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Notation

e (Q denotes the field of rational numbers, and Z its ring of integers.

o N denotes the set of positive integers (in particular, we use the convention that 0 ¢ N).
e Unless otherwise specified, the letter p is always going to denote a prime.

e For a,b,n € Z, we write a = b (modn) to mean n|(b— a).

o I, denotes the finite field with p elements, i.e. F, = Z/pZ.

e R denotes the field of real numbers.

e Q, will denote the field of p-adic numbers, and Z,, the ring of p-adic integers.

e Throughout, a ring will be assumed to be unital and commutative. An algebra over a ring will always be
assumed to be unital and associative.

e Given a ring R, we write R* to be the group of units of R. For instance, for k a field, we have k* = k\{0}.

e If V and W are vector spaces over k, then Homy(V, W) denotes the k-vector space of all k-linear maps
T:V — W. We let GL(V) denote the group of all invertible k-linear maps T : V' — V. We write M, (k)
and GL, (k) for M (k™) and GL(k™) respectively.

e For a matrix A, we denote its transpose by Af.



e The phrase ‘almost all’ will always mean ‘all but finitely many’.

0 Overview

This tutorial is about quadratic forms, i.e. quadratic homogeneous polynomials in n variables over various fields
and rings. Given a quadratic form, say

flz,y,2) = 2* +y* +32° + 4oy
we can ask a few basic questions:

Q1) Can we understand the set of real numbers/rational numbers/p-adic numbers/integers that can be repre-
sented by f?7 More generally, for R some ring or field, which a € R can be written as

flz,y,2) =a
for z,y,z € R?
This question of course has many sub-questions, two examples being:
(a) Is the above set non-empty, i.e. can we find even one such a € R?

(b) Is there an easy way to tell whether a € R can be represented by f without finding explicit solutions
inx,y,2?

Q2) Can we classify quadratic forms? For instance, is there some (relatively) small set S of quadratic forms
such that if we can answer the above question for all f € S, then we can actually answer the above
question for all quadratic forms?

Q3) Fixing n € Z, say, can we find the number of solutions to f(x,y,z) = n for z,y,z € Z? Is the number of
solutions finite or infinite? If the number of solutions is finite, can we write down a formula in the variable
n?

In this tutorial, we try to answer the above three questions for quadratic forms over Q and Z. We will see
however that in trying to answer the question for the ‘global field” Q, we need to in fact answer the above
questions for the completions of QQ, i.e. for R and for the p-adic numbers. This is the local-global principle.
This principle is present everywhere in number theory, and guides how much modern research is done. The
idea itself is simple: in order to study some object over QQ, we try to instead understand this object over each
prime individually, and then try to stitch this 'local’ information together to gain information about the original
‘global’ object over Q. The prototypical example of a local-global principle is the Hasse-Minkowski Theorem
for quadratic forms.

Another key idea is to use linear algebra and geometry to answer the above questions. The basic idea is that
quadratic forms correspond to bilinear forms, which behave like inner products in some ways. By exploiting
this analogy with inner products on vector space, we will develop a linear algebraic theory of quadratic spaces
and lattices. This theory will lead to deeper insights into quadratic forms. Of course, it should be kept in mind
that this will always be an analogy: one can develop the entire theory without having to mention vector spaces
at all (indeed, this is what is done in [Cas78]). However, the linear-algebraic theory allows us to state things
cleanly, and is a useful source of motivation and intuition.

Finally, towards the end of the tutorial, in our attempt to answer the third question above, we will see how
the interplay between analytic and algebraic number theory gives us very explicit results about the number of
representations by quadratic forms. This will culminate in the Siegel- Weil mass formula.

Of course, the entire story above can be generalised to number fields K and their ring of integers Og. In
fact, we can even generalise the theory to function fields. The Hasse-Minkowski theorem extends to this setting
as well, as will pretty much all of the algebraic theory.

