7y (T>okUL L R e Y ¥ i

Clearly, 50 =~ jo. Since homotopy fixed points and connective covers are lax-symmetric monoidal, the canonical
map jn — ku, , is a map of cyclotomic F-rings. We also get a map of cyclotomic E-rings j,—1 — jn given
by taking connective covers of the composition

h(14+p" 1 Zp)

k h(1+p"Zp)
p,n—1

h(1+pn+12p)
pyn—1 ) ’

— ku — ku,

where the first map is induced by restricting to fixed points of a smaller subgroup, and the second map is
induced by the ku,, ,_;-algebra structure map on ku,,. Note that the Zlf—action on kuy, ,, induces a residual

ZX /(1 +p"Zy) = (Z/p" T Z)* action on -
The main result we will need is the following result, stated in [Dev25, Remark 6.1.5, Theorem 6.4.1].

Theorem 2.31 (Devalapurkar-Raksit). For n > 1, there is an equivalence of Gal(Q,({pn)/Qp) = (Z/p"Z)*
equivariant cyclotomic FEo,-ring spectra

THH(Z[Gn]) = -
Moreover, the E-cyclotomic ring map THH(Z,[(n]) — THH(Z [Cpn+1]) mduced by functoriality of THH is
the (=) =V -functor of Construction 2.5 applied to the Eoo-ring map jn_1 — ]n

One also has the following statement on relative THH, the case n = 1 of which is already [Dev25, Theorem
6.4.1].

Corollary 2.32 (Devalapurkar). For any n > 1, view Z,[(pn] as a Splgn — 1]-algebra via the map ¢, — Cpn.
Then, there is an equivalence of Z;; -equivariant cyclotomic E-ring spectra

THH(Z,[Gpr] /Splan — 1]) ~ kul) .

Remark 2.33. The observant reader may have noticed that we have switched convention from the
introduction, as we now consider Zy[(yn] as a Sp[¢, — 1]-algebra via g, + (pn, unlike in the introduction
(especially the statement of Theorem A and its corollaries) where we use the convention that Z,[(,] is a
Spllg — 1]-algebra via g — (,. This is related to Frobenius twists.

Indeed, the Frobenius map ¢ : Z,[g — 1] — Z,[q — 1] as also the inclusion Z,[¢ — 1] = Z,[q1 —1]. The
Frobenius twist Z,[q — 1] = ¢*Z,[q — 1], after restricting scalars along Frobenius (i.e. applying ¢.),
can thus be thought of as Z,[¢g1 — 1]. One has

(—1as' (1)
moku,, o ~ 2,/ Zpla-1]"

In particular, it is a Z,[q — 1](V-algebra.

Since we will need to often apply ¢.p*, we just make the convention that Z,[q — 1] =: Z,[q¢1 — 1].
In particular, from here on out ( especially in Section 4) we will use the convention that Z,[(,~] is a
Spllgn — 1]-algebra via ¢, — (pn

One can also calculate THH(Z;YC) as a cyclotomic spectrum. This is in fact much easier than the preceding
theorem and follows by the exact same argument as in [BMS19, Proposition 11.7, Corollary 11.8], using that

THH(Z,[¢,]/S,lq — 11) ~ k™.

Corollary 2.34 (Devalapurkar-Raksit). There is a Z,; -equivariant equivalence of cyclotomic Ew-ring spectra
THH(ZY®) ~ ku{ ™" g 4, 1yrae Splg™/?™ — 1]

compatible with the equivalences THH(Z,[(pn]) ~ 57V Here,

Sp[[ql/poo _ 1ﬂ = (COhHlSpHQn - 1]])/\
n (p,q—l)
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We end with some remarks on the decompleted cyclotomic structure and the motivic filtrations.

Remark 2.35. We have )
THH (Zp[gp"])ZﬂTHH(Zp[Cp"D B]( )

This follows from the fact that the Nygaard filtration on 7, (¢ . is already complete. One can actually
check this using the description of Fil?{lyg Zylc,m) I terms of
Filg,, 5 ~ [P, Zpgm — 1
INye 2, [cn1/Zplan—1-11 = [Plg Zolgn — 1]

(the latter filtration obviously being complete) given by Corollary 4.6 below.

Remark 2.36. The motivic filtration on THH(Z,[(pn]/Sp[gn —1]) =~ ku( -1 is given by the even filtration,
which identifies with the double-speed Postnikov filtration.
For absolute THH, the motivic filtration is given by

FilZ, THH(Z,[Cpn]) ~ Tox_170 )

mot

by [Mor24, Corollary 1.4].

3 Transfer Maps for Prismatic Cohomology

In this section, specifically in Section 3.1 and Section 3.2, we prove that the transfer maps on the localising
invariants considered in Section 2.2 respect the motivic filtration when f : X — Y is a finite flat regular map of
p-adic formal schemes. As a consequence, we obtain the existence result in Theorem E. The rest of this section
is then devoted to proving Theorem E.

3.1 The Gysin Map

We put ourselves in the following situation.

Assumption 3.1. Let F be a localising invariant Catgﬁrf — Sp equipped with a functorial exhaustive
filtration
Fil® F : CAlgy — CAlg(FilSp)

satisfying the following conditions:

1. F and Fil*F satisfy descent for the Nisnevich topology; in particular, we can view Fil®*F : Sch®® —
CAlg(Fil Sp).

2. The spectrum gr” F(X)[—2r] is coconnective (i.e. concentrated in homotopy degrees < 0)

3. There is a ‘Chern class’ map
c: Pic — Fil'F

such that the following diagram commutes

L—O0—LY
Pic—>= K

L]

Fil'lF —— F
where the right vertical arrow is the canonical map K — F coming from universality of algebraic
K-theory as a localizing invariant [BGT13].
4. For all R € CAlgy and all 7 > 0, the Fil*F(R)-linear map
> c(Opy (1 EB Fil* " F(R) — Fil* F(P})
i=0

is an equivalence; in other words, Fil®F satisfies a filtered projective bundle formula.
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Remark 3.2. Over here, we have not required the input rings R to be p-completed. However, in all of
the examples of F that we will care about, one has an equivalence Fil*F(R) ~ Fil*F(R})).

We also consider the following condition.

Condition 3.3. For Fil*F as in Assumption 3.1, there exists a topology 7 (at least as fine as the Zariski
topology) for which Fil®F satisfies descent, such that there is a basis & of J satisfying

Fil*F(X) ~ 12 F(X)
for all X € 4.

Notice that Condition 3.3 implies Assumption 3.1(2): the condition implies that

gt F(Y)[-2r] ~ Xegléi%(ley marF(X),

but limits only increase in coconnectivity so that gr” F[—2r] is coconnective.
Notice that all of the filtered localising invariants listed in Section 2.2 satisfy Assumption 3.1:

1. All of the filtrations are obtained by the sheafification in a topology finer than the Nisnevich topology (étale
in the case of Ly (1)TC(—) ~ LK(l)K(—[%]), quasi-syntomic for the rest) of the double-speed Postnikov
filtration, so that Assumption 3.1 (1) holds.

2. For Assumption 3.1 (2), note that gr” F is the sheafification of 7o, F[2r]. Since sheafification is a limit, it
only increases coconnectivity, and so gr” F[—2r] is coconnective.

3. Assumption 3.1 (3) holds for Fil} TC essentially by construction (see also [AHI24, Proposition 6.7]).

The remaining examples of Fil*F in Section 2.2 are all algebras over Filj, ,TC, and so trivially satisfy
Assumption 3.1 (3).

4. For Assumption 3.1 (4), and for all F # L 1)TC, the filtration is complete and on associated graded the
projective bundle formula is given in [BL22a, Section 9.1].

It remains to check for Ly (;)TC. On associated graded, we have

RTet (X Zp(r) = b (9 —id s x{r}[F]) = x{r}A]))

and since prismatic cohomology satisfies the projective bundle formula, étale cohomology must too. At
the level of underlying objects, this follows from K (1)-localisation of the projective bundle formula for
TC (which holds by completeness of the motivic filtration on TC and the fact that it holds on associated
graded by [BL22a, Theorem 9.1.1]). Since the associated graded functor together with the underlying

object functor are jointly conservative, it follows that Filg, L k(1) TC satisfies it too.

In fact, all of the Fil*F listed in Section 2.2 except for Fil*F = Fil?,

mot

L 1)TC satisfy Condition 3.3.
Lemma 3.4. Suppose Fil*F is as in Assumption 3.1. Then, for all m < n and all schemes X,
7 cofib (Fil" F(X) — Fil" F(X)) =0

for all x > 2n — 1. In particular,
7 cofib (Fil" F(X) — F(X)) =0
for x> 2n —1.

Proof. For n = m + 1, we have m,gr™F(X) = 0 for x > 2m + 1 = 2n — 1 by Assumption 3.1(2). Setting
k = n — m, consider the fibre sequence

Fil- kD F(X)  Fil"RF(X)

n—k
mrEx) FrEx) 8 T

By induction on k > 1, noting that m,gr" ¥ F(X) = 0 for * > 2n —1 > 2(n — k) — 1, the first statement follows.
The final statement follows from the fact that filtered colimits commute with taking homotopy groups. O
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Corollary 3.5. Suppose Fil*F as in Assumption 3.1 also satisfies Condition 3.3. Then, for any scheme Y and

for any n € Z, any functorial-in-X map

. F(X xY)

Fil" F(X —_—
) = Frrx =< v)

must be uniquely null-homotopic.

Proof. By functoriality, we reduce to X € . In this case, Condition 3.3 implies that Fil"F(X) ~ 759, F(X)

is concentrated in degrees > 2n, whereas by the lemma % is concentrated in degrees < 2n — 1. O

We need a version of this corollary for Lg1)TC too. We record the following result on the motivic filtration

on Lg1)TC. For a pre-sheaf G on p-adic formal schemes we denote by Lay,G the arc-p hyper-sheafification of

Proposition 3.6. For any r, there is a pull-back square

Fill ot Lic(1)TC —— Larc, (T>2rLic(1yTC)

- l

LK(l)TC _— LarchK(l)TC

mot

of Zariski sheaves. The filtration

Fil?,

LarchK(l)TC = Larcp (TZQOLK(l)TC>
is moreover a complete exhaustive filtration on Laxc, L 1)TC, and in fact the map

Fil®

mot

1 TC = Fil%, o Lare, Lic1yTC

mot

ezhibits the target as the filtration-completion of the source, i.e.

P Lo Loy TC ~ lim ot L TC
Unmotdvarc, /K (1) —%W

Moreover, (Lare, Lx(1)TC)(X) ~ Lg1yTC(X) and (Fil}, , Li 1) TC)(X) =~ (Fil}, ot Lare, Lk (1) TC)(X) for a
qcgs p-adic formal scheme X that is Zariski-locally X = Spf R where R is one of the following forms:

1. R is a QRSP Oc-algebra for C a complete algebraically closed field containing Q, such that R is p-
completely flat over Z,; or

2. R is a finitely generated p-torsion free quasi-syntomic ring that is p-completely finitely generated over
either a perfectoid Oc-algebra or a complete discrete valuation ring whose residue field  is characteristic
p with [k : KP] < oo; or

3. R[L] has finite Krull dimension and admits a uniform bound on the mod p virtual cohomological dimensions
of the residue field.

In particular, the filtration Fil}, . L 1)TC(X) is complete if X satisfies one of the above conditions.

Proof. The pull-back square is by [Kim25, Construction 3.29]. The filtration Fil}, ; Larc, L (1) TC being complete
is clear, and the fact that it is the filtration-completion of Fil}, ; Lk (1)TC is [Kim25, Lemma A.2(2)| using the
fact that

mot

ar motLK )TC Larcp (grmotLK )TC) =~ grmotL%GCLK(l)TC

since étale cohomology satisfies arc-p-descent [Kim25, Construction 3.12(4)]. The equivalence (Larc, Lk (1)TC)(X) ~
Lg1yTC(X) holds for X in (1) by [Kim25, Proposition 3.11], which says that Ly 1)TC is an arc-p-hypersheaf
when restricted to QRSP O¢-algebras that are p-completely flat over Z,. For X as in (2), the claimed equiva-
lence is either [Kim25, Proposition 3.20] for finite generation over a perfectoid, and [Kim25, Proposition 3.22]
for finite generation over DVRs. For X as in (3), this is [Kim25, Corollary 3.39]. O

Corollary 3.7. For any scheme Y over Z and any n € Z, any map

LK(l)TC(X X Y)
LryTC(X xY)

lmOtLK(l)TC( ) F 1

mot

functorial in X is uniquely null-homotopic.
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Proof. Note that the right hand side is an arc-p-hypersheaf in X, since by Proposition 3.6 one has

LK(l)TC ~ LarchK(l)TC
Fil” LK(l)TC - Fil&otLarchK(l)TC.

mot

In particular, any functorial map in X as in the statement of Corollary 3.7 must factor through the arc-p-
hypersheafification of its source, so it suffices to show that there are no non-zero functorial-in-X maps
- LarchK(l)TC(X X Y)

Fil} ot Larc, Lk (1) TC(X x Y)'

mot

Fil”, o Lare, Lic(1)TC(X)

n
mot

Lemma 3.4 implies that

LK(l)TC(X X Y) LaGCLK(l)TC(X X Y)
Fil? o L) TC(X x Y) ~ Fil o Laye, Lie(y TC(X x Y)

mot

is concentrated in homotopy degrees < 2n — 1, for all X. However, a basis for the arc-p topology is given by
QRSP Oc¢-algebras R (in fact, R can even be assumed to be a valuation ring, though we will not need this).
For such R, [Kim25, Construction 3.12] implies that

Fill Lare, Lic(1) TC(R) 2 b (7220 Licy TC™(R) £ 7220 Lic(1) TP)
is concentrated in degrees > 2n — 1. The map must thus be uniquely null-homotopic. O

The following is a generalisation of [Tan24, Theorem 4.2].

Proposition 3.8. Suppose Fil*F is as in Assumption 3.1. For any stack Y and any rank r locally free sheaf
E on'Y, there is a functorial-in-Y fibre sequence

Fil* " F(Y x BGy,) = Fil* F(V(E)/Gy,) — Fil* F(P(E)).

Here, V() =~ Spec (Sym" &) is the vector bundle over Y associated to &, and P(E) := (V(E)\ 0)/Gp =~
Proj. (Sym" £) is the associated projective bundle.

Remark 3.9. In the proof, we do not use Assumption 3.1(2).

Proof. By Zariski descent on Y, we may assume that £ ~ Of, is the trivial vector bundle. In particular,
V(E) ~ A} and P(€) ~ P}t

Note that Fil® F satisfies the conditions of [AHI24, Construction 6.5| (in fact, only Assumption 3.1(4) is used),
and so is represented by an oriented E.-ring object f € MS with f-linear orientation ¢ : Pic® f — P! ® f also
equipped with an f-linear map 3 : ¥p1 f — f. Here are using the P'-invariant stable motivic category MS over
Z of [AHI25; AHI24] (we use the Nisnevich topology), and by represented we mean that for any stack X, there
are equivalences

Fil" F(X) = mapys (535 X+, 5 f),
gr'' F(X) ~ mapys (Spt X, g1 (f/5)),
F(X) = mapys (555 X+, f[571)).
We thus need to show that for every n, there is a functorial-in-Y fibre sequence
mapys (S (Y X BG)+, B " f) — mapys (S5 (AL /G )+, B f) — mapys (59 (PY 1)+, B51 /).

Now, there is a commutative diagram

P! —— A"/G,,

| |

P® — 5 BG,,

where the right vertical arrow is an equivalence in MS by [AHI25, Lemma 5.2] and the bottom horizontal
arrow is an equivalence in MS by [AHI25, Theorem 5.3] (for notational simplicity we are dropping the 3g9). In
particular, we have an identification

cofib(P"~! — A"/G,,) ~ cofib(P"~! — P>°) ~ colim cofib(P"~* — P""~1),
n
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For any oriented E' € MS, writing F(—) := mapyg(—, F) for notational simplicity, the projective bundle formula
yields

nr—1
E(cofib(P" = P 7)) ~ @D (S/E)(Y) ~ (S5 E) (B0,
Here, we have used the fact that the inclusion P*~! < P""~! under the projective bundle formula induces the
projection onto the first » summands. In particular, we see that

n n

E (colim cofib(P" 1 — Pm’—l)) ~ lim(S57 B) (P01 = (357 F) (cohm ]P’("‘I)T‘l) ~ (S5 B) (P*).
Using the identification P> ~ Y x BG,, again, we obtain
fib (E(A"/Gy,) = E(P™™ 1)) ~ E(cofib(P"' — P™)) =~ (£, E)(P™).
Taking £/ = X3, f yields the proposition. O

The following is the main result of this subsection.

Theorem 3.10. Let Fil*F satisfy Assumption 8.1. Suppose also that Fil®*F satisfies either Condition 3.8 or
is Fil*F = Fil:notLK(l)TC. Let X be a bounded quasi-syntomic p-adic formal scheme and i : Z — X a regular
closed immersion of codimension r.

Then, the space of filtered maps

Fil* F(Z) — Fil*T" F(X) (2)

that lift the transfer map F (i) : F(Z) — F(X) is non-empty and contractible. Informally, the transfer map
upgrades uniquely to a map of filtered spectra Fil*F(Z) — Fil*T" F(X).
Moreover, the filtered map (2) is linear over Fil* F(X).

Remark 3.11. By uniqueness, the above filtered maps matches with the Gysin map for oriented motivic
spectra constructed in [Tan26].

Proof. The following proof proceeds exactly as in [Tan24, Theorem 5.38]. First, by Zariski descent we may
suppose X and Z are affine p-adic formal schemes. As in the proof of Proposition 3.8, we will work in MS,
with f denoting the oriented motivic spectrum represented by Fil*F, equipped with an f-linear Bott map
B:Xpif — f. Since X = Spf R and Z = Spf(R/I) are affine, we can consider U := Spec(R) \ Spec(R/I) as
the scheme-theoretic (not p-adic formal scheme theoretic!) open complement of Z in X (see also Remark 3.2).
Before we get to the proof, we need to make a small digression on the deformation to the normal cone.
Let N = V(N;) be the rank r vector bundle over Z associated to the normal bundle N; of the regular closed
immersion i : Z — X. Let D; denote the deformation to the normal cone of i (see for instance [Tan24, Definition
5.11]). Recall that D; is a stack over A!/G,, sitting in the following commutative diagram [HKR25, (4.6)].

P(N;) Bl - U
I | |

N/Gy, D; — X (3)
I . 1 ]

Z X BGyp —— Z x Al/Gy «—— Z

Here, Bl; is the blow-up of X in Z, and P(N;) ~ E; is the exceptional divisor of the blow-up. The diagram is
obtained as follows: the closed immersion Z — X lifts to a closed immersion Z x A'/G,, — D;, with open
complement Bl;. This explains the middle column. The middle row is obtained by D; x41/g,, G /Gm ~ X and
D; x 415, BGy =~ N/Gy,, which is the defining feature of the deformation to the normal cone. The bottom
row and top rows are then obtained by looking at the canonical closed immersions and their corresponding open
complements. The arrow labelled 0 is the G,,-quotient of the inclusion of the zero section Z — N. By [Tan,
Proposition 5|, applying ¥27(—)+ to the top left square yields the following Cartesian square in MS.

SR (PN:))+ — SR (Bl)

| |

Z]]Cﬁ(l}(N/(G‘m)+ — E]?vcl) (Di)+
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In particular, applying mapyg(—, coﬁb(E];fr "f — f[B71])) yields an equivalence

Fil"*" F(D;,Bl;) ~ Fil""" F(N/G,,,P(N;))

We are now ready to prove the theorem. Note that the composition

Perf(Z) N Perf(X) Olv, Perf(U)

is functorially zero. In particular, the map F(i,) : F(Z) — F(X) factors through the canonical map F(X;U) —
F(X), where we write
F(X;U) :=fib(F(X) — F(U)).

It thus suffices to show that, for any n € Z, the map

F(X;U)

Fil"F(Z) = F(Z) > F(X;U) » ———2 =

(5)
has a unique functorial null-homotopy. Base change in the lower right square of (3) yields i, o j* ~ }* oy If
pr: Z x A'/G,, — Z is the projection map, then pro j = idz implies that i, ~ j* o7, o pr*. Using this as well
as base-change formulas in the commutative diagram (3), one checks that (5) can be rewritten as the composite

F(N/Gp,, P(N;)) . F(i,BlL) N F(X;U)

Fil"F(Z) — FiI"F(Z x BG,,) — ~
F(2) o ) Fil""" F(N/G,,,P(N;)) ~ Fil"*"F(D;,Bl;)  Fil"™" F(X;U)

where the first arrow is induced by the projection Z x BG,, — Z (which is compatible with pr under the
inclusion Z x BG,, < Z x A'/G,,), the second arrow is the composition (5) instead for the regular closed
immersion Z x BG,, < N/G,,, the equivalence is (4), and the last arrow is restriction to the open fibre.

It thus suffices to show that the functorial map

F(N/Gp,,P(N))
Fil""" F(N/G,,,P(N;))

Fil"F(Z) —

has a unique null-homotopy. Proposition 3.8 functorially identifies the target with

F(Z x BGp,, P(N))
Fil"F(Z x BG,,)

and so we need to check that the composite

F(Z x BGy,)
Fil"F(Z x BGy,)

Fil"F(Z) —

is uniquely null-homotopic. By looking at the Cech nerve for the cover  — BG,,, it suffices to show that any
functorial-in-Z map
F(Z x G}, P(N3))

Fil"F(Z x Gk))

is uniquely null-homotopic, for any & > 0. By our assumption on Fil®F, this is true by Corollary 3.5 in case
Fil* F satisfies Condition 3.3, or by Corollary 3.7 in case Fil*F ~ Fil} ;. Lx1)TC.

It remains to prove linearity. We again work in MS; we denote by f the oriented motivic spectrum represented
by Fil*F coming from [AHI24, Construction 6.5]. By [AHI24, Remark 6.6], X3, f is a Z-graded Eo-ring. The

f-linear map 8 : ¥p1 f — f upgrades this to a filtered E..-ring object. Let

Fil"F(Z) —

Thz(N;) := cofib (P(NV;) — P(WN; @ O))

be the Thom space. By the discussion at the beginning of [AHI25, Section 6], for any oriented E € CAlg(MS),
the projective bundle formula gives a E%+ := mapyg(X55 Z4+, E)-linear equivalence

t: mapyg(Spy T Z4, E) ~ mapyg (533 Thz (N), E).
By functoriality of the Gysin map (constructed in [Tan26])

gys; : Lpi X4+ — Xt Thz (V) € MS
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under base-change in ¢, the uniqueness assertion implies that the filtered map Fil*~"F(Z) — Fil*F(X) identifies
with the composition

mapMS(E];?+TZ+7 Ypif) % maPMs(EfﬁThZ(M), e f) 25, mapys (Xpi X4, X1 f)-

Now, t; is (g, f)#+-linear, so in particular is (X8, f)*+-linear. The Gysin map gys} is also (X8, f)*+-linear
essentially by symmetric monoidality of both the Thom space construction (see [AHI25, Section 3|) and the
Gysin map [Tan26, Theorem 1.3]. We conclude using (X8, f)*+ ~ Fil*F(X). O
3.2 Transfer Maps for Finite Extensions

Theorem 3.12. Suppose f : X — Y 1is some reqular finite locally free map of bounded quasi-syntomic p-
adic formal schemes. Suppose Fil*F satisfies Assumption 3.1 and satisfies either Condition 3.8 or Fil*F ~
Fil}, o« L (1) TC.

mot

Then, there is a Fil* F(Y)-linear filtered map
tr} : Fil*F(X) — Fil*F(Y)
satisfying the following properties:

1. on passing to underlying objects of the filtered object, it identifies canonically with the transfer map
F(X) = F(Y);

2. it is functorial in base-change in f;

3. it is functorial in maps Fil*F — Fil*F that also preserve the Chern class map, where both Fil*F and
Fil*G satisfy the conditions in the theorem;

4. if g Y — Z is another regular finite locally free map of bounded quasi-syntomic p-adic formal schemes,
then there is a mon-canonical homotopy
F T o 1 F
try otry ~try ¢;

5.af X < AL C PL 5% Y is a factorisation of f through a regular closed immersion v, then there is a

homotopy
FIF(PY) = @, Filet ™ F(Y) - e(O())!
gysLT Y lcoeﬁ of c(O(1))™
Fil? . F(X) T) Fil? . F(Y)

where the map marked gys, is the filtered map of Theorem 3.10 for the regular closed immersion v. This
homotopy is functorial in F as in (8) above, as well as functorial in base-change in'Y.

The following lemma explains why statement (5) above makes sense.

Lemma 3.13. Let ¢ : Spf S — A% C P be a regular closed immersion of codimension n, 7 : P} — Spf R the
projection map, and f = wou: Spf S — Spf R. Suppose f is finite flat. Suppose Fil®F is as in Assumption 3.1.
Then, the following hold.

1. the map F(m.) : F(PR) — F(R) sends c(O(1))" to 1 for all 0 <i < n;
2. the composition

F(ex)

5 F(P) = P F(R) - c(0())’

coefficient of c(O(1))"

F(5) F(R)

is canonically zero unless i = n, in which case it is canonically homotopic to F(f.) : F(S) — F(R).

Proof. By Assumption 3.1(3), and since the lemma is about the underlying unfiltered localising invariant, it
suffices to restrict to F = K. For the first statement, since the projective bundle formula for K(P%) is K (R)-
linear, it suffices to check that m.c’ is 1 for the class ¢ := 1 — [O(-1)] € Ko(P%). By [SP, Tag01XT], one
computes that

1,0(—i) = RD(P%, O(—i)) = 0
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for 1 <4 < n. The binomial formula then yields that m.c® = 1.

We now prove the second statement. Since ¢, and RI'(P,, —) are Perf(R)-linear functors (i.e. the projection
formula holds), the maps K (S) — K(R) are all K(R)-linear. It thus suffices to prove the claim at the level of
Ky. Let M € Perf(S). By the filtered projective bundle formula as well as the proof of [BM12, Theorem 1.5],
we can express [t M] € Ko(P}) as a linear combination

[ta M) = Zn: ciu
i=0

of powers of u =1 —¢(O(1)) = [O(—1)] € Ko(R), where ¢; € Ko(R) are defined by ¢y = [RI'(P}, 1+ M)] and

k—1

o = REE (00N - X (" e

By the projection formula, we have
(L M) (k) ~ 0, (M ® L*O]p}%(k‘)).

Since Spf S does not intersect the hyperplane at oo by assumption, we have +*Opn (k) = S, the trivial line
bundle, and so
RT(P}, (eaM)(k)) = RO(PR, tx M) ~ f. M.

Hence, we have ¢, = [f.M]a, € Ko(R) where a), € Z satisfy the recurrence relation ag = 1 and

k—1 .
k —
akzl— E (n+n l)ai.

i=0
One checks that ap = (—1)* (2), which can be proven by induction and an application of Lemma 3.14 below.

Thus, we see that
n

0] = 1M S0 () € KB,

k=0

Changing base, we see that
1 M] = [£.M]8".

This proves the second statement. O

Lemma 3.14. For all integers 0 < k < n, one has the identity
n b n+k+1—4\/n
_q)k+1 —1_ 1) - _
() e () ()

Proof. The generating function of the right hand side is

G =Y (1—%(—1)1'(”*’“:1”) (j)) e i G T

k>0 i=0 k>i>0
1 i(n+1+7\(n\ ;o 1 (Y n+14+7\ ;
- _ 711 z+]:77 717, ) J
X ()0 e (B () (B )
0,720 i>0 >0
1 1—z)1-1 1—2)" -1
SRR (E R I
1—-=2 z z
and the coefficient of 2% is (=1)*1(, ")), as expected. O

The following is an immediate consequence of Lemma 3.13 and the filtered projective bundle formula.

Corollary 3.15. Keep notation as in Lemma 3.13. There is a canonical choice of null-homotopy, functorial
in Fil*F (as in Theorem 3.12(8) above) and depending only on the factorisation f = o1, for the composition

F(ix)

Fil* F(S) — F(5) 2 Fen) 20,

F(R) = F(R)/Fil*F(R).
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We are now in a position to prove Theorem 3.12.

Proof of Theorem 8.12. By Zariski descent, we may suppose that Y = Spf R and thus X = Spf S are affine.
Corollary 3.15 gives the entire theorem for free, as long as we can do the following;:

1. choose a factorisation X — A} C Py —» Y that is functorial in base-change in f, where ¢ is a regular
closed immersion, and

2. show that any two such factorisations X <y Py — Y and X < IP’{L// —» Y have a common refinement

X4 Py — Y, in the sense that the following diagram commutes

Ay —— Py

b IN

X Ty AL P
] 1.

’
n . n
AY IP)Y

. . . ’
for some choice of regular closed immersions o : Al < A and o’ : A} — AP

For the first, since f.Ox is a vector bundle on Y by assumption, we take ¢ to be the canonical map
X = Vy (f+Ox);

this is obtained by taking Spf of the map Symp(S) — S induced by the multiplication on S. That this ¢ is a
regular closed immersion follows from [SP, Tag069G]. This is also clearly functorial in pull-backs along arbitrary
maps Y/ — Y.

For the second, we can simply take m =n +n’ and 7: X < A} to be the factorisation

exd ’ ’
X=X xy X < A?XyAg ’ZAT;;HL,

with o and ¢’ the inclusion of the first n and last n’ coordinates respectively. O

Remark 3.16. We expect there to be a canonical choice of null-homotopy of the composite

F(Y)

Fil* F(X) - F(X) 292 7y & R

For instance, if .# denotes the 1-category of regular closed immersions ¢ : X < A} factorising f (morphisms
given by maps A} — A} compatible with f), then Corollary 3.15 yields a functor from .# to the space
of null-homotopies of the above composition. If one can show that this functor admits a colimit, then
one immediately gets a stronger result than Theorem 3.12, where the choice of map tr;T is canonically
functorial in composition in f too. Unfortunately .# is not filtered, so it is non-trivial to check whether
such a colimit exists without digging deeper into the space of null-homotopies of the above composition.

3.3 Transfer Maps and Prismatic F-Gauges

We now show Theorem 3.12 yields a construction of transfer maps for F-gauges, thus proving the existence part
of Theorem E.

Lemma 3.17. Suppose f : X — Y is a map of bounded quasi-syntomic p-adic formal schemes such that f,
induces transfer maps

Fil*TC™(X) —» Fil*™TC~(Y) and Fil®TP (X)— Fil*"™*TP (Y)

for some k € Z, functorial in change-of-base Y and composition in f (the latter only up to possibly non-canonical
homotopy), and compatible with the two maps can, ¢ : TC™ — TP . Then, there is a map of prismatic F-gauges

f:ynOXsyn — OYS)’n{k}[Qk]

again functorial in base-change in'Y and composition in f (the latter only up to possibly non-canonical homo-
topy).
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Proof. By quasi-syntomic descent, we may assume that Y = Spf R is a QRSP. In this case, recall that the
category of prismatic F-gauges over Y a QRSP is equivalent to the category of (p,I)-complete Z-indexed
filtered modules Fil* M over the filtered ring Filf\lyg r equipped with a Fﬂ1.\1yg gr-linear map

p:FlI'M - I°M :=1° p® M

such that the map

T
is an isomorphism of filtered I* r-modules [Mon24, Remark 3.22]; here, the tensor product on the left is (p, I)-
completed. In particular, the prismatic F-gauge associated to Oysyn{r}[2r] is simply (Fil'N;; r){r}[2r] itself,
while the prismatic F-gauge associated to fi™"Oxsy is Fily, Rl (X).
Taking the i’th associated graded of the filtered transfer maps in the statement of the lemma, we get a map
Filiy,
Since RI" (X) is an algebra over g and RI' (X, O{i}) is a module over RT" (X), it follows that we can pull
the Breuil-Kisin twist out of the cohomology. We thus get a map

RT (X,0{i})[2i] — (Filgl r){i + k}[2i + 2k].