For the sake of concreteness, I have decided to stick to Q and Z rather than general number fields. However,
I will still make brief remarks about the theory over general number fields. Thus, if you are interested in the
theory over an arbitrary number field, I would encourage you to read through the remarks I make. Those who



are not familiar with the language of number fields may safely skip such remarks. I've tried to state results in
as much generality as I can without having to add unnecessary complications.

Let us look at a concrete classical example to get a sense for the kind of results we’re after. The binary
quadratic form f = 22 + 32 was first studied by Fermat, and then by Gauss, Jacobi, and a whole litany of other
famous number theorists. Fermat gave a complete answer for the first question.

Theorem 0.1 (Fermat). An odd prime is a sum of two integer squares if and only if it is 1 modulo 4.
In our terminology, a prime p is represented by the binary quadratic form f = x2 + y? over Z if and only if
p=2 orp=1(mod4).

Corollary 0.1.1. A number n € N is represented by 2% 4+ y? over Z if and only if in the prime factorisation
n = p’fl ---pFr for n, the exponent k; must be even whenever p; = 3 (mod 4).

The second question was answered by Gauss in his Disquisitiones Arithmeticae. His general body of work on
binary quadratic forms is a little too big for this section, but we will satisfy ourselves with the following result
just to illustrate a positive answer to the second question above.

Theorem 0.2 (Gauss). Let a,b,c € Z, and set f(z,y) = ax® + bwy + c2. Then there exist a, 3,7,8 € Z with
ad — By =1 and
flax + By, ya + 0y) = a* + y°

if and only if b> — 4ac = —4.

Finally, let us give an answer to the third question for f = 2 4+ y? over Z. Jacobi proved the following
result using a very clever argument involving formal power series. However, from the modern perspective, this
statement is a direct result of the Siegel-Weil Mass Formula.

Theorem 0.3 (Jacobi). Let r(n) denote the number of integer solutions (z,y) to % +y*> = n. Then,

r(n) =4 Z 1- Z 1],

d|n,d=1 (mod 4) d|n,d=3 (mod 4)

i.€e. %r(n) is the difference between the number of divisors of n congruent to 1 modulo 4, minus the number of

divisors of n congruent to 3 modulo 4.
We will revisit all of the above theorems above later on in the tutorial.

The main reference for the algebraic theory of quadratic forms is the excellent book by Timothy O’Meara
[OMeT73]. However, this book is quite old and so a lot of the notation and terminology is outdated. O’Meara also
works over general number fields rather than just Q. Another good reference is Cassels [Cas78]; the advantage
with him is that he only works over Q. For a computational point of view, as well as for applications in error
correcting codes and so on, [CS13] is an excellent book. For the latter part on the Siegel-Weil Mass Formula, I
don’t know of any good complete expository references. I will thus mostly be following [Garl4] and [Li23] for
the proof of the Siegel-Weil mass formula, and a variety of modern papers for applications of the formula.

Finally, a word on exercises. I have sprinkled a lot of exercises throughout the notes. These exercises are
usually results from one of the references whose proof was straightforward enough. Quite a few of the exercises
are extremely easy and can be proved within a couple of lines; most exercises should be easy enough!

1 Quadratic Spaces

Let us first introduce the basic language and terminology of quadratic forms. As mentioned in the overview,
our approach is going to be a linear algebraic one, so that we can exploit some of the algebra and geometry
inherent in quadratic forms.

Throughout, k is going to denote a field of characteristic not 2.



1.1 Definitions

Recall that a symmetric bilinear form B on a finite dimensional k-vector space V' is a mapping
B:VxV =k

such that B(az + by, z) = aB(z,z) + bB(y, 2) for a,b € k and x,y,z € V, and such that B(x,y) = B(y,z) for
z,y V.

Remark 1.1. Alternatively, a symmetric bilinear form is an element of Sym2(V*).

Given a symmetric bilinear form B on a vector space V', we can set

Q:V =k, Q)= DB(z,x).

Definition. A quadratic space (over k) is a finite dimensional vector space V over k equipped with a symmetric
bilinear form B.

The quadratic form on V associated to B is the above map Q.