Fily,,

RT (X) — (Filgs r){k}[2k]
for all 4. This map is compatible with the canonical and Frobenius maps by assumption. Hence, the map
Filj, R (X) = (FigEY  r){k}[2k]
is actually a map of prismatic F-gauges on Y5, This gives us the required map
f2" Oxsyn — Oysvn{k}[2k].
O

Lemma 3.18. For f: X = Y any quasi-syntomic map of qcqs quasi-syntomic p-adic formal schemes, and any
E € Dyeon (X)) and F € Perf(YSM), the projection formula holds:

(f2PE) @ F = [M(E @ f¥™F).
Proof. Note that there is always a canonical map
(fZPE) @ F — fM(E @ [ F)

adjoint to the map
FU(FE) & F) = (fY [2UE) @ fYVF = €9 [,

By a thick subcategory argument, we reduce to the case F = Oysyn in which case the projection formula is a
tautology. O

We finally prove the existence of the prismatic trace map.

Proof of Existence of Traces and Statement (2) in Theorem E. By Theorem 3.12 and Lemma 3.17 for f: X —
Y finite flat and regular, we get a trace map of prismatic F-gauges

trjcyn : fiynOXSyn — OYSyu.

Using the projection formula
:ynoXsyn ® 5 ~ f:ynfsyn,*g

for any £ € Perf(YS"), we get a trace map
trjcyn(é') D fEn e 5 &

for any prismatic F-Gauge £ on Y. This also establishes Theorem E(2). O
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Remark 3.19. Combining Theorem 3.10 and [Tan24, Theorem 5.38], we see that the Gysin map
Gysg?r} . i*OZSyn — OXSyn {T}[2T]

coming from Lemma 3.17 applied to Theorem 3.10 upon taking coherent cohomology over XY™ coincides
with the Gysin map
Zy(i)(Z) = Zyp(i + ) (X)[2r]

on syntomic cohomology given in [Tan24, Definition 5.32].

Lemma 3.20. Suppose f : X — Y 1is a finite flat reqular map of quasi-syntomic qcqs p-adic formal schemes.
Then, for any prismatic F-gauge € € Dyeon(YSY™), the composition

N trj?’“(g)
£— pompynrg L g

is multiplication by deg f.
In other words, Theorem E(1) is true.

Proof. By Zariski descent, we may suppose X = Spf S and Y = Spf R are affine and that S is a free R-module
of rank d. By construction of the prismatic trace, it suffices to check that the composition

]:(R) N JT_.(S) transfer ]:(R)

is multiplication by d, for ¥ € {TC™,TP }. Since this composition is F(R)-linear and so K(R)-linear, it
suffices to check that the above composition is multiplication by d in the ‘universal’ case F = K. By linearity
again, it suffices to check that 1 € moK (R) is sent to d € moK(R). However, this is clear, since the image of 1
in Ko(R) under the above composition is by definition [S] = [R?] = d € K(R). O

3.4 Trace Maps on Prismatic Cohomology for Perfectoids

We analyse the prismatic trace map associated to a (module-)finite locally free extension R — S where both R
and S are perfectoid. Then, g = Aj,s(R) and g = Aine(S).
The trace map on prismatic cohomology is thus a map

trg g * Aint(S) = Aine(R).

On the other hand, by derived Nakayama, we know that the extension Ajn¢(R) — Aine(S) is finite and of the
same degree as S/R. By the same argument, it is also clear that A;j,¢(S) is locally free as an Aj,s(R)-module as
the same is true for S over R. Thus, there is also the usual trace map

tra : Ainf(S) - Ainf (R)

inf
associated to a finite locally free extension. In this subsection we check that these two maps coincide.

Proposition 3.21. For any finite locally free extension S/R of p-torsion free integral perfectoids, the two maps
trg p and tra, . described above coincide.
In other words, Theorem E(5) is true.

Proof. By Zariski descent we assume S is finite free as an R-module. By the results of [BMS19, Section 6.1],
Remark 4.1, and multiplicativity of the homotopy-fixed point spectral sequence, the transfer map TC™(S) —
TC™ (R) induces the map of spectral sequences

Sut] == Ains(9)[u,t]/(ut —d)

trJ{ J{th/R

Rlu][t] == Ane(R)[u,t]/(ut —d)

where d is a generator of ker(Ajns(R) — R) (and ker(A;n¢(S) — S)), and the vertical maps send w and t to

THH

themselves and act on S (resp. Ains(5)) as the transfer maps motr (resp. motrTC ). We claim that the map

motr T . § = THH(S) — THHo(R) = R
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coincides with the usual trace map S — R. Indeed, recall that THHy = HHg in general, and so this claim is
equivalent to the claim that
motr™H 1 § = HHy(S) — HHo(R) = R
is the usual trace map. This latter claim follows by a straightforward calculation unravelling the explicit weak
equivalence HH(—) ~ HH(Perf(—)) described in [McC94, Section 2|.
By functoriality of the transfer with respect to a map of localising invariants, the map trg /R is also Frobenius

equivariant. The usual trace map tra, , : Ain(S) — Aint(R) is also Frobenius equivariant, since one can apply
Frobenius to the matrix for multiplication by any element x € A;jn¢(S). In particular, the difference

h: Ainf(S) — Ainf(R)

is a Frobenius equivariant Aj,¢(R)-linear map that is zero modulo d. We claim that any such map h has to be
zero. Indeed, since h is zero modulo d, we have h(Ajn¢(S)) C d - Aing(R). Frobenius equivariance then says that
h(Aint(S)) C @™ (d) - Aint(R) for all n € Z. We are done by the following Lemma 3.22. O

The following lemma is probably well-known but the author could not find a reference in the literature.

Lemma 3.22. Suppose R is any p-torsion free integral perfectoid ring and d a generator of the kernel of
Fontaine’s map 0 : Ains(R) — R. Then,

() ¢"(d)Aine (R) = 0.

n>0

Proof. Let R’ be the tilt of R, so that Ajt(R) = W(R’) and R’ is d-adically complete where d is the reduction
of d modulo p. Note that d is also non-zero divisor in R’ by our p-torsion-free assumption on R. Suppose
€ (),>0 " (d)Ains(R). Reducing mod p, one has

N ” =0

n>0

by d-adic completeness of R’. In particular, z = pz; for some z; € Aing(R). Next, writing @ = ¢"(d)b,, implies
that & - b,, = 0 modulo p, and since d is a non-zero divisor we get b,, € pAinr(R). As Aje(R) is p-torsion free,
we thus have 21 = ¢" (d)b?" for all n. Thus (1,50 ¢"(d)Aint(R) is p-divisible. Since Ain¢(R) is p-complete, it
follows that (1,5 ¢"(d)Aine(R) = 0. O

3.5 FEtale Comparison

In this section, we prove the compatibility of the prismatic trace with étale realisation. For the rest of this
section, we assume that f: X — Y is a regular finite flat map of quasi-syntomic Z,-flat p-adic formal schemes
such that the generic fibres X,, and Y;, are locally Noetherian analytic adic spaces. Then, f, : X, = Y, is a
finite flat map of analytic adic spaces. In this setting, [LRZ24] construct a trace map

1 (F) : foufp F = F
for any abelian sheaf F; we recall their result.

Theorem 3.23 ([LRZ24, Theorem 2.5.6]). For any finite flat map f, : X,, = Y, of locally Noetherian analytic
adic spaces, there is a unique map

tr (F) : fouff F = F

functorial in F € Ab(Y &), compatible with compositions and pull-backs in f,, and normalized so that the
composition F = fp [y F — F is locally given by multiplication by deg f.

Remark 3.24. |[LRZ24| only construct these étale trace maps for finite flat maps of locally Noetherian
analytic adic spaces. Using Theorem 3.12, we may relax the Noetherianity hypothesis at the cost of adding
a regularity condition and working with p-complete coefficients.

Here, we note that ffi ., the underived push-forward, is exact for finite morphisms f,, by [Hub13, Proposition
2.6.3], so that f, . ~ f;?*.
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We can extend the construction of trace maps for finite flat maps given in [LRZ24| to the derived category
Db(Yn’ét, Ab) of étale sheaves of bounded complexes of abelian groups. In particular, for any complex of lisse
sheaves £ € Dt (Yy,Zy), we can look at the étale sheaves £/p™ for all n, and we have a trace map

lisse
e (L/p") « fuuf7(L/D") — L/p"

compatible for the various transition maps. Taking limits, and passing to the pro-étale site for the formation of
pushforwards/pullbacks, we get a Z,-linear trace map

trf (L) : frefr(L) = L.

In particular, for £ = Zpy , we have
n

ét . 4 ét .
tI'f = tl“f (Zpyn) : fn’*Zan — ZPY,,.

By the projection formula, if £ is a bounded complex of lisse sheaves, we can identify tr$*(£) with the map

tré ®id,

FasBy L= fyu(Zyy )R L L.

With this trace map on p-adic lisse sheaves for finite morphisms of rigid spaces in hand, we have the following.

Theorem 3.25. Suppose f : X — Y finite locally free p-completely syntomic map of bounded quasi-syntomic
p-adic formal schemes flat over Z,. Suppose also that X,,,Y, are locally Noetherian. Then, for any prismatic
F-gauge € € Perf(YS™), the étale realisation of the trace map on F-gauges

f:ynfsyn,*g N g
coincides with the étale trace map
15 (T &) : fufir (Ter(E)) = Ter(€)

of [LRZ24] described above.
In other words, Theorem E(3) holds.

Remark 3.26. Suppose Y is some fixed bounded qcqgs quasi-syntomic p-adic formal scheme flat over Z,,.
Etale realisation as defined in [Bha22] is a symmetric monoidal exact functor

Ty : Perf(Y™) — D (V,),Z,).

However, for a map f : X — Y as in Theorem 3.25, the F-gauge fi¥" f*¥™*€ need not lie in Perf(YSY").
We thus need to extend the domain of Ty;.
We thus define an exact functor

Tét : Dgeom(Ysyn) — ’D(Yn,proétv Zp)
where

e the source category is the thick subcategory of Dycon (YY) generated by Perf(YS¥?) and sheaves of
the form fi>" fY*€ as f runs over all possible quasi-syntomic maps f : X — Y from X a bounded
qcgs quasi-syntomic p-adic formal scheme flat over Z, and £ € Perf (Y5 and

o the target category is the category of Z,-sheaves on the pro-étale site of Y.

One defines, for any £ € Dgeom (Y 5"), the underlying pro-étale sheaf of T¢ (€) on Y, to be given on a
perfectoid test object (R[], R) (where Spf R maps to Y) by

5 "
(ﬂAmRDBL>

where d generates the kernel of 6 : Ajps(R) — R and E(Aint(R)) denotes the pull-back of £ along the
syntomification of the map Spf R — Y. This is compatible with the usual étale realisation Perf(Y5y") —
D! (Y., Z,) by construction.

lisse
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Essentially by definition and [GR24, Theorem 6.1], if £ = f2*"&’ for £ € Perf(X5™) (where f : X — Y
is a quasi-syntomic map), then
Tét(g) ~ f"77*Tét(€/)

as pro-étale sheaves on Y.

Remark 3.27. By following the proof of [GR24, Lemma 7.15], and using Proposition 3.21 and the proof
of the étale comparison, one checks rather easily that Theorem E(4) is true.

We now go on to prove Theorem 3.25, for which we record some lemmas.

First, recall that for an adic space X, a geometric point T of X is a map T : Spa(C,C*T) — X where C is a
complete algebraically closed nonarchimedean field over @, and C is an open bounded valuation subring of C'.
For F a sheaf of abelian groups on the étale site of an adic space X and for T : Spa(C,CT) — X a geometric
point of X, the stalk Fz of F at T is defined to be

Fz = RI(Spa(C,CT),7*F) € Ab.
The following lemma is [LRZ24, Lemma 2.5.1].

Lemma 3.28. For f : X — Y as above, ¥ a geometric point of Y,, and F a sheaf of abelian groups on Y.
Then there is a natural isomorphism

B 7= fonks Py
zefy ()

Corollary 3.29. For f: X — Y as above and § a geometric point of Yy, there is a natural isomorphism

@ Zpy — (fny*szn)ﬁ
zefy ()

of sheaves on the pro-étale site of 7.

Proof. Take F =7/ p"ZX in the lemma and then take the limit over n. O
2N Sy

Lemma 3.30. Suppose f,g : L — L' are two maps of pro-étale discrete (i.e. concentrated in cohomological

degree 0) Z,-sheaves on an analytic adic space X. Then, f = g if and only if for all geometric points T of X,

we have fz = gz as maps of stalks Lz — LL.

Proof. Tt suffices to prove this for the map £/p™ — L'/p™ of sheaves for all n; in particular, we may reduce to
working on the étale site rather than the pro-étale site. In this case, [Hub13, Proposition 2.5.5] implies that the
collection of functors F — JFz as T ranges over all geometric points of X is jointly conservative. As this functor
is valued in an abelian category (we restricted ourselves to discrete sheaves), this implies that the stalk functors
are jointly fully faithful, as required. O

The following lemma was used implicitly in the proof of [LRZ24, Theorem 2.5.6], and we will need it ourselves.

Lemma 3.31. Let X be a connected adic space with a finite map f : X — Spa(C,C™T), where C* is an open
integrally closed subring of an algebraically closed extension C' of Q. Then Xieq ~ Spa(C,C™).

Proof. Since Spa(C,C™T) is already reduced, we see that f factors through a finite map X.eq — Spa(C,C™T).
[LRZ24, Lemma 2.1.3(i)| then implies that X;eq = Spa(K, K1) for K a finite extension of C' and K the integral
closure of C* in K. Since C is algebraically closed, we thus have K = C and K+ = C™" as required. O

We finally prove Theorem 3.25. The idea of the proof is based on the proof of uniqueness of the finite flat
trace map in [LRZ24, Theorem 2.5.6].

Proof of Theorem 8.25. By the projection formula it suffices to prove this for £ = Oy-syn, whose étale realisation
is the local system Z,, on Y;. We have two maps

fﬂ,*sz,] - ZPYH’

one of which comes from the étale trace and one which comes from the étale realization of the prismatic trace.
By Lemma 3.30, we reduce to checking the case of a geometric point Y = Spf C*t (so Y;, = Spa(C,Ct)) for C
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a complete algebraically closed nonarchimedean field over Q, and C* an open bounded valuation subring (see
also the proof of uniqueness of [LRZ24, Theorem 2.5.6]). Recall from Section 2.2 that

RTe(Spa(R[1], R), Zp) = gryo L) TC(R)
for any p-complete ring R, and that this is compatible with the prismatic-étale realisation. It thus suffices to
check that the étale trace
R prost (X0, Zp) — Zy,

coincides with the abstract transfer map

LemTC |
7 :
Since the motivic filtration on Ly 1)TC(X) ~ Lg 1)K (X,) is actually an invariant of X, (since it identifies
with the Thomason filtration), this abstract transfer map is actually functorial in the analytic adic space X,,.

In particular, it follows that for X, = | | X; a connected component decomposition of the analytic adic space X,
(which need not come from a decomposition of the formal scheme X)) we have tr}, (X,) = >, tr, (X;) as maps

trl (X)) = gro oo tr RE proct (X, Zp) = g9 L1y TC(X) = gt L1y TC(Y) = Z,.

mot

RTst(Xy, Zp) ~ @D RUst(Xi, Zp) — Zp.

Of course, this is also true of the étale trace maps of [LRZ24, Section 2.5].

We have thus reduced to the case that X = Spa(S,S™) is a connected finite flat analytic adic space over
Y, = Spa(C,C™), at the cost of losing that the map is the generic fibre of a finite flat map of formal schemes.
Lemma 3.31 says that X,.q = Spa(C,CT). The topological invariance of the étale site then implies that

R4 (X, Zp) =~ RUg(Xred, Zp) =~ Rl (Spa(C, CH),Z,) < Z,,

where the last arrow is the canonical map Z, — R« (—,Z,). In particular, the étale trace map of [LRZ24,
Theorem 2.5.6] identifies with the map

Zpy ~ R proct (X, Z,) — Z,

given by multiplication by d := rankcO(X). This is of course also true of the trace map tr}, (X) coming from
applying grd, ., to the transfer map Ly (1)K (X) — L) K(Yy). O

4 Prismatic Trace for the Cyclotomic Tower

In this section we finally prove all of our main theorems except the already established Theorem E.
Throughout this section, we will use the notation ¢, := ¢’ as well as the notation introduced in Sec-
tion 2.4.2 without comment. Before we can go on to actually prove Theorem E, we make a few remarks since
Theorem 3.12 is not strong enough for our purposes.
Fix f: X — Y a finite flat regular map. In Theorem 3.12, we have shown that the transfer map THH(X) —
THH(Y) upgrades canonically to a map
tr 7 Fil,

mot

THH(X) — Fil®

mot

THH(Y)

of filtered spectra. However, we will crucially need that Fil}, , THH takes values in cyclotomic synthetic spectra,
and a priori Theorem 3.12 does not show construct tr: ! as a map of cyclotomic synthetic spectra. In the
following remark, let us explain how the construction of Theorem 3.12 automatically upgrades to a map of
cyclotomic synthetic spectra.

Remark 4.1. Recall that a synthetic spectrum is a Sey-module in Fil Sp, and that a synthetic spectrum
with synthetic circle action is a Tey-module in synthetic spectra. In particular, Fil}, ,THH(Y') being an
E-ring object in synthetic spectra with synthetic circle action, it is in fact an F..-algebra over Te, in

FilSp. By Fil}, .. THH(Y )-linearity of the filtered transfer map tr}:HH, the map tr?HH is a Tey-module
THH

map in filtered spectra. Thus try™" naturally upgrades to a map of synthetic spectra with synthetic circle
action. The same reasoning applies to HH, so that the filtered transfer map
trl ™ ¢ Fil}, (HH(X) — Fil}

mot mot

HH(Y),

a priori only a map of filtered spectra, is naturally a map of synthetic spectra with synthetic circle action.
For the cyclotomic Frobenius, note that for any qcgs quasi-syntomic p-adic formal scheme X, one has

(Fﬂ;lot

THH(X))"“»*" ~ RT (QSyny, 7>2. (THH(R)))

37



as a consequence of quasi-syntomic descent to QRSPs and [AR24, Lemma 3.18]. In particular, we can
define

Fil°, ., THH(X)) |

THH(X)! .= (Fil®

mot

and this promotes Fil:notTHHtCP to a sheaf valued in synthetic spectra with synthetic circle action. One
checks rather easily that FilfnotTHHtCP now satisfies Assumption 3.1 as well as Condition 3.3. In particular,
Theorem 3.12 and the previous argument yields a transfer map

THH'C :
try "LFIL

THH(X)'“» — Fil?

mot

THH(Y)!“»

of synthetic spectra with synthetic circle action natural in f. Moreover, since the synthetic cyclotomic
Frobenius is just the evenly filtered cyclotomic Frobenius THH — THH!C» (at least on affines), the
functoriality-in-F of Theorem 3.12 implies the existence of a commutative diagram

Fil}, o THH(X) —5 Fill o THH(X)'C = (Fil}, THH(X))
ltr}“HH ltr}‘HHtCP J/(tr’}‘HH)tCPYeV
Fil},o THH(Y) —2% Fil},, THH(Y)!C = (Fil},  THH(Y)) "

Here, the identification tr}“HHtcP — (tr;fHH)tC’”e" holds by the assertion on functoriality in the filtered sheaf
of Theorem 3.12. Hence, tr?HH upgrades to a map of cyclotomic synthetic spectra.

Recall next that Theorem 3.12 does not give a canonical homotopy tr}, ; =~ try o tr where X Ly sz
are two composable finite locally free regular maps.

Remark 4.2. For the rest of this paper we will be dealing with the transfer maps in a tower
"'—>X3—>X2—>X1.

We will not have need to deal with the filtered transfer map along X, 1o — X, directly. Rather, we will
only remember the filtered transfer maps tr; : Fil* F(X,,41) — Fil* F(X,,) coming from Theorem 3.12, and
for Fil* F(Xp41) — Fil*F(X,,) we will replace tr%. . with the composition tr},, ;o---otr}. This is
fine since we only care about computing the limit. Since the above k-fold composition is (non-canonically)
homotopic to the true transfer map, the limit will not change up to homotopy.

Notice however that Theorem 3.12 does guarantee that the filtered transfer tr” is functorial in pull-
backs, so we only actually need to make this choice once and for all for the tower

<o = Spf Zp[Cyn+1] — SpfZy[Gpn] — -+ .

4.1 Preliminary Calculations

In the following, we will need the following standard computation of the homotopy groups of (various S*-fixed
points of) ku,, .

Lemma 4.3. Forn > 0, we have
mekupn = (Zp[gn — 1]/(q¢ — 1)) [B];
w2, g, — ]84/ (8t (¢ = 1),
W*ku;‘?; = Zplan — 1]][ti1]
mkwr 22 Zy (G | [¢1]
. (kD) 2 2 [ — 1w 1)/ (ut — [ply,).
where |B] = |u| = 2,|g| =0, and |t| = —2. Moreover, the following are true:

1. The Adams operations corresponding to g € (1 + p"*1Z,) acts on kugil via

B—gB, q— ¢, and tb—>mt7
g

-1

where [g]q == L.
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2. The ring map ku’;il — (kuj(gy_nl))hs1 s given on homotopy by the graded algebra map

Zplgn = 11[8,8)/ (5t = (a4 = 1)) = Zp[gn+1 = [u, 1]/ (ut = [plq,)

sending qn & ¢y, t—t, and f— (g1 — 1)u.

3. The Frobenius map aphsl : (kuz(;nl))hs1 — (liuz(h]l))t‘;1 is given on homotopy by the graded algebra map

Zpllgn+s = Wlu, 1]/ (ut = play) = Zpgner — 1)

sending qn4+1 — qzﬂ, t — [plgt, and u — t=1. In particular, the image of the Bott class is ‘fived’ by
Frobenius; more precisely, "5 (3) = can(8).

Proof Sketch. A standard result says that kuZS1 ~ Z,lq — 1][8,t], and that

kuy " o= Zp [q — 118, 1]/ ([p"]qt)-

This yields the first isomorphism. The second isomorphism follows from evenness (which gives the description
as a graded abelian group by degeneration of the homotopy fixed point spectral sequence) and the fact that

1 1
kugs — kugi are ring maps which are injective on homotopy groups in order to identify the multiplicative
structure. The third and fourth equivalences are immediate from the second by standard facts about complex
orientations. The fifth isomorphism as well as statement (2) follow in the same way as the second isomorphism,

though one needs to use the ring map kugf; — (ku]g’_nl))hs1 (an injection on homotopy groups) to identify the

multiplicative structure. The claim on Adams operations is a standard fact about Adams operations on kuZSl,
while the second statement is clear from unravelling identifications. .
The final claim comes about by taking S'-fixed points of the cyclotomic Frobenius map ¢S : ku](),_nl) —

kuz(;nl)’tcp. By construction of the cyclotomic Frobenius, we see that ¢ " factors as

(—1),hS* tCp\hS* 1, tS! (—1),t8t
ku, = (ku, 7)™ ~kuy’, — ku, .

The claim follows by computing the image of ¢, and ¢ under the map

Zolgnss — 1[u, t _
rl t+1 B [, ] o mkul(7 nl)’hsl — T, (kuf,c;f)hsl ~ mkuﬁi = Zpld' — 11>,
ut — [plg, ; ; ,

using that ¢,4+1 maps to ¢’ and that the Euler class ¢t on the source is sent to the p-fold iteration of the formal

1
group law on t' under the identification (ku;,cgf)hs = kufn. O

Corollary 4.4. There is a fibre sequence

~ 14pn
Jn — kup , —— Tokuy ,
14-pntl . . ..
where et s the unique map factorizing
n+1
PP 1k, — kg,

through the connective cover map T>okup n — Ky p.

n+1 3 o« e
Proof. For wiﬂ’ to exist, notice that the Adams operation !*P? " acts trivially on mo(kup,n) = Zplgn —

1]/(g — 1), since
n+1 n+1 n
PP (gn) = ¢TI =g qP = g, (mod g — 1),
As 1+ p"*17Z, is topologically generated by 1 + p"*1, we see that we have the fibre sequence

1+pn+1
R(1+p" 1)z —1

— _— .

kupﬁn P kup kuy,

Taking connective covers and using the fibre sequence
T>okuy, , — kuy, , — mokuy, p,
then yields the lemma. O

For the remaining corollaries, we introduce the following notation.
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Notation. For any Z;-equivariant module M over ku,,, write
M(l)[?} = ngkup ®kup M.
This notation is reasonable since, ignoring Z, -actions, there is an equivalence 7>2ku;, ~ ku, [2] as a consequence

of Bott periodicity. Note also that
T>okuy, », =~ kuy, ,,(1)[2].

Corollary 4.5. There is an equivalence
Toa((T22kuyn) r) = kup P (1)[2].
The homotopy groups of this kuz(;nl)—module is the (graded) ideal
(G = Du - Zp[Cpnir][u]
inside ﬂ*kuz(gfnl) ~ Zp[Cpn+1 [u], where the inclusion of the ideal is induced by
Too((Tookity ) 07) = Too(kulr) — kul M.
Similarly, the homotopy groups of the kuz(;nl)-module

(ro2((r22kity, ) )S" o ka7 DS (1)[2]

is the (graded) ideal
(@ = Du - Zplgn+1 — 1 [u, t]/ (ut — [plg,)-

Proof. The first equivalence follows from the fact that (—)!“» is exact and so commutes with shifting. The rest
follow from Lemma 4.3 since multiplication by the Bott-class induces the equivalence 7>oku, , ~ ku, ,[2]. O

One proves the following corollary similarly to Corollary 4.4.

Corollary 4.6. For any g € 1+ p""'Z, a topological generator, there is a fibre sequence

F(-1 (—1) Yo, 1 (-1)
35 = kal ) = kal D (1)]2).

where Y3, is induced by 3.
In particular, using the equivalences of Section 2.4.2, we have a fibre sequence of cyclotomic spectra
wgo
THH(Zp[Cpr]) — THH(Z,[Cpn ] /Splgn — 1]) —= THH(Z,[Cpn ] /Splan — 1])(1)[2]

where now g is a topological generator of 1 + p"Z,.

Remark 4.7. There is a generalisation of this to arbitrary quasi-syntomic Z,[(,n]-algebras, given in
Proposition 4.26.

The following is a generalisation of [Dev25, Lemma 6.4.10] and may be proven similarly.

Lemma 4.8. There are pushout squares of cyclotomic Eo-ring spectra

SP[Bpian}mv E— SP[BOP"THW I 3:’£L_—11)

|

riv riv -1
SUY 5 S, [B2Z,)" —— kul ",
where:

o the left square is induced by applying Sp[—| to the cofibre sequence

p " Lp[l] = Cpn (1] = Zy[2],

40



e the map Sp[BCpn]™Y — ]( 1) is the composition
Sp[BCp]™ = THH(S,[Cpr]) — THH(Zy[Gpr]) = 7,77

where the first map is the assembly map, and

(1)hS)

o the map S,[B2Z,)"™ — ku' Y, is adjoint to the map Z, — mo(ku,, 7

p,n—1
1€Z, to = (g —1)u.

The following result will be crucial in the proof of Theorem A. See Remark 4.10 for a concrete interpretation
of these results in prismatic cohomology.

Zplgn — 1] - w which sends

Proposition 4.9. Fizn > 1 and g a topological generator of 1+p"*1Z,. For any bounded below S*-equivariant

3(()_1)-m0dule M, the following commuting square is a fibre square of spectra with S*-action.

(M 5, kS 0) " s (a1, ) T ()2

l l

th wgo _ th
(M @5, ko) s (M, ka5 ) T ()2
Proof. Let F be the total cofibre of the following commutative square of }é_l)—modules in cyclotomic spectra

L T RSO 1)

Up.n=1 p,n—1

l | ©

— 1/)00
kul D — kul D (1)[2).

n

We claim that F/(p,) is S'-nilpotent in the sense of [DR25, Definition 3.1.2], i.e. it is contained in the
thick-tensor ideal of Modggav(SpB S]) generated by S,[S].

Suppose we know the S'-nilpotence of F/(p,3). Then X := M ®5¢-» F is also such that X/(p, ) is
S'-nilpotent, which by Lemma 4.11 below implies that

(X/(p, B))"" = X% /(p, B) ~ 0.

This implies that (X*¢» »)} == 0. Using the same argument as in [DR25, Remark 3.1.6], noting that X is bounded

below (since M is), the natural map X*“r — (X*C» )j is an equivalence, so that Xt ~ (. Since X** is the
total cofibre of the square occuring in the statement of Proposition 4.9, we win.

It remains to establish the S!-nilpotence of F/(p,3). By |[DR25, Lemma 3.4.2] we see that F/(p, 3) is an
Sl-equivariant F,-module. In particular, the criterion of [DR25, Proposition 3.1.5] applies, i.e. it suffices to

check that ¢ acts nilpotently on (F/(p, 3))*S" ~ F"S" /(p, B). One computes the following;

w (005 .9) = (@) o (@ Bl 1 i)

> (@—-1) S 41

m (k20 (2/60.8) = (D (01 — 1)Fp[[qz— U i) aes (F pldn — - H) s @ (4— E)Fp[[qz— 1 i

> (@1 (¢— >0 q—1)

and similarly for n replaced by n + 1. Moreover, the vertical maps are simply the obvious inclusion map.

Recall the identity ut = [p|,, inside ku( b, hs' . Since [p],, = 0 modulo (p, ¢1 — 1), multiplication by ¢ is zero
on m,(—), * > 4, for every term in the mod (p, ﬂ)—reduction of (6). In particular, multiplication by t is zero for
7. F"S" /(p, B) for x > 4. To then see that ¢ acts nilpotently on all of m, FS" /(p, 3) (with uniform exponent),
it suffices to show that 7, F"S" /(p, B) = 0 for * < 1.

To see this vanishing claim, since the fibres of the horizontal maps in (6) are up to homotopy independent of
the choice of ¢ (they are given by }7(;11) and },(L_l) respectively), we may choose g = 1+ p"*1. Using Lemma 4.3,

the bottom horizontal map in (6) acts as

n+1 . . . ql[l +p7l]j — 1 .
od? (Gn1t’) = dnya (q — 1q (g—1¥
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g'[1+p"]i
q—1
formula for the top horizontal map in (6). Now, we calculate

where the term ¢/, ( 1) is viewed as living in Fp[gn+1 — 1]/(¢ — 1). If p|é, then this also gives a

L4+~ 1 _ L+, — (1497 :pzq’f—l:”Zk:pn_p"Jrl:OE]Fp[[qnﬂ—l]]
q—1 qg—1 —g-1 = 2 (¢—1)

where we use the fact that qqk_—_ll = [k]; = k (mod g — 1). This implies
i ¢L+p"; -1 i .
1 \ — -7 |~ Iny1lilg = 10514
q
in Fp,[gn4+1 — 1] /(¢ — 1), i.e. we have shown that

(4 = DFplgn —1]
(g —1)? '

Now, taking vertical cofibres in the mod (p, 8) reduction of (6) yields the following exact sequence for all j > 0

n+1 - - . - -
s g t) =g - (@ = V) € gy

—1
dn — ; ¢1+pn+l Y i q— 1F dn — 1] 5 1
0 7oaya(F"' /(9. 8)) — EBan Pl P s = = (0,
=1

where we have used the basis decomposition
p—1
Fplgn41 — 1] = @q;LJrle[[Qn —1].
i=0

—+1
It thus suffices to show that pr induces an isomorphism of IF,,-modules

q Fplgn —1] 4 ~ qz' (¢ = DFplgn — 1] 4
g1 et T (1)

for 1 <4 < p—1. The preceding calculation shows that this is simply the map qfl+1tj gt qfl+1tj -(i+ph)gt,
which is clearly invertible since ¢ + ph is a unit as longas 1 <: <p—1. O

Remark 4.10. The preceding proposition has the following concrete consequence in prismatic cohomol-

ogy.
As a consequence of the results of Section 2.4.2 and Corollary 4.6, we have the following explicit
description of prismatic cohomology of Z,[(,n]:

i} = [Zpuqn 1) S 2, g - 1ﬂ{r}} |

Here, g is a topological generator of 1 4 p"Z,. However, [Liu25, Theorem 1.0.2] says that

om{r) = [Zpuqn_l 1) S 2 g 1ﬂ{r}] |

The proposition above, in the special case M = ;(()_1), is simply saying that the two complexes appearing

on the right are quasi-isomorphic, as one expects. One can actually check that these are quasi-isomorphic
by a direct computation as well (though this direct calculation will essentially boil down to the calculation
carried out in the proof of Proposition 4.9).