The quadratic space is said to be n-ary if the underlying space has dimension n. We say a quadratic space is
unary, binary, ternary, quaternary for n = 1,2, 3,4 respectively.

We can of course recover the symmetric bilinear form from its corresponding quadratic form via the identity

1
B(z,y) = 5 (Qz +y) - Qz) - Qy)).
Thus we can define a quadratic space by simply defining the associated quadratic form on the vector space.

Ezxample 1.2. If V is a quadratic space, then for any W C V a k-linear subspace of V' we can restrict the
quadratic form Qy of V to W to get a new quadratic space (W, Qv |w). The inclusion map i : W — V is an
isometry.

Ezample 1.3. Classically, a quadratic form is supposed to be a homogeneous degree 2 polynomial in n variables.
We can recover this notion here. Indeed, if f € k[z1, ..., z,] is a degree 2 homogeneous polynomial, then we can
simply take V = k™ and define the quadratic form

QW) = f(v1, .y vp)

for v = (v1,...,vn) € k™.

Ezample 1.4. Suppose A € M, (k) is a symmetric matrix. Then, we can equip V' = k™ by the symmetric bilinear
form
B(z,y) = 2" Ay

where we view z,y € k™ as column vectors. This n-ary quadratic space is denoted by (A) in [OMeT73].

Ezample 1.5. For a € k, we can define a quadratic space by equipping the 1-dimensional space k by the quadratic
form

Qa(b) = ab?
for b € k. This quadratic space will be denoted by < a >. Notice that this coincides with the previous example;
of course, we have M;(k) = k and < a > defined here is precisely the quadratic space defined in the above
example.

We can also define maps between quadratic spaces, in the obvious way.

Definition. A morphism of quadratic spaces o : (V, By) — (W, By) over k is a k-linear map o : V' — W such
that By (cvy,0v2) = By (v1,v2) for vy,va € V.

Equivalently, a morphism of quadratic spaces is a k-linear map that preserves the quadratic forms.

Definition. An isometry is a morphism of quadratic spaces that is injective.

Two quadratic spaces are isomorphic if there exists a surjective isometry between them.

For a quadratic space (V, @), the orthogonal group attached to V, denoted by O(V, Q), is the subgroup of GL(V)
consisting of isometries. If the @ is known, we can simply write O(V).



Remark 1.6 (for those who know about reductive group schemes). O(V) is the set of k-points of a certain
reductive group scheme over k. In fact, the functor R — O(V ®; R) is an algebraic group, say denoted by
o(V).

Example 1.7. By fixing a basis z1, ..., z, for V, we can write
A = (B(x“ajj))lgl,jgn’

and then we see easily that V' = (A). This is is the Gram matriz of V' (with respect to the basis x1, ..., Ty).

Ezample 1.8. Suppose A, A" € M, (k) are symmetric matrices. Then (A) = (A’) if and only if there exists
X € GL, (k) such that A’ = X AX".

In particular, in the second example above, we see that det A’ = (det A)(det X)?. This leads to the following
definition.

Definition. The discriminant discV of a quadratic space V is the element of {0}Uk* /(k*)? given by (det A)(k*)?
for any symmetric matrix A such that V = (A).

It is clear that the discriminant is an invariant of a quadratic space, i.e. discV = discV’ if V' = V’. Note that
multiplication of discriminants makes sense.

Finally, recall that we are interested in the set Q(V'), motivating the following definitions.

Definition. Let (V, Q) be a quadratic space. An element a € k is said to be represented by @ (or sometimes
represented by V if the quadratic form on V is clear) if there exists v € V such that Q(v) = a.
A quadratic space is universal if Q(V) =k, i.e. every element of k is represented by the quadratic form on V.

It is easy to see that a is represented by a quadratic space (V,Qy) if and only if there is an isometry

(< a >aQa) — (VaQV)

Even though a quadratic space is a vector space with extra structure, as usual we often abuse notation and
say that ‘V is a quadratic space over k’, when we really mean that V is a vector space over k equipped with a
symmetric bilinear form By and corresponding quadratic form @y . If the vector space is clear from context,
we sometimes omit the V' from the subscript.