For arbitrary M, the same remark holds, except one replaces the Breuil-Kisin twists OZP[Cpn} {r}

with 7.0y {r}, where X is a p-adic formal scheme over Zy[(,], X, = X Xgprz,(¢,] SPf Zp[(pn], and
7 X5V — Z,[Cpn ] is the structure map of syntomifications.
The following lemma was used in the proof of the above proposition.

Lemma 4.11. Suppose X is an S'-equivariant spectrum that is S'-nilpotent in the sense of [DR25, Definition
1
3.1.2], i.e. it is in the thick tensor ideal of Modguv (SpP%") generated by S,[S']. Then X' ~ 0.
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Proof. (This proof is due in part to Maxime Ramzi.) By the usual thick subcategory argument, it suffices to
show that (—)*“» kills X ® S,[S?] where X is any spectrum with S'-action. Since (—)!“» kills the thick tensor
ideal generated by spectra with induced Cp-action [NS18, Lemma 1.3.8], it suffices to show that S,[S'] is in the
thick subcategory generated by S,[Cj]. To see this, consider the usual Cp-equivariant cell structure on S* given
by one Cp-orbit of 0-simplices and one Cp-orbit of 1-simplices. This expresses S' as the coequalizer in spaces
with Cp-action of the two maps id : C,, = Cp, and -0 : C,, = C,, (where o is a generator of C}). Applying S,[—]
then yields the Cp-equivariant cofibre sequence

Sp[Cp] == 8[Cy] = S,[S7]
as required. |
We next study the Frobenius on the cyclotomic spectrum ku( 1).
Lemma 4.12. There is a canonical S'-equivariant factorization of the cyclotomic Frobenius

@ ku( 1)—>ku( 1) G

through the canonical map ku( L kué ,33_1

Proof. Unwinding definitions, the cyclotomic Frobenius of kuz(;nl) is the composition

ku ( ) N ku N (7_20 ((kuch'n)hcp)>t0p - (Tgokuz%)tcp . (kul(;nn)tc

hCpnt1

hCyp n)th ~ T>0kup

o~ kup ,+1. The composition of the first two arrows factors

through the connective cover map kup nJ)rl — kup wi1> and the induced map ku( D ku}(, 1J)rl is the canonical

map. The claim follows. O

However, we have 7>¢(ku,

tc” be the S'-equivariant map induced by Lemma 4.12, so that

(= )

Notation. Let @, : ku( 1) — ku (

@ ku'-Y . — kul® )1 v factors as the composition of ku,, 7 — ku( 1) and ©y,.

p,n—1 p n
Varying n, the cyclotomic spectra kuéjnl) are related to each other by the following.

Lemma 4.13. There are Z, -equivariant cyclotomic Ex-ring maps Splp~"17Z, ]t — kuéfnl) forn >0
inducing equivalences of cyclotomic spectra

kuz(,’_nl) ~kul !

;u,nZ 1 ®s, [p—nz,]Tate Sp [[pf”*lzpﬂ Tate

Proof. This is obvious from the equivalence

ku{ " =~ THH(Z,[Cpn)/Splan — 1]) =~ THH(Z,[Gor]) @rrmes, p-nz,)) Splp "Zp] ™t
of Corollary 2.32. 0

Remark 4.14. On underlying spectra with S'-action, the map Sy [[p*”*Zp]]mV — kuj(;nl) is adjoint to a

map of ring spectra S,[p~""'Z,] — ku;jnl)’hs 1, and the data of this latter map is equivalent to the data
of a map
—n— _ 1 n+1
P 2y = molkul M) = 2, [¢MPT 1)

—n—1

This sends the generator p of p™ 717, to qny1.

(= )

Construction 4.15. We construct an Z) x S l_equivariant ku, ,,”;-linear map

" - kuz(;nl) — kugnlll

as follows. Consider the following composition of S'-equivariant K (1)-local spectra

KUY « = KU, 4, — KU,

Nme

where KU, has the trivial circle action, the first equivalence is due to semi-additivity of K (1)-local spectra
(cf. [CSY22]), and the second map exists due to the trivial circle action on KU,. This composition is
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KU,-linear. Taking TZO(—)hCP"‘l then yields an S'-equivariant kup ,,—1-linear map

kuy , = kuy, 1.

)

Applying 750(—)*" then yields a kuéjnl_l—linear map

kuj(o’_nl) — kul()’_nlzl.

Lemma 4.16. The map p, satisfies the following properties.
1. There is a canonical commuting diagram

(=1)  ¥n (=1),tCp
kupyn *>kup7nf1

tC
lp n J/p"n, 2

(-1)  _&n (=1),tCy
ku, 2y —— ku, ,7H7".

2. The map p, canonically identifies with the following composition

id®proj

— —1 —1
kuéml) ~ ku;7n11 ®Sp lgn—11 Sp [[qn+1 — 1H EE— ku;,nll,

where the first equivalence is Lemma 4.13 and proj : Splgn+1 — 1] — Splgn — 1] is the Spgn — 1]-linear
map given by qu_l —0ifptiand qfﬁH gl

Proof. Recall that @, is obtained by applying (=)= to

hC ., _ hC. hC tC
Tzo(kuchn) >~ T>0 (Tzo(kup P 1)) ! =4, T>0 (Tzo(kup P 1)) !

followed by the connective cover map (kuz()jnlll)(*l) — kul()’_nll’ltcl’. Since Tzoku};cN o~ TZOKUZCN for any

N > 1, statement (1) follows by noticing that the following diagram (obtained by functoriality of Nm¢, and
can : (—)"% — (=)t commutes:

hC tC
hC hC n— hC n—1 P can hC n—1 P
TZO(KUp p) pn—t o~ >0 (TZOKUP P ) — > T>0 TZOKUP P
hC hC
ZTchpP" ' 2 [N, A e

hC, tC
hC ,_ hC . _ P can hC ,_ P
T>0(KUpne,) " »" 1 = 79 (TzO(KUp,hcp) P 2) — T>0 (Tzo(KUp,hcp) " 2)

| I |

hC o1 hC_.—2\"Cp can hC 2\ tCp
TZOKUP P =~ >0 (TZOKUP P ) I 4 T>0 (TZOKUP P )

For the second statement, notice first that the composition

KU, — KU % KU, he, — KU,
mc,

is the identity map since the K (1)-local cardinality of BC), is 1 (see [CSY21, Proposition 2.2.5]). Applying

(-1
(TZO(—)th"—l) then shows that the map kulD, kuj(o’_nl) Dy kuz(,’_nl)

p,n—1 —
(7121 — kul(;nl). By kuz(gjnlll-

that the classes ¢/, € wo(kuz(;nl)’hsl) are killed by p, for 1 <i < p — 1. For this, it actually suffices to show
that the composition

1 is the identity map, where the

first map is the canonical map ku linearity of p, and of id ® proj, it suffices to check

p,n

1 1 ~ 1 1
KU!S o~ (KURCr)hS e (KUpnc,)™ — KU®
P
kills ¢* for 1 <i < p— 1. By [Yua24, Example 2.16] and the fact that ¢* € WO(KUzsl) represents the i’th power
of the tautological line bundle on BS! ~ CP>°, the claim that ¢’ dies under the above composition follows from

the simple observation that the i’th power of the tautological line bundle is not fixed under the p-power map
CP*> — CP* whenever p{i. O
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4.2 The Case of a Point

The main result of this subsection is Proposition 4.19. The key idea behind the proof is the following lemma,
which allows us to use Schlichtkrull’s description of the transfer maps in THH of group algebras (given in
Section 2.4.1) to then describe the transfer maps for the cyclotomic extensions of Z,.

Lemma 4.17. Suppose A is an Ey-ring spectrum, and suppose B and C are E..-A-algebras such that B is
dualizable over A (so that there is a« THH(A)-linear transfer map THH(B) — THH(A)). Then, the transfer
map THH(C ® 4 B) — THH(C) associated to the dualisable Eo-C-algebra C ® 4 B coincides with the map

THH(C ®4 B) ~ THH(C) ®ryi1(4) THH(B) — THH(C)
induced by the transfer THH(B) — THH(A).

Proof. Notice that the following diagram canonically commutes

Perf(B) ———— Perf(A)

| |

Perf(C ®4 B) — Perf(C),

where both horizontal maps are given by restriction of scalars, and both vertical maps are given by base-change;
this is the Beck-Chevalley condition for pull-backs of perfect modules. In more elementary terms, this is simply
the statement that for any B-module M, we have an equivalence of C-modules

M@ (B®aC)~M®,C.

Taking THH, we see that
THH(B) ———— THH(A)

| l

THH(C ®4 B) — THH(C),

where the horizontal maps are transfers and the vertical maps are the canonical ones. The lemma follows since
THH is symmetric monoidal, and since the top horizontal map is THH(A)-linear while the bottom horizontal
map is THH(C)-linear. O

Lemma 4.18. For n > 1, there is an equivalence of cyclotomic spectra

~(-1 —n— riv " — —

G @,y Sp[BpT" T 2 fib(w] < Ky Yy = g (1D)[2),
where g is a topological generator of 1+ pZ,.

(-1

Moreover, the} _1)—linear map

7Y g, By nz, e Sp[Bp " 2 = Y

induced by the stable transfer map S,[Bp~""'Z,] — S,[Bp~"Z,)] sits in the following commuting diagram of
fibre sequences of cyclotomic spectra.

(= —n— riv - wggn -
30 ®s (mp-nz, v Sp[Bp " L)Y —— kul D P (T (1)2]

p,n—1 p,n—1
| |z
~(-1 -1 —1
iy by )y —— ey (D)2
d)go

Proof. We need to show that

(=1

. h(1+pn+1zp)
T 1 —n— riv -1
In—1 ®Sp[Bp—”Zp]”“’ Sp[Bp " 1Zp]t >~ T>0 (ku&nll) .

There is clearly a map

‘77(1_711) ®SP[BCP"}UW Sp [Bcfpn+1]triv ~ f]v,r(Lill) ®Sp [Bp—nzp]triv Sp [Bp—n—IZp]triv — kuz()jnlzl.
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Since (1 + p”HZp) acts trivially on the left hand side, and since the left hand side is connective, the above
composition factors as a map

h(14p"t12Z,)
y N0 1)

37(;_11) ®Sp[Bcpn]triv SP[BCPnJA]triV — TZO (ku(il)

of cyclotomic rings. It thus suffices to check that this map is an equivalence on underlying p-complete spectra.
By p-completeness, it in turn suffices to check that the map induces an equivalence on mod p homotopy groups.
One checks using Corollary 4.6 that there are isomorphisms of graded rings

~_ B h(14+p™t1Z,)
I 2 TG ol €5, A\, (€ and . ( () /p) = 2, (G ) olul @5, A\, (€)

where u is a class in degree 2, € is a class in degree 1 coming from the ﬁbre sequence of Corollary 4.6, and

€' is a class in degree 1 similarly defined. The map (S/p)Bp "Z,] — ]n 1 /p picks out the class € while
(-1) h(14+p"t1Z,)

(S/p)[Bp~""1Z,] — >0 (ku )

- /p picks out the class €. The claim follows.
It remains to prove the existence of the commutative diagram. The right hand square clearly canonically
commutes, and so we just need to show that there exists an S!'-equivariant commutative square

Gt —n— riv -1
-]r(L—l) Bs, [Bp—nZ,]miv Sp[Bp 1Zp]t N ku( )

p,n—1
! e Y
~(-1 1
J’SL 1) k i},n ) 1

of cyclotomic spectra. However, notice that we have a commuting diagram of spectra

Sp [BCpn+1] Emd Sp [B2Zp}

gp transferl J{Zf olgzp
Sp[BCyn] —— S,[B%Z,)

—1

where Z,; acts on B?Z, via its multiplicative action on Z,. Applying —Q®s, Bopn]jf;ll) and Lemma 4.8 yields the
result; here, we also need to use that the map S,[B?Z,] — ku, classifying the Bott element is Z,-equivariant. [

Proposition 4.19. Let g be a topological generator of (1 + pZ,). The transfer map

tr : THH(Zp[Cprt1]) — THH(Zp[Cpr])

sits in the following canonical S*-equivariant commutative diagram of THH(Z,[(pn]) ~ ]n ?—module spectra

51 R ¥ kD (1)[2]
2
THH(Zp[Cpn+1]) Pn on(1)[2]
-1 wﬁgn 1
“ kuf ), —— kul D (1)[2]
THH(ZP[CP" D Zf;ul wgipﬂil id
[2
A
~ o0 1
vy kul Yy 2 kY (1)]2)

where the top and bottom rows are fibre sequences and the maps p, are from Construction 4.15.
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Remark 4.20. This is NOT a diagram of cyclotomic spectra. The problem is that the map
proj : Sp[p_nzp]]triv - Sp[[pl_nzp]]trivv
while a map of S'-equivariant rings, does not upgrade to a map of cyclotomic spectra
proj : Sp[p " Zy] " — Sy[pt " Zp] .
The problem is that this map does not commute with Tate valued Frobenius, as can be checked rather

easily by a computation in 7.

Proof. By Lemma 4.17, the transfer map tr : 37(1_1) — ij;_?

THH(S,[p"Z]) - j._7

n—1

of cyclotomic spectra is the base-change along
of the free loop transfer map

Splp™"'Z x Bp~"'Z] ~ THH(S,[p~ " 'Z]) — THH(S,[p "Z]) ~ S,[p~"Z x Bp "Z].

where the S'-action on the suspension spectra in the source and target is the twisted one. By Proposition 2.27,
the free loop transfer is the S'-equivariant composition

THH(S,[p " '2]) ~ b THH(S,[p™"Z]) ®s, (p-nzjv SplBp™ "' Z] ()
yEp~"T1Z/p~"L

Proj.,—g id®tra:

THH(S,[p™"Z)) ©s, (y-nzgeee Sp[Bp~ "1 2]" 2255 THH(S, [p~"Z))

where try; is the stable transfer. Tensoring up yields the composition

;7(1_1) ~ @ .77(;_11) ®s, [Bp—nz]triv Sp [Bp_"_lz](w)
yEP~"—1Z/p~ "L

proly=o, (-1 —n—Tryytriv id®tres (-1
—WO> .7»271) ®Sp[Bp—nz]niv Sp[Bp n 1Z]t v #) ]7(171).

By Lemma 4.18, it remains to check the existence of a 2-simplex witnessing commutativity of the following
diagram

i kg,
2 R
323 ®s, imp-nzpe D, SplBp~" 12 kul D) ®s,jp-nz Splp V2
lprij:o lpmjp—n—lz/pfnz
I3 ®s, (mp-nzpme Sp[Bp 2] kul V)

of S'-equivariant ;i:ﬁ)—module spectra compatible in n, where the horizontal maps are the usual ring maps.

Here, we have used Lemma 4.16 (and the fact that — ®g p-nz,] Sp[p™" ' Zp] ~ — @, [p-nz) Splp™" 'Z]) to
identify p, with id ® proj. That this commutative diagram exists is in fact clear by Remark 4.14 and by the
fact that the map

B Sp[Br"Zl(y) = Splp"Z x Bp "Z] ~ THH(S,[p~"Z]) — S,[p~"Z]

YEPT "L

sends the y-summand to S, - ¢7. O

Remark 4.21. Compare this theorem with the following description of the usual ring map THH(Z,[(n ) —
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THH(Z, [¢yri1)):

57(;_11) B — ku

2| lcan lcan
pn—1

—_ d)go —_
THH(Z, [¢n]) ki) — S0 (1)2)
trJ/
THH(Z,[Cprt1]) sopmt g
[
Fia ku(;D — D (1))

)

where can : ku 2= ku( 1) is the usual ring map.

Remark 4.22. At the level of homotopy groups, one computes rather easily that the transfer map on
T is given by the usual trace map

Ter(Canrl)/Qp(Cp") = Z g: Zp [Cp7L+1] — ZP[CPHL
9€Gal(Qp(Cpnt1)/Qp(Cpn))

while the transfer map on mo; 1 (¢ > 1) (which are the only other non-zero homotopy groups of THH(Z,[(,»]))
is given by
Lp[Cpr+1] T Zyp[Gpn]

imn _P ign—1_P__ 7
R e e

where

1
Tate
Trn = ETr@p(Canrl)/Qp(Cpn) : ZP[C;D"Jrl] - ZP[CP"]

is Tate’s normalized trace for the perfectoid tower (Qp,((pn))n-

4.3 General Case

We now upgrade Proposition 4.19 to arbitrary bounded quasi-syntomic p-adic formal schemes X over Zy[(p],
while also keeping track of motivic filtrations. In the following, we endow F>*ku§) ,Ll) with the cyclotomic
synthetic spectrum structure coming from Example 2.22. Recall the following definition from [HRW22|.

Definition. A ring map of Fo.-rings A — B is said to be p-completely evenly faithfully flat (abbreviated
eff) if for every p-complete E.-A-algebra F that is even and with bounded p-power-torsion, the p-completed
tensor product F ® 4 B is also even, and the map

7T2*E — 71—2*(E ®A B)
is p-completely faithfully flat.
Remark 4.23. The property of being p-completely evenly faithfully flat is usual abbreviated to p-

completely eff. Since we will not have need to consider non-p-complete objects, we abusively drop the
‘p-completely’ and simply write eff.

Lemma 4.24. For all m > n > 0, the maps 3,2 D k=D gnd ]

p,m

—1),tC, ) tC,

P ku( are p-completely eff.

Proof. Notice that ku( 1) is a finite free ku —algebra (for m > n) by Lemma 4.13. In particular, we reduce
to m = n. Since

~ - tC,
jﬁl_l)@Sp[Bp—n—lZp]Sp ~ kuz(;nl) and jr(l_l)’tc”@)gp[ —n-17 ]S ( )®S L [Bp—n—1Z,]triv S riv ) ~ ku( 1) tC
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by Lemma 4.8 (we also use the projection formula for (—)*“» to pull — ®s, [Bp-n-1z,] Sp out), it suffices to check

whether S,[Bp~""1Z,] ~S,[S'] — S, is p-completely eff. This is proved in the same way as [AR24, Corollary
2.36. O

Corollary 4.25. Supposem >n > 1. IfR € QSyan[Cpn] is a QRSP, then THH(R@ZP[CM} Zp[Com]/Splgm —11)
s even and the motivic filtration is the double-speed Postnikov filtration.

Proof. This follows from the lemma, the fact that

THH(R ©2,(¢,0) ZlGpn]/Splam — 1]) = THH(R) @5 kul !

p,m—17

and since THH(R) is even by [BMS19, Theorem 7.1|. The assertion about the motivic filtration follows from
its identification with the even filtration. O

The following is a generalisation of Corollary 4.6.

Proposition 4.26. For any n > 1 and any choice of topological generator v, € 1+ p"Z,, there is a fibre
sequence of sheaves (in fact, a fibre sequence at the level of pre-sheaves) of cyclotomic synthetic spectra on

QSynz, ¢,

Fil o5 THH (=) — Fils0 THH(= /S, [g, — 1]) 5 Fil 5 THH(=/8, [gn — 11)(1)[2].

mot mot

Remark 4.27. Upon taking (—)Tev and then taking associated graded, this gives a computation of ab-
solute (Nygaard-completed) prismatic cohomology in terms of (Nygaard-completed) prismatic cohomology
relative to Zy[g, — 1]. A Nygaard-decompleted generalisation of this latter result to coefficients is [Liu25,
Theorem 1.0.2]. On the other hand, loc. cit. does not consider the Nygaard filtration.

Proof. Note that both THH(—) and THH(—/S,[g, — 1]) are sheaves of cyclotomic spectra on QSyny, (¢,n]> and
that

THH(—/Sp[gn — 1]) ~ THH(-) s - ku;(;n)l
as pre-sheaves, and thus as sheaves where the right hand side denotes the point-wise tensor product. Since
ku (=1)

w, .~ 1(1)[2] is a perfect kul(;nlzl—module, it also follows that

THH(~/Sy[gn — 1) (1)[2] = THH(~/S,[g — 1) @y, -0y 04 (D)2

is a sheaf of cyclotomic spectra on QSyny [Cpm]" Applying THH(—) ®5(-1) — to the fibre sequence in Corollary 4.6

thus yields the fibre sequence of sheaves of cyclotomic spectra

THH(—) — THH(~/S,[g, — 1) ** THH(~/8, [g, — 1]))(1)[2)-

We need to upgrade this to motivic filtrations. The motivic filtrations are defined via quasi-syntomic descent
from QRSPs, and so it suffices to consider a QRSP R. In this case, THH(R) and THH(R/S,[g, — 1]) are even.
We thus get a fibre sequence

725, THH(R) = 70, THH(R/S; [0 — 1]) “> 7. (THH(R/S, [g, — 1 (D[2))
of filtered (in fact synthetic) cyclotomic spectra. Since
m>2. (THH(R/Sp[gn — 1) (1[2]) = (722, 2 THH(R/S, [¢, — 11)) (1)[2],
unfolding the preceding fibre sequence yields the result. O
Corollary 4.28. For R a QRSP Z,[(p)-algebra, one has an equivalence
Filo o THH(R ®7,(¢,] Zp[Cpr]) = 2.1 THH(R @7, (¢,] Zp[Cpn]).-

Proof. Set R, := R®z,c,) Zp[(pn]- By Corollary 4.25, THH(R,,/S,[g, — 1]) is even and its motivic filtration is
the double—speed Postmkov filtration. The corollary follows from taking connective covers in the fibre sequence

THH(R,,) — THH(R,/S,[q. — 1]) — THH(R,,/S,[g. — 1])(1)[2]

from the proposition. O
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The following generalises Lemma 4.13.

Lemma 4.29. For each r € Z, there is a natural Z,; -equivariant Sy, lgn — 1]%-module structure on the sheaf
il THH(— /S, g, — 1]).

mot
Moreover, there is a Z, -equivariant equivalence of sheaves of synthetic spectra with synthetic circle action

il THH(~ Gz, ¢, ZplGor]/Spllan — 11) = (Filz THH(— /S, [a1 — 11)) @3, 1g, —1 Splan — 1™
Proof. The first follows from the fact that

roockul Y|~ FilZD THH(Z, [ ]/Splan — 11)

mot

has an obvious S,[g, — 1]V module structure. For the second statement, there is an obvious map from the
right to the left, which is an equivalence for QRSPs as a consequence of Lemma 4.13 (in which case the motivic
filtration is the double-speed Postnikov filtration) and thus for everything by quasi-syntomic descent. O

Lemma 4.30. Suppose R € QSynZP[CP]. Then,

. * . * * —1
Filo5 THH(R ®g, ¢,] Zp[Cpn] /Splan — 1]) ~ Filof THH(R/S, [ — 1]) I ku Y

mot

as cyclotomic synthetic spectra, functorially in R.

Proof. By definition and Corollary 2.32, this equivalence holds on underlying objects. Since the motivic filtration
is the even filtration, and the even filtration is lax-symmetric monoidal, we get a canonical map from the right
to the left. By quasi-syntomic descent, we may assume R is QRSP, in which case THH(R/Sy[g¢, — 1]) is even
and all filtrations at play are the double-speed Postnikov filtration, by Corollary 4.25. To prove the filtered
equivalence, it suffices to consiedr this equivalence on associated graded, i.e. we need to check that the canonical
map

WQ*ku;jnljl @y pen 0 T2 THH(R/S [q1 — 1) — o THH(R @3, (¢, Zp[Cpn]/Spllgn — 11)

is an isomorphism. Since kugfl) — ku(;ll1 is p-completely eff (in fact kul(;nlll is a finite free even kul(;l)-

module), and since THH(R/S,[¢: — 1]) is even, this isomorphism is [HRW22, Proposition 2.2.6]. O

Definition. Let p, denote the map of sheaves of Z-equivariant synthetic spectra with synthetic circle
action obtained by the composition

Fllz* THH(— ®ZP[<P] Zp[cpn+l]/gp [[Qn+1 — 1]]) ~ FllithHH(—/Sp [[Q1 — 1H) ®Fezv*ku(p—1) Fe%*kuéjnl)

mot
i 2 pn * : .
OT Py Ri125 THH(— /S, 1 — 1]) Dpzrul ) Fev k)
~ FllithHH(_ ®Zp[cp] ZP [Cpn]/Sp[[Qn a 1]])

where the equivalences are from Lemma 4.30 and the map p,, in the middle is the map from Construction
4.15.

The following is immediate from Lemma 4.16.
Lemma 4.31. The map of sheaves p,, defined above identifies with the composition
Fils s THH(— @z, (¢,] Zp[Cpr+11/Splgni1 — 1]) = Fil 5 THH(—/S, [g1 — 1]) @s, g, 17+ Spllgni1 — 1]

I, Rl THH(— /Sy [a1 — 11) @3, g, -1y Spllgn — 1]
~ Filgo THH(= ®z,(¢,) Zp[Gpe]/Splan — 11)

where the equivalences are from Lemma 4.29 and proj,, is the map Sp[gn+1 — 1] = Splgn — 1] given by

. 0 T,
Ip1 = {qu/p zi

We can finally prove the main result of this subsection.
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Theorem 4.32. Let g be a topological generator of (14 pZ,), and R € QSyan[Cp], Set Ry, := R®z,i¢,] Zp|Cpn]-
The transfer map
tr : Fil=5, THH(R,,41) — Fil=*, THH(R,,)

mot mot

sits in the following functorial-in-R commutative diagram of FilithHH(Rn)—modules in synthetic spectra with
synthetic S'-action:

1>k s>k 7/’gzn >k
FilZ* THH(R, 1) — FilZ5 THH(Ry41/Splgns1 — 1]) ——=—— Fil=* "THH(R,11/Sp[gns1 — 1])(1)[2]

mot mot
pnl mmml

p
wgo

tr Fils o THH(R,, /S, [gn — 1]) ———=—— Fils5 'THH(R,, /S, g, — 1])(1)[2]
[som o™ i
FilZ5, THH(R,) —— FilZ THH(R, /Sy, — 1]) —— " FilZ% "THH(R, /S, g, — 1)(1)[2

(®)

where the top and bottom rows are the fibre sequences of Proposition 4.26.

Proof. Hitting Proposition 4.19 with THH(R) ®THH(Z,[¢,]) —» and using Lemma 4.17, yields the result at the
unfiltered level. For the motivic filtrations, by quasi-syntomic descent it suffices to consider R a QRSP, in which
case THH(R,,/Sp[gn — 1]) is even with the motivic filtration the double-speed Postnikov filtration, and

Fil=*, THH(R,,) ~ T>2._1 THH(R,,)

mot

by Corollary 4.28. We can thus take connective covers in the unfiltered version of (8) to obtain the filtered
diagram (8). O

Proof of Proposition F. Take associated graded of the motivic filtration of (—)"Tev (resp. (—)*Tev) in Theo-
rem 4.32. O

4.4 Limits Over the Cyclotomic Tower

We now compute

. 1>k

@ Fllr?lotTHH(_ ®Zp[fp] Zp [Cp"])
as a sheaf of Z; -equivariant cyclotomic synthetic spectra.

We thank Tomer Schlank for suggesting the following lemma. Recall that for a connective E-ring R, a
bounded below R-module spectrum M is said to be almost perfect if <, M is a perfect R-module for all n. If
R is a classical ring, this notion of almost perfect is equivalent to the notion of being pseudo-coherent in the
sense of [SP, Tag064Q)].

Lemma 4.33. Suppose R is a connective Ex-ring, N an almost perfect connective R-module, and {M;}; any
sequential diagram of connective R-modules with limit M := lim; M;. Then, the natural map

18 an equivalence.

Remark 4.34. If the connective Eo-ring R is coherent (in the sense of [Lur, Definition 7.2.4.16]), then
an R-module M is almost perfect if and only if M is bounded below and 7; M is finitely presented as a
moR-module [Lur, Proposition 7.2.4.17]. In particular, if R is Noetherian (i.e. moR is Noetherian and m; R
for ¢ > 0 is a finitely generated moR-module), then R is coherent and the above criterion applies.

Proof. 1t suffices to show that
TSn(M ®R N) — T<n llHl(Mz ®R N)

is an equivalence for all n > 0. So fix n > 0. Since N is almost perfect over R, there exists a perfect R-module
N’ and a map N’ — N that is an equivalence on 7<,1. Consider the diagram

M ®@pr N' —— lim;(M; ® N')

J ! g

M®r N —— lim;(M; ®g N).

51



where the top arrow is an equivalence as N’ is a perfect R-module. Since M; is connective and cofib(N' —
N) € Sps,,41, we have M; ® cofib(N" — N) € Sp.,,,,; and so

T§n+1(M¢ Xr N/) i> T§n+1(M1' Xr N)

By the Milnor exact sequence, T7<y, lim;(M; ® g N) depends only on 7<,+1(M; ® g N) and similarly for lim;(M; Qg
N'). In particular, the preceding connectivity estimate implies that the right vertical arrow in (9) is an equiv-
alence on 7<,. Again by the Milnor sequence and the connectivity of M;, we have M € Sps_; so that
M ® cofib(N" — N) € Sp.,,, and thus N

T<n(M @ N') = 7<,(M @ N).

Hence, in (9), both vertical arrows and the top horizontal arrow are equivalences on 7<,. It then follows that
the bottom horizontal arrow is also an equivalence on 7<,, as required. O

Lemma 4.35. For any R € QSyan[Cpn], the 1 + p"Zy-action on
grr «PTHH (R/Spllgn —1]) and  grao THH(R/Sp[gn — 1])

mot mot
is canonically trivial modulo C, — 1.

Proof. By [Liu25, Theorem 1.0.6], evaluation at the prism (Z,[g,—1 — 1], [p]q) induces a fully faithful functor

from Dgcon(Zp[Cpn] ) into the oo-category of Zp[gn—1 — 1]-modules with semi-linear 1 + p"Z, action with
a trivialisation of the action modulo ¢ — 1. Passing to the Hodge-Tate locus (see also the proof of [Liu25,
Theorem 3.4.6]), this embeds Dyeon(Zy[¢pn M) fully faithfully into the oo-category of Z,[(pn]-modules with
linear 1 + p"Zy-action equipped with a trivialisation modulo

Zp[[Qn—l —1] ~ Zp[(p"]
(Plppg—1) G —1 .

In particular, this holds for the Breuil-Kisin twists and the object Rf.O where f : RIT — 7Z,[¢,»]H7T is the
canonical map of stacks (for more on the stacky approach see [BL22a; BL22b|). The evaluation of the Hodge-Tate
crystal Rf,O at Zy[gn—1 — 1] is precisely 7R/Zp[[qn71_1]]. Thus, the natural 1+ p"Z,-action on 7R/Zp[[qn,1—1]]{*}
is canonically trivialised modulo ¢, — 1.