Now that we have a symmetric bilinear form on a vector space, we can try to generalise various notions from
an introductory linear algebra course.

Definition. Let V' be a quadratic space. Suppose v,w € V. We say that v, w are orthogonal (with respect to
the quadratic space structure on V) if B(v,w) = 0.

Given two subspaces Wy, Wy C V such that V. = W7 @ W, as k-vector spaces, we say that V' is the orthogonal
sum of W1 and Wy, written V' = Wy 1L Whs, if every vector in Wy is orthogonal to every vector in Ws.

Given a subspace W C V, we write W= to be the subspace of all v € V such that v is orthogonal to w for all
weWw.

A basis vy, ..., v, is said to be orthogonal if v; is orthogonal to v; for all 7 # j.

These definitions satisfy various familiar/obvious properties, all of which are left as an exercise.
Ezercise 1.9. Suppose V is a quadratic space. Then V' always admits an orthogonal basis.
Ezercise 1.10. f V = (Ay) L (Ay) L --- L (A,) for symmetric matrices A;, then

Ay
Ay
Ve _ :
A

Ezercise 1.11. f V =2 Wy L W then disc(V') = disc(Wy)disc(W3).



1.2 Regularity and Isotropy

However, unlike in Euclidean geometry, in a general quadratic space V with quadratic form @) it is possible for
there to exist non-zero v € V such that Q(v) = 0. Thus we have a few extra definitions.

Definition. A quadratic space V is regular if discV # 0.

The following exercises give all the key properties of regular spaces; the proofs involve simply unwinding
definitions and shouldn’t be too difficult.

Ezercise 1.12. Let V' be a quadratic space with quadratic form (. Show that the following are equivalent.
1. V is regular.

2. The usual k-linear map
V — Homg(V, k), v+~ B(v,—)

is an isomorphism.
3. f we V and B(v,w) =0 for all v € V, then w = 0.
4. Vi ={o}.
5. If x4, ..., x, are an orthogonal basis for V, then Q(x;) # 0 for all z;.
Show also that if V' is regular, then (W)L = W for any subspace W C V.

Ezercise 1.13. If W is a regular subspace of a (possibly not regular) quadratic space V, then show that V =
W L W+, and that if V = W L W’ for some other subspace W’ of W, then W/ = W=,

Ezercise 1.14. If V is a regular quadratic space, show that all morphisms of quadratic spaces V. — W are
actually isometries, i.e. must be injective.

Ezercise 1.15. Suppose V is a regular quadratic space. Let W be a subspace. Show that the following are
equivalent:

1. W is regular;
2. W+ is regular;
3. Wnwt = {0}
4. V=WaoWwW
Ezercise 1.16. Suppose V is any quadratic space. Consider the subspace
rad(V):={veV:B(x,v) =0 foralzeV}.
Let V' be any subspace of V such that V =V’ @ rad(V). Show that V' is regular, and that
V=rad(V) LV

Hence, show that every non-zero quadratic form f € k[x1, ..., z,] is of the form
f = h’(a'llxl + -+ A1nTny ey Ar1T1 + -+ arnxn)

for some 1 < r < n, some regular quadratic form h € k[yi, ..., y,], and some A = (a;;) € GL, (k).
This last exercise shows that we only need to look at regular quadratic spaces.

Definition. Let V be a quadratic space.
A vector v € V is isotropic if v is non-zero but Q(v) = 0. Otherwise, v is said to be anisotropic.

A subspace W of V is isotropic if there exists an isotropic vector in W. Otherwise, if every vector of W is
anisotropic, we say that W is anisotropic.



The following is the most important example of an isotropic quadratic space.
Definition. A binary quadratic space is said to be a hyperbolic plane if it is isomorphic to (($})).

Notice that the discriminant of the hyperbolic plane is —1 - (k*)?, and so the hyperbolic plane is regular. It
is also clearly isotropic.