Now suppose R is a large quasi-syntomic Z,[(,n]-algebra (see [BS22, Definition 15.1] for the definition of
large); such R form a basis for the quasi-syntomic topology on QSyan[cpn}. As a consequence of [BS22, Theorem

15.2(2)], we see that gry,, g}Zp[[qn_l—l]]{*}’ being functorially identified as a subset of gz [4,_,—17{*} via

Frobenius, has the trivial 1 + p"Z, action modulo ¢, — 1. However,
* 1) *
8Nye R)Zylgn_1-1]1%} = S mot PTHH (R/Spgn — 1])[—2+].
The lemma follows by quasi-syntomic descent. O

Finally, we give some lemmas that will be used to study the cyclotomic Frobenius on lgln THH(— Rz, (¢,]
Zp [Cp"])'

Construction 4.36. Define the map of sheaves on QSyan[Cp] valued in Z) -equivariant synthetic spectra
with synthetic circle action

tCypov
Pn FilithHH(— ®z,(¢p] Lp [Cor1]/Splan+1 —1]) — (FilithHH(— ®z,(¢,] Lo [Con1/Splan — 1ﬂ))
by the composition
Filo 5 THH(— @z, (¢, Zp[Cpn+1]/Splan+1 — 1]) = Filg s THH(— /S, [g1 — 1]) ® 2 gD FZ*kul Y

PTHH(- /8play —11) OF & @n

mot

(FilZza THH(=/Sy[a1 — 11))' 7 @2y cpen (F3 Tkl D)

mot

FilZ* THH(—/S,[q, — 1 D)
— 1 ( /P[[Q1 H) ®F§,*kuﬁ, n Loy KUy p

tCp ev

= (Fil THH (= @2,¢,) ZylGpn)/Spllan — 11))

where the first and last equivalences are Lemma 4.30, the second arrow is the tensor product of the

cyclotomic Frobenius on THH(—/S,[q1 — 1])) with the evenly filtered map @, : kuz(;nl) — kul DG

pn—1 5 and
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the third arrow comes from the lax symmetric monoidality of Tate fixed points. Here, we are using that

tCpoev
Fe%*ku(fl)’tc" ~ (Fe%*ku(fl) ) by evenness of ku, ,_1 [AR24, Lemma 3.18].

p,n—1 p,n—1
These maps ¢,, are moreover compatible for varying n as in the following lemma.

Lemma 4.37. There is a commutative diagram of sheaves on QSyan[Cp] valued in synthetic spectra with
synthetic circle action

5 tCp ov
FﬂithHH(_ ®z,1¢p) Lp[Cpr+1]/Splan+1 — 1]) — (Fﬂr%:tTHH(_ ®2,1¢5) ZplCpn/Spllan — H]))

tC.
lpn lpn 7P119V

@ —1 . * tcp’ev
il THH(— @z, ¢, ZplGor]/Spllan = 11) —="= (Filizs, THH(= @2, 1,1 Zp[Gpr11/Splan-1 — 1))

mot mot

where the vertical maps are the projection maps.

Proof. By Lemma 4.30 and the definition of ¢,, and p,, it suffices to show that the following diagram of
Sl-equivariant spectra commutes

>ap..(=1) _ Pn >x1,..(—1),tCp
FeT/ kup,n E— FeT/ kup,n—l

tC.
J/Pn J/p n —pl

>x1,..(—1) Pn-1 >x1,,.(—1)tCp
Fe?/ kup,n—l Fe?/ kup,n—Q .

This is Lemma 4.16. O
Lemma 4.38. Fiz a topological generator g of 1+ p"*1Z,. Define the sheaf FZ*F of cyclotomic synthetic
spectra on stnzp[cpn] to be the mapping fibre of

FilZ% THH(—/S,[g, — 1]) % FilZ5; ' THH(~/S,[g, — 1)(1)[2.

mot mot

Then there is the following commutative diagram of cyclotomic synthetic spectra functorial in R € QSynZP [Con]

pT

F2*F(R) —— FilZX, THH(R/S,[g. — 1]) Y FilZ ' THH(R/S,[¢. — 1])(1)[2]

mot mot

Jo Jean e

a3 > SR
FilZ*, THH(R, 1) — FilZ5 THH(R, 11 /Splgns1 — 1]) —= FilZX ' THH(Rp11/Splgn 1 — 1) (1)[2]

mot mot mot

I b A

FZ2*F(R) ——— Fil=f THH(R/S,[gn — 1]) ¥ FilZ* "THH(R/S, ¢, — 1])(1)[2]

mot mot

where the vertical compositions are the identity, all rows are fibre sequences, and Ry11:= R @z, (¢ n] Zyp [Con+1].

tC

Moreover, a'~rev induces an equivalence

tCp ev
(F=* Fo(=))/ v == (FiLZ3 THH(= @2, 6,01 ZylGnn))

of sheaves of synthetic spectra with synthetic circle action on QSyan[Cp"], with inverse (o/)tCr.ev.

Proof. That the diagram exists is obvious from Proposition 4.26, the fact that
-1
THH(R/S, [, — 1]) = THH(R) &5 v k),

(and similarly for n replaced with n 4 1), and the definition of p,. Here, the maps o and o’ are defined to be
the fibres of the corresponding middle and right vertical maps.

Thus, the real claim to check is that a!“rev is an equivalence. We first assume that R is a large quasi-
syntomic algebra over Z,[(yn] := A/I in the sense of [BS22, Definition 15.1], where (A, I) is the oriented prism
(Zpllgn—1 — 1], [plq). Using Proposition 4.9, we obtain a fibre square

THH(R/S,[g — 1])/» —2— THH(R/S,[gn — 1])!°(1)[2]

lcan lm (10)

THH(Rys1/Sylgnr1 — 1) —2% THH(Ri1/Sp[gass — 1)/ (12
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We claim that both THH(R/S,[g, — 1]) and THH(R/S,[q, — 1])*“» are even. By [BS22, Theorem 15.2],

R/A is a discrete (p, I)-faithfully flat A-algebra. In particular, both g,4 and a r/A are discrete and I-torsion
~(1)

free. As Frobenius on A is faithfully flat, this is also true for g/) 4 and R /a- Moreover, by Theorem 15.2 of

loc. cit., the Nygaard filtrations are honest filtrations. In particular, it follows that all of
TC™ (R/Splgn — 11), TP(R/Sp[gn — 1]), THH(R/Sp[gn — 1])

are even, which dispenses with the first claim. Moreover, since ku;_l) is complex-oriented and both THH(R/S, [¢,—
1]) and ®THH (R/S,[gn —1]) are ku](g_l)—algebras, we have

THH(R/Sy[gn — 11)*“" = TP(R/Sp[an — 11)/[pl4t.

Since Ag/) 4 is [p]y-torsion free, this implies that THH(R/S,[q, — 1])!¢? is even.
Evenness of THH(R,,/S,[¢, — 1]) and [AR24, Lemma 3.18] then imply that

(F'IZ* tCp.ev tC
il THH (R, /Syla0 — 1) = 722, (THH(R,. /S, [a, — 11)").

-1)

Similarly for n replaced with n 4+ 1 since kuzgmf1 — ku;_nl) is finite free and thus p-completely eff. Hence,

applying 7>2. to (10) yields a fibre square of filtered spectra

>2% tCp v P9I >0 tCp ov
(Fils2 THH(R/S g, — 1)) " —— (FilZ2 THH(R/S, [0, —11)) " (1[2]

mot

ican J{can

1% tcp,ev
FllmotTHH(Rn+1/SP[[Qn+1 - 1]])

Cp,ev

2oy (Bl THH(Ra 1 /Sy [an 1 — lﬂ))t (D).

Taking horizontal fibres and using Proposition 4.26 to identify the bottom horizontal fibre, we immediately get
that

tCh ev

mot

afCrev(R) 1 (F2* Fp(R))Crev ~ (Filz* THH(Rn))
is an equivalence. Quasi-syntomic descent then gives the lemma in general. O

Proposition 4.39. Fiz a choice of topological generator g of 1 4+ pZ,. For all n > 2, the following is a
commutative diagram of synthetic spectra with synthetic circle action functorial in R € QSyanKp], where

Ry, := R®z, (¢, ZplGpn]- To fit the diagram on the page, we abbreviate Sp[q, —1] =: SR and drop all references
to Fil=*, (with shifts in filtration denoted by (=) from Section 2.3).

THH(R,,11/S25%)(1) (1) [1]

pr(D(D[] X}

THH(R,/S3)(1) (1) [1] THH(R,, /S3R) Crev (1) (1) [1]
O a;fLCp,cv
THH(R,,) ———— THH(Rn)th,ev
_1(1)(1)[1] tr pn(1)(1)[1] trtOrev | o e
Pn—1 Pr 7S (D)(1)[1]
THH(R,,—1) T THH(Rn,l)tC"’EV
On_1 azcipl,ev
THH(R,,_1/S30)(1) (1) [1] THH (R, 1 /Sp2)!Crer (1) (1) [1]

pn—1(1(D)[1] Pn-1

THH(R,/S3)(1) (1) [1]
Here tr : FilZF THH(R,,) — Fil=* THH(R,,_1) denotes the transfer map and
Oy FilZE THH(R,, /S, g, — 1])(1)[1] — Fil.;, THH(R,,)

mot

is the connecting map in the fibre sequence of Proposition 4.26 (where we choose the topological generator gpn_1
for 14+ p"Z, for alln).
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Proof. The left-most and right-most commutative squares are obtained by rotating the diagram in Theorem 4.32.
The middle rectangle commutes since the transfer maps on THH are maps of cyclotomic spectra. The big
trapezium (with a curved short side) on the left commutes trivially, while the big right trapezium (with a
curved short side) commutes by Lemma 4.37. Thus, the only thing left to check is that the following pentagon
commutes for all n.

FilZ "THH (R, 1 /500 (1)1

mot
pn(D)[1] x
Filgr 'THH(R,, /SI9%)(1)[1] Filzr ' THH(R,, /SIIR)!Crev (1)[1]
o] J»
FilZ" THH(R,,) S FilZ7, THH(R,, )!Cr-ev

(11)
Define the sheaf

* . * wgg’ . * —
F=2*F, :=fib (Fﬂ;mTHH(— ®2,1¢,] Zp o] /Splan — 1]) —= Filgi " THH(— ®,(¢,) Zp[Cpr]/Spllan — 1]])(1)[2])

where ¢, is a topological generator 1 + p"“Zp chosen so that g,,1 = g%; there is an equivalence afCrev :

~ tC ,ev.
FZ*F.(R) — (Filr%thHH(RnH)) " from Lemma 4.38. Rotating the diagram of fibre sequences in
Lemma 4.38 yields the following two diagrams

§tCpiev
n

(Rl IR /Syl — 1) (O] — 225 (F20 52 (R)
Ltcp,ev atcp‘evl R (12)

(Pizss THIR /8,00 — 1) (1 (Firz;, THE(R,))

atcp*“ mot
and
tCp ev tCpev
(Filses THH(R, /Syfgn —11)) " (D) ———— (Pl THE(R,))
p;C_PfVu)ml Z%(chp,ev)l (13)

§tCpiev
n

Pz THE (R, Sylan 1) (O] — 2 (525 (R o

D= kLD and 8, : FilZ 'THH(R,/S,[gn — 1)(D[1] —

where ¢ is induced by the canonical map ku, .~ mot

F Z*.7-'n(R) is the connecting map coming from the definition of F,,. On the other hand, since the fibre sequence
in Proposition 4.26 is of cyclotomic synthetic spectra, we have a commutative diagram

FilZ: ' THH(R,, /Sy lgn — 1])(1)[1] ——2—— FilZ%, THH(R,,)
J{‘pn,qdR pr" (14)
tCp ev AtCp,ev tCp ev
(Filser ' THH(R,/Sp[0 — 1) (1) 2 (Filz:, THH(R,.))

where for notational simplicity we have denoted the cyclotomic Frobenius for THH(R,,) and for THH(R,, /S, [gn—
1])(1)[1] by ¢, and ¢, qar. However, as a consequence of the definition of ¢,,_; the map ¢, qar factors through
@n—1 (see Lemma 4.12), and so we can glue diagrams (12), (13), and the one from Lemma 4.37 onto diagram
(14) to get the following large diagram. As before, in order to fit the diagram onto the page, we have abbreviated
Splgn — 1] := S2R and have dropped the notation Fil=%, (using (=) to denote shifts in filtration instead).

mot
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THH(Ry1 /S (1) (1) [1] ———— THH(R, /S3*%)(1) (1) [1]

pn(1)(1){1] 9,
Pn,qdR THH(Rn)
G (14)
Lemma 4.37
THH(R,, /SIR)tCrev (
©n
[ﬁn th ev
Cpe (12)
~tcp ov
THH(R,, 1 /S2E )tCr.ev (FZ*Fp(R))Croev —>tcp —— THH(R,,)!Cre
P (D(D)1] 13)
tCpev
THH(R,, /S3%)!Cre~ (1) (1) 1] .
The outermost pentagon is the one we are after. O

Lemma 4.40. For any bounded gcgs quasi-syntomic p-adic formal scheme X over Z,[(p], write
X, =X XSPpr[Cp] Spf Zp[Cp"] and X =X XSPpr[Cp] Spf Z;yc'

There are functorial-in-X equivalences of synthetic spectra with synthetic circle action

mot

tChp ev
tChp ev
(hmFﬂmotTHH(X )) ~ lim (Fﬂ * THH(X,, )) ,

p.ev

tCp ev
(le_ m Fil2%, THH(X,0 /S, [¢n — 1]])) ~ lim (FﬂmotTHH(X /Splan — 1ﬂ)> s

where the transition maps in the first two limits are the transfer maps and in the last two limits are the maps
Pn-

Proof. We may first restrict to X = Spf R affine, since the totalisation for the Cech nerve of a finite Zariski cover
by affines is a finite limit, by the qcgs condition on X. In the affine case, the motivic filtrations in question are
all the even filtrations on connective E.-ring spectra, which by [AR24, Remark 2.13] are all connective in the
Postnikov t-structure on synthetic spectra. The lemma follows after an application of [AR24, Lemma 2.80]. O

We can now prove a stronger form of Theorem A, the main result of this paper.
Theorem 4.41. For any bounded gcqs quasi-syntomic p-adic formal X over Z,[(p], write

Xn =X Xspez,1c,] SPEZp[Gpn]  and  Xoo := X Xgpez,(c,) SPEZ,C.

There is a functorial-in-X Z,; -equivariant equivalence of Fil=? THH(X ) modules in cyclotomic synthetic spec-

tra:

mot

fim FILS, THA(X) = b B THH(G /Sy o — 1D ()11,

where the transition maps on the right hand side are the maps p, (resp. ®p,), and where the cyclotomic
synthetic Frobenius on the right hand side is given by the following composition

lim FilZ5 THH(X,, /Sy [gn — 1) (1)[1] — lim m Filg o T THH(X 41 /Sp g0+ — 1)(D)[1]

n>1

(Wn) >x—1 tcP«CV
Eo)s i (Pilg THH(X, /Sy la — 1DWA])
n>1

tCp ev
~ (13_ FilZs; "THH(X,,/S, [4. ~ 111)(1)[11) ,

where we use Lemma 4.37 to see that ¢, commutes with the transition maps in the limit and the last equivalence
s due to Lemma 4.40.
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Proof. We will implicitly use Lemma 4.40 to commute the Tate construction past limits over transfers.

First, taking the limit in Theorem 4.32, we get a fibre sequence of S'-equivariant spectra
mot mot mot

lim Fil5 THH(R,,) — lim FilZ3 THH(R,. /S, [g, — 1]) = lim FilZ5 THH(R,, /Sy [gn — 1])(1)[2],

where the transition maps in the middle term are given by

Fil THH(Rp+1/Sp[an+1 — 1]) ~ Fil; THH(R,./Splgn — 1]) ®s, [p-72,] Sp[[p_n_lzpﬂ

e mot
id@proj, Filg s THH (R, /Sp[gn — 1])

. on—1
PO o>
=0 T FilZN, THH(R,/S,[¢n — 1]),

mot

and the transition maps in the third limit are the maps p,. Here, we have fixed a topological generator g of
1+ pZy,.

We first claim that the middle term in the above fibre sequence is zero. To do this, it suffices to show
that the underlying spectrum is zero, so we may forget the circle action. Moreover, the motivic filtration being
complete and exhaustive, it suffices to show the associated graded vanishes. Working non-S!-equivariantly (or,
more accurately, non-gr*Te,-equivariantly), the middle term is a Z,[(,]-algebra, and since we are working in
the p-complete category (equivalently, the ({, — 1)-complete category) we may work mod (, — 1. In this case,
it suffices to check that the transition maps

8ot THH(Rp41/Spgn+1 — 1]) /(G — 1) = grmee THH(R, /Splgn — 11) /(¢ — 1)

of sheaves are zero, as the limit over zero maps is zero. By definition, this transition map factors through the
map

p71 con—1
ST gk THH(R, /Sy lgn — 10)/(Cp — 1) = 8o THH(R, /Sy g — 11) /(G — 1).
1=0

Lemma, 4.35 identifies this map with the multiplication by p map, which is zero mod (, — 1 as claimed.