Proposition 1.17. FEvery isotropic reqular quadratic space V' contains a hyperbolic plane as a subspace.

Proof. Let v € V be an isotropic vector. Since an isotropic quadratic space is by definition regular, by Exer-
cise 1.12 we can find w’ € V such that B(v,w’) # 0. Replacing w’ with mw’ if necessary, we can assume

that B(v,w’) = 1. Now consider

Qw')

! J—

v 2

An easy computation shows that Q(w) = 0 and B(v,w) = 1. We then see that the subspace spanned by v and
w is a hyperbolic plane. O

The above proof in fact established something stronger.
Corollary 1.17.1. Every isotropic vector in a regular quadratic space is contained in a hyperbolic plane.
Corollary 1.17.2. The following are equivalent for a binary quadratic space V :

1. 'V is regular isotropic;

2. V is the hyperbolic plane; and

3. discV = —(k*)%

Proof. (1) < (2) is immediate from the theorem. (2) = (3) is a direct computation. So suppose (3). As
discV = —1, V is regular, and so Q(V') # {0}. Let a € Q(V) \ {0} and let z € V such that Q(z) = a. By

regularity, V = kx L ky for some y € V. Now discV = —(k*)? implies that —aQ(y) is a non-zero square
in k, and so after scaling y we can write Q(y) = —a. One then checks that Q(IT“”) =0 = Q(*?) and
B (IT“’, #4) =1, so that V is isomorphic to the hyperbolic plane. O

Corollary 1.17.3. Any isotropic reqular quadratic space is universal.

Proof. By the lemma, it suffices to prove that the hyperbolic plane H = (({{)) is universal. However this is

easy, since for any a € k we can take v = (3, a) so that

O

Corollary 1.17.4. Let V be a reqular quadratic space, and let x1, ..., x, be r linearly independent vectors in 'V .
Suppose that B(z;,x;) =0 for all 1 <4,j <r. Then, there exist subspaces H; C V such that x; € H;, each H;
s a hyperbolic plane, and H; C HJJ‘ for alli # j (so that Hy L --- 1L H, is a 2r-dimensional subspace of V).

Proof. The proof is by induction on r. For r = 1, this is Corollary 1.17.1. So suppose r > 1. Let U = kx; L
o L kx,_y and W =U L kx,. By assumption, Q(W) = {0}. Now, we have U C W and so W+ c U+. Pick
yr € UX\W+, and take H, = kx,+ky,. A quick computation checks that H,. is a hyperbolic plane containing .
and that o; € H;- for 1 <4 < r— 1. Applying the inductive hypothesis to H-, we have H; | --- L H,_; C H;}
with x; € H; and H; a hyperbolic plane, and the collection Hy, ..., H, satisfies the lemma. O]

We have already made some progress towards answering Q1 from before!

The following exercises are also corollaries of the above lemma.



Ezercise 1.18. Let V be a regular quadratic space over k and a € k. Then V represents a if and only if (—a) L V
is isotropic.

Ezercise 1.19. Let U be a regular ternary subspace of a regular quaternary space V' such that discV = 1. Then
V is isotropic if and only if U is isotropic.

1.3 Reflections and Rotations

There is a special family of isometries in O(V) for V a regular quadratic space.

Definition. Fix an anisotropic vector € V. The reflection (aka symmetry) attached to x is the map 7, :
V — V given by
2B(z,y)
Y =Y — x
’ Q(x)

Remark 1.20. In [OMe73], reflections mean something else entirely, while he refers to 7, as symmetries. However,
I think the term reflection is quite common nowadays.

It is easy to check that 7, € O(V), that it is an involution (i.e. 72 = 1), and that det7, = —1 for all

x
anisotropic € V. Notice also that 7,(z) = —z, and that 7,(v) = v whenever B(v,z) = 0. Thus, 7, can be

viewed as the reflection through the subspace (kgc)l of V orthogonal to x. It is easy to see that 7\, = 7, for
any A € k*.

Exercise 1.21. Suppose 0 € O(V) and x € V is anisotropic. Then, 7, = 07,0 L.

Now, recall that we have a group homomorphism det : GL(V) — k* for any k-vector space V. Since
O(V) € GL(V), we have the group homomorphism

det |O(V) :0(V) = k.

Exercise 1.22. The image of det [o(yy is the subgroup {£1} C k*.

Definition. The special orthogonal group SO(V') attached to a quadratic space V' is the kernel of det |y, i.e.
it is the subgroup of isometries of determinant 1.

We can now prove the following.

Theorem 1.23 (Cartan-Dieudonné). Fvery isometry o € O(V) of a regular n-ary quadratic space is a product
of at most n reflections, (here, the identity is considered to be the product of 0 reflections).

Before we establish this theorem, we need a couple of lemmas. The first is left as an exercise.

Ezercise 1.24. Suppose V is a quadratic space, and W C V a subspace such that Q(W) = {0}. Then, show
that W C W+,

This second lemma, is the technical heart of the proof.

Lemma 1.25. Suppose V' is as in the statement of the theorem. Suppose o € O(V') satisfies the condition that
ox —x is non-zero and isotropic whenever x € V' \ {0} is anisotropic. Then, n >4, n is even, and o € SO(V).

Proof. Suppose there exists anisotropic z € V such that oz is not linearly independent from x. We must have
ox = +x, and so either ox — x is zero or it is anisotropic, thus violating the given assumption on ¢. Thus z
and ox must be linearly independent whenever x is anisotropic. In particular, n # 1.

If n = 2, then as discV # 0 we can pick an anisotropic x € V. Since x,ox are linearly independent, V has a
basis given by z and ox — 2. However since oz — x is isotropic, a simple calculation shows Q(z) = B(z,0x),
and so we see that

B(ox —z,ax + blox —x)) =0

for all a,b € k. This contradicts the regularity of V.



We now suppose that n > 3. Let y € V' be isotropic; then there exists a hyperbolic plane H C V with y € H
and V = H 1 H*. Since H is regular, H* is regular, and so there exists an anisotropic z € H+. Thus, for any
a € k*, we see that Q(y + az) # 0. By our assumption on o, we have Q(cz — z) = 0 and

Qo(y+az) —y—az) =0.
A simple computation then shows that
Qoy —y) +2aB(oy —y,02 — 2) =0

for all a € k*. Thus Q(oy — y) = 0. Since Q(oy —y) = 0 for y € V anisotropic anyway, it thus follows that
Qoy—y)=0forallyeV.

In particular, the subspace W = (o — 1)(V) satisfies Q(W) = {0}. A computation now shows that
B(z,oy —y) = —B(ocz —z,y) =0

for all z € V and all y € W=. By the regularity of V, we then have oy = y for all y € W. Since oy —y # 0
for y anisotropic, it then follows that every element of W is isotropic. By Exercise 1.24 we have W C W+
and W+ C (W+)+. However, V is regular, and so (W+)+ = W, and thus W+ = W.

As ol =1 and W = im(o — 1), it follows that
n = dimg ker(o — 1) + rank(o — 1) = dim W+ + dim W = 2 dim W.

Hence n is even. As a consequence of Corollary 1.17.4, we then have a n/2-dimensional subspace U of V' such
that Q(U) = {0} and V = W@ U. We have (6 —1)(U) C W = W+ so that o(u) = u+ L(u) for some linear map
L:U — W+, Since o|w is the identity as well, the matrix of o is of block form (%), which has determinant

1. O
We can now prove the theorem.

Proof of Theorem 1.253. We proceed by induction on n. For n = 1, we have O(V) = {1y, -1y} where —1y is
a reflection, and so we are done. We can thus suppose n > 1. If there exists an anisotropic z € V such that
ox = x, then o|(,). has image contained in (kz)* where dimy(kz)~ = n — 1 (since x anisotropic), and we
can apply the inductive hypothesis to o] (y,)+ € O((kx)*) and write o|z)ry = 7y, - -+ 7, for r <n —1 vectors
y; € (kz)t. Since B(z,y;) = 0 for all 1 < i < r, it follows that 7, - -- 7, (z) = x as well, and hence we have the
equality

O=Ty, Ty

r

in O(V).