It remains to study the cyclotomic synthetic Frobenius. For this, we take limits in n of the diagram (11)
in Proposition 4.39 to obtain the following commutative pentagon. Again, in order to fit the diagram onto the
page, we have abbreviated S,[g, — 1] := S%F and have dropped the notation Fil;zt (using (—) to denote shifts
in filtration instead).

lim THH(R,41/S550)(1) (1) [1]

A w;

im THH(R,/ SR (1) (1) [1] im THH(R,/ SQAR)ECrev (1)[1]
(9n)n l(affm )n
. . th,cv
lim THH(R,) E— lim THH(R,)

Now, we have established that the maps (9y,), and (GZCP’”),L are both equivalences. Moreover, since the limit is
over p,(1) (1) [1]) anyway, the map (p,, (1) (1) [1]) is the shift down map with inverse the shift up map appearing
in the statement of Theorem 4.41. The claim follows. O

Remark 4.42. We elaborate on Remark 1.3. Under the isomorphism
Zplgy — 11{1} = mTP(Z,[¢) /Spllan — 1]) = mokul™45" 22 7, [gy — 1]t~
plar — {1} = mTP(Zp[Cp]/Splar — 1]) = makuy, & Zpla — 1]t

a generator of the Breuil-Kisin twist goes to the class 1. On the other hand, by [BL22a, Proposition
2.6.1], a generator of the Breuil-Kisin twist is

1
qg—1

log (¢")
where log is the prismatic logarithm. Thus, up to a unit a € Z,[g: — 1], we have

tl=a-

1 D
L (¢")
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andso 8= (¢g—1)t" ! =a-log (¢P) (c.f. [BM23, Construction 2.7]).

Since the previous isomorphisms were Z-equivariant, the above equality of elements in Z,[q — 1]{1}
must also be Z-equivariant. We claim that Z acts by multiplication on log (¢”): by definition of the
prismatic logarithm ([BL22a, Section 2.2]) it suffices to check that

" —1=~(¢" —1) (mod[pi]?),

which is an easy calculation. Hence, Z acts trivially on «, so that a € Z,;. In fact, this unit a should be
1, though we will not need it here. A related discussion is given in [BM23, Section 2.1].

Construction 4.43. We endow

%IW = @Spﬂqn - 1]]5

the limit over the S,[g1 — 1]-linear projection maps proj,, : Sp[gn+1 — 1] = Splgn — 1], with a cyclotomic
structure.
The circle action is the trivial one. The cyclotomic Frobenius is given by the composition

c,
L Splan — 1] ﬂ) L Splgn+1 — 1] — @Spﬂqn -1~ l'&nsp[[% - 1]]th = (L&n Splan — H])
n>1 n>1 n>1 n>1 n>1

where the second arrow is the ring map

[ﬁ: SP[[qn-H - 1H E_) SP[[qn - 1]]7 An+1 = qn-

One checks that the tautological S,[g1 — 1]-module structure on lim S, [gn — 1] in Sp extends to a Sp[q1 —

1]t module structure on @n Spllgn, — 1] in CycSp. Moreover, this cyclotomic spectrum .y, is the same as
that in the introduction, as one can check that the following diagram canonically commutes

Splgns1 — 1] —— Splar — 1]
J{proj J{T
SZn—l
Splan —1] —— Splar —1]
where both horizontal maps are equivalences, and 7 : Sp[¢1 — 1] — Sp[g1 — 1] is given by

0  pthk,
qic — k/p
a1 p|k.

Remark 4.44. One may have noticed a difference in the construction of ., given here as compared to
the one given in Theorem A. This is purely a matter of convention. See Remark 2.33 for more.

1
Corollary 4.45. Continue with notation as in Theorem 4.41. If X is such that for each 1, ngyg ;;Zp[[q 1 18

almost perfect over Z,[q1 — 1], then there is an equivalence of cyclotomic synthetic spectra
i P, THH(X,) = (FIL THEOY/S lay = 1) (D11 96, ageve i Sylan — 11

Proof. By the theorem, and using Lemma 4.29 and Lemma 4.31, it suffices to show that the canonical map of
spectra

lim (Filis,  THE(X/S,[a1 — 1) ([ @5, 1, 11 Splan — 1])
— Fil " THH(X/S, a1 — 1) (D[2) s, 1,y lim Sy [gn — 1]

is an equivalence under the extra condition on X. The motivic filtration being complete, we may pass to
associated graded. Notice that S,[p~'Z,] is a Noetherian Eo.-ring: m0S,[p~1Z,] = Z,[T] is Noetherian and
for i > 0,

miSpp” 1Zp]] (miSp) ®z, L plp™ 1Zp]]
is ﬁnitely generated over Zp[p’lZp]] Moreover, the condition on X combined with Remark 4.34 guarantees that
THH(X/S,[q1 —1]) is almost perfect over S,[g; —1] for each *. We may then conclude by Lemma 4.33. [

mot
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The following is just the associated graded version of Corollary 4.45.
NG
Corollary 4.46. Fizr > 0. Let X and X, be as in Theorem 4.41. If gry, E(;zp[[q—l]] is almost perfect (i.e.
pseudo-coherent) as a Zy[q — 1]-module for all i, then

im(FilZ, ) {rh = (P oo a7 — D82, 1 I Z, [gn — 10)[1]

n>1

~(1) ~ .
L Xn{r} = X1/Zylq— 1]]{7“ 1}®Zp[[qu]] @Zp[[qn —1](1)[-1]

n>1
where the right hand side is (p,q — 1)-adically completed.

Corollary 4.47. Suppose X is a qcgs proper reqular bounded p-adic formal scheme over Zy[(,]. Write X, =

X Xsptz,(c,] SPf Zp[Cpn]. Then, for any v € Z, there is a 7} -equivariant equivalence of objects in D(Zy);)

px {r—1}®shift—id

. syn &) .
I&HZP(T) (X)) ~ fib <F11Nyg X/Zy[q—1] {r—1} ®7,[q1-1] @ZPHQI —1]

~)
x/z,la-11{" = 1} ©z, [ 1] hmZp[[Ql —~ 1]])( )[-1]

where the transition maps on the limit on the left hand side are given by the transfer maps in prismatic coho-
mology and where (1) is the Tate twist.

Proof. This follows from the previous corollary and the definition of syntomic cohomology as the fibre of can—¢,
NG

once we verify that gry,, (Xf JZy[a—1] 18 perfect over Z,[q1 — 1] for X a proper regular Noetherian p-adic formal

scheme over Z,[(p].

By [BL22a, Remark 5.1.2], we have

i ~(1) .jconj .
8Nye x/z,00-1] = FIT x/2,[q-11{i}

where the right hand side is the (increasing) conjugate filtration on relative Hodge-Tate cohomology as defined
in [BS22, Construction 7.6]. Now,

gr}f‘””' X/Zy[q—1] = /\LX/Z c)p =3I}

However, as X is regular over Z[(,], it follows that (L_z,(c,]);, is a perfect quasi-coherent sheaf on X. Proper-
ness of X then implies that
(Lx/z,(6,))p = RO(X, (L z, ¢,0)p)

is a perfect Z,[(,]-module. All exterior powers are then also perfect, i.e. (/\ﬂ( Lx/z,1c,1)p [—51{7} is a perfect

nij/Zp[[qAH is a perfect Z,[q—1]-
module. Since Fil®"" x /7 1,17 ~ 0, it follows by a finite induction that FllCon  x/z,[q—17{} is itself a perfect
Zpllg — 1]-module, as required. O

Zyp|¢p]-module. Since Z p[Cp) is a perfect Z,[g — 1]-module, it follows that gr}”

4.5 de Rham Cohomology

In this section we prove Corollary D in Corollary 4.54 below. Forgetting motivic filtrations, one just needs to
apply — ®THHu(z,) Zp to Theorem 4.41 since HH ~ THH ®tyn(z,) Zp. However, one needs to keep track of
motivic filtrations, which is made difficult by the fact that none of THH(Z,) — Z,, THH(—) — HH(-), or
THH(—/Sp¢n — 1]) — HH(—/Z,[gn — 1]) are p-completely eff. Thus, we retrace our steps.

Lemma 4.48. There are equivalences of sheaves of S-equivariant spectra on stnzp[gpn]-'

H(—/Zylgn — 11) ~ THH(— /S, [gn — 1]) @1ru(z,) Zi™
~ HH(—) ®@run(z,(¢,»)) THH(Z[Cpn]/Splgn — 1])

where the right hand side denotes the point-wise tensor product.
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Proof. 1t suffices to show that the equivalence holds at the level of pre-sheaves. We then compute:

THH(—/Sy[¢n — 1]) @1auz,) Zy" =~ Splan — 11" @rans, g, —17) THH(=) @1au(z,) Zy
~ Splgn — 11" @raus, [g,—17) HH(-)
~ Zplgn — 1™ @ruus, (9, -1])27, HH(-)
~ HH(—/Zp[gn — 1]).

This is the first equivalence. The second equivalence follows since

THH(Zy (¢ ] /Splan — 11) =~ THH(Z,[Cpr]) @runcs, fa, 11) Splan — 17
O

Corollary 4.49. For R a QRSP, HH(R) is even. If R is furthermore a Z,[(yn]-algebra, then HH(R/Z, g, —1])
is also even. The motivic filtrations are moreover the double-speed Postnikov filtration.

Proof. The first is [BMS19, Lemma 5.14]. The second follows from the lemma using that THH(Z,[(»]) —
THH(Z,[Cpn]/Splgn — 1]) is p-completely eff by Lemma 4.24. The final claim is immediate from evenness and
the fact that the motivic filtration is the even filtration. O

The following is a version of Proposition 4.26, and is proved similarly.

Lemma 4.50. For any n > 1 and any choice of topological generator v, € 1+ p"Z,, there is a fibre sequence
of sheaves (in fact, a fibre sequence at the level of pre-sheaves) of synthetic spectra with synthetic circle action

on QSyng, (¢,

HH(— /S, [gn — 1]) =5 FilZ%; "HH(— /S, [gn — 11)(1)[2].

mot

Fil=* HH(—) — Fil=

mot mot

Proof. On underlying sheaves of spectra, one can just apply — ®Tun(z,) Zp to the underlying fibre sequence of
Proposition 4.26. For motivic filtrations, by quasi-syntomic descent to QRSP Z,[(,~]-algebras R, we can just
apply T>2. to the fibre sequence on underlying S!-spectra for R. O

The following is proved in the exact same way as Corollary 4.28.

Corollary 4.51. For R a QRSP Z,[(,]-algebra, one has an equivalence

Filo o HH(R @3, 1¢,] Zp[Gpr]) = o201 HH(R @3, 1¢,] Zp[Gpm)-

Proposition 4.52. Let g be a topological generator of (14+pZy), and R € QSyny, (¢ 1. Set Ry := R®z, (¢, Zp[Cpr]-
The transfer map
tr: Fil=X HH(R,,,) — Fil=* HH(R,,)

mot mot

sits in the following functorial-in-R commutative diagram of FiliZtHH(Rn)—modules in synthetic spectra with
synthetic S'-action:

> . vt i
RIS HH(Ry 1) —— FIZLH (R /Syl — 1) — 5 B HE (R /S, [ans1 — 1)(1D[2

mot mot
pnl pu(1) [2@

m
P
wgo

tr FiliZtHH(Rn/Sp[[Qn -1]) ————— FilrzrlzngH<Rn/Sp[[Qn —1D(1)[2]
|srd v .
w0

Fil=* HH(R,) —— Fil=5 HH(R,/S,[¢n — 1]) ——=——— Fil=*7 "HH(R,,/S,[qn — 1])(1)[2]

mot mot mot

-1
id

—1

where the top and bottom rows are the fibre sequences of Lemma 4.50.

Proof. Forgetting filtrations, we can just apply — ®Tun(z,) Zp to the underlying unfiltered diagram in Theo-
rem 4.32. For motivic filtrations, just as in the proof of Theorem 4.32, we can take connective covers in the
underlying unfiltered diagram for R a QRSP, using Corollary 4.49 to identify

Ts0.HH(R,, /Zp[qn — 1]) ~ FilZ5 HH(R,, /Zy[gn — 1])

mot

as well as Corollary 4.51 to identify 7>0._1HH(R,,) ~ Fil=* HH(R,,). O
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Proposition 4.53. For any bounded gcgs quasi-syntomic p-adic formal scheme X over Zy[(p], write

X, =X XSprP[gp] Spf Zp[Cp"]'

There is a functorial-in-X Z, -equivariant equivalence of synthetic spectra with synthetic circle action:

mot

lim FilZs HH(X,,) = lim Filgs HH (X, /Zp [g, — 1) (1)][1]

where the transition maps on the right hand side are given by
FiIZS HE(X /2, [0 — 1]) = (FilZo HH(G /2 [0~ 1)) @2, 001 Zplan — 1]

id®proj > k—
1d@proj, (Fﬂﬁot THH(X,/Z[01 — 1ﬂ)) ®z,1q1-11 Zplan-—1 — 1]

~ FilZ5 T HH(X 1/ Zp[gn—1 — 1]).

mot

Proof. As in the proof of Theorem 4.41, as a consequence of Proposition 4.52 it suffices to show that

@Fﬂz* THH(R,./S,[q. — 1])

mot
n

is zero where the transition maps in the middle term are given by
FiliZtHH(RnJrl/Sp[[qwrl —1]) ~ FiliZtHH(Rn/SPHQn —1]) s, [p~"Z,] Sp[[p_n_lzpﬂ
T Bl HH(R /S, g, — 1])

mot
-1

=l ya?"
D N HH(Ry./Splgn — 1])-

mot

Since lim | Fil=* HH(R,/ Spllgn, — 1]) is a quasi-syntomic sheaf in R, it suffices by quasi-syntomic descent to

mot

show the vanishing when R is a QRSP. Using Corollary 4.49, we need to show that
Wm 7. HH(Ry, /Sp[gn — 1])

n

vanishes. By the Milnor sequence, it suffices to show that @n HH(R,,/Sp[gn — 1]) = 0. This follows from

@THH(Rn/Spﬂqn —1])~0

n

established in the proof of Theorem 4.41 by applying — ®rum(z,) Zp, noting that this commutes with the limit
as a consequence of Lemma 4.33. O

The same argument as in Corollary 4.46 then yields the following.

Corollary 4.54. Suppose X is a qcgs bounded p-adic formal scheme over Z,[(,] such that Lx/z,[q.-1] %S
pseudo-coherent as a Zy[g1 — 1]-module, then there are equivalences

—~>r—1

—2>r > ~ .
ImdRyx, ~dRyx/z 14,1192, [q—11 i Zp[gn — 1J(1)[-1],

limdRx, ~ dRx,z,[q,~1192, g —11 0 Zp[gn — 1)(1)[-1],
n n

. —~<r —~<r—1 ~ .

deXn = dRX/Zp[[mfl]]@Zp[[ql—l]] mZpHQn - 1]](1)[_1]7

where Xy, == X Xgpez,(c,] SPf Zp[Cpr], and the right hand side of all three equivalences are (p,qi — 1)-adically
completed.

Remark 4.55. The usual transitivity triangle for the cotangent complex, and the standard computation
Lz, 1¢,1/2, a1 1] = Zp[Cpl{1}[1] yield a fibre sequence

RF(X, Ox)[l] — LX/ZP[[ql—l]] — LX/Zp[Cp]'

Here, RT'(X, Ox) is the coherent cohomology of the structure sheaf of X. Since Z,[(,] is itself a pseudo-
coherent Zy[q; —1]-algebra, [SP, Tag064Z] implies that Lx 7, [4, —1] is a pseudo-coherent Z[g, —1]-module
if RI'(X,Ox) and Lx/z, ¢, are pseudo-coherent Z,[(,]-modules.

If X is proper, then RI'(X, Ox) is a perfect Zp[(p]-module. We also saw in the proof of Corollary 4.47
that Lx,z,[¢,) is a perfect quasi-coherent sheaf whenever X is proper regular over Z, [¢p]- Thus, Corol-
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lary 4.54 holds for proper regular X over Z,[(p).
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