Next, suppose that we can find an anisotropic € V such that Q(cx — x) # 0. Then, a quick calculation
shows that 7,,_,0 fixes . As x is anisotropic, the image of 7,,_,0 lies in (ka?)L, and as before 7,,_,0 is a
product of at most n — 1 reflections. Multiplying by 7,,_, on both sides it follows that ¢ is the product of at
most n reflections.

Finally, we can suppose that o is such that oz # z and Q(ox — ) = 0 whenever x € V is anisotropic. By
Lemma 1.25, we know that n > 4 is even and o € SO(V). Let y € V be an arbitrary anisotropic vector, and
consider 7,0. Since det(r,0) = —1 as det 7, = —1, by Lemma 1.25 again 7,0 cannot satisfy the hypothesis of
the lemma. In particular, we are in one of the previous two cases, and so 7,0 is the product of r reflections
with r < n. However n is even, whereas the number of reflections » must be odd as

—1 = det(ryo) = (-1)".

Hence r < n — 1, and so by multiplying by 7, we see that o is the product of at most n reflections. O

We now have a bunch of corollaries, all of which are left as an exercise.

Corollary 1.25.1. Suppose o can be expressed as a product of n-reflections. Then, o can be expressed as a
product of n reflections with the first (or last) symmetry chosen arbitrarily.

Corollary 1.25.2. If o is a product of r symmetries, then the dimension of its fixed space (i.e. of ker(c —1))
is at least n —r.
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1.4 Witt’s Theorems, and Index of Quadratic Spaces

We now give two powerful theorems of Witt.

Theorem 1.26 (Witt’s Extension Theorem (version 1)). Suppose Vi,Va C V' are regular subspaces of the
(possibly not regqular) quadratic space V. Suppose p : Vi — Va is an isomorphism of quadratic spaces. Then,
there exists o € O(V') such that oly, = p.

Proof. Pick an anisotropic € V3. Then there exists o’ € O(V') such that ¢’(pz) = z; indeed, either Q(px —1z) #
0 in which case we can take 0’ = 7,55, or Q(pr—2) = 0 in which case we must have Q(pz+z) # 0 (as Q(x) # 0)
and we can take 0’ = T, Tpz 4. By replacing p and Vo with ¢’p and o’Vs respectively, we may as well assume
that x € V1 NV, and that pr = x.

If dim V; = 1, we are done already as V; = Vo = kz. Otherwise, we use induction on dim V;. Let W = (kx)*,
and take V/ := W NV,. Asx € V1 NV, one checks that p|y, : V{ — V3 is surjective, and thus an isomorphism.
Since z is anisotropic, we have dimy V{ < dimy V; — 1. By the induction hypothesis, there exists o3 € O(W)
such that o1[y, = W. The map o € GL(V) given by ox = x on kz and by o = o1 on W is an isometry, so that
o € O(V) as required. O

Theorem 1.27 (Witt’s Extension Theorem (version 2)). Suppose V' is a regular quadratic space, and U is any
subspace of V' with an isometry p : U < V. Then, there exists an isomorphism o € O(V') such that |y = p.

Proof. Write U = Uy L U, where Q(Up) = {0} and U, is regular. Let z1,...,z, be a basis for Uy. By
Corollary 1.17.4 applied to Uy C U, there is a 2r-dimensional space H = H; 1 --- 1 H, with each H; a
hyperbolic plane and z; € H;. As H is regular, we can write U- = H 1 W for some W = H. We thus have a
splitting V.= H 1L W 1 U, where each of H, W, U, are regular.

Now, we can do the same thing for p(U). We thus write V.= H' L W' L p(U,) where H',W’, p(U,.) are all
regular with (p(U,.))* = H' L W', and where H' = H; 1 --- 1 H! with each H] a hyperbolic plane containing
px;. We can easily define an extension p; : H; — H] of plis, : kx; — kox;. Glueing these p;s together along with
plu. : Ur — p(U,), we get an isomorphism p: H L U, — H' L p(U,) C V. By version 1 of Witt’s extension
theorem, noting that H 1 U, and H' 1 ¢(U,) are regular, we can find the required extension o € O(V). O

The following is an immediate corollary of Witt’s Extension theorem.

Theorem 1.28 (Witt’s Cancellation Theorem). Suppose W, W', and V' are quadratic spaces with V' regular.
IFW1Lvew LV, then W=W'.

Proof. The identity map V 22 V is an isometry. By version 1 of Witt’s Extension Theorem, this is induced by
an isometry o € O(W L V). One then checks that o]y is an isomorphism from W to W”’. O

The above theorems now allow us to define a new invariant of a regular quadratic space. Indeed, by Witt’s
extension theorems, any two maximal subspaces M, M’ of V with Q(M) = {0} = Q(M’) must be isomorphic.
Thus, the dimension of the maximal subspace M of V with Q(M) = {0} is independent of the choice of M.

Definition. The index indV of a regular quadratic space V is the k-dimension of the maximal subspace M of
V satistying Q(M) = {0}.

We have another interpretation. By Corollary 1.17.4, we can write
V=H 1---1H, LV

where each of the H; are hyperbolic planes and where V' is either 0 or is anisotropic. Witt’s Lemma implies
that the number r of such hyperbolic planes does not depend on how we do the splitting (i.e. it is an invariant
of V) and that V' is unique up to isomorphism. It is easy to check that in fact r = indV.

We have thus proven the following.
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Theorem 1.29 (Witt’s Decomposition Theorem). If V' is any regular quadratic space, then indV satisfies
0 <indV < 1dim; V.
There exist Hy, ..., Hinqv C V' hyperbolic planes such that

V=H |- | Hy LV
for a unique (up to isomorphism) subspace V' C 'V that is either 0 or (regular and) anisotropic.

In this sense, the index of a regular quadratic space measures how far the space is from being anisotropic. If
the index is 0, then the space is anisotropic.

Exercise 1.30. Suppose V is a regular quadratic space such that we have a decomposition
V=H,1l---1H,.1V'

where V' is either 0 or anisotropic, and 0 < r < %dim V. Show, using Witt’s extension theorem, that this r
does not depend on the above decomposition of V. Hence, show that » = indV.

This exercise shows that the index is precisely the number of hyperbolic planes showing up as orthogonal
factors in V.

1.5 The Orthogonal Group Determines the Form
Remark 1.31. This section was the subject of a question in the first problem set.
Perhaps not surprisingly, we have the following result.

Proposition 1.32. Suppose Q1 and Qo are two reqular quadratic forms on the same vector space V over a
field k of characteristic not 2. If O(V,Q1) = O(V,Q2), then there exists A € k* such that Q2 = AQ1 .

Proof. We let the corresponding symmetric bilinear forms be By and By respectively. For v € V with Q1 (v) # 0,
consider the reflection 7" () =z — %v. Since 7" € O(V,Q1) = O(V,Q2), it preserves By. The equation
By (7w, 7{M0) = By(w, v)

shows that
Q1(v)Ba(v,w) = Q2(v) B (v, w)

for all w € V. In particular, this shows that Q2(v) # 0 for all v € V' with Q1(v) # 0. By exchanging the roles
of Q1 and Q2, we see that Q1 (v) # 0 if and only if Q2(v) # 0. The previous equation also implies that

(kv)*t:={x €V :Bi(v,z) =0} = {2 € V : By(v,2) = 0} =: (kv)*2.

We now fix v € V' with Q1(v) # 0; such a v exists by regularity of Q1. Let w € V. We claim that
_ Qa(v)
Q1(v)

If Q1(w) =0, then Q2(w) = 0 as well and the equation follows easily, so we may suppose that Q1(w) # 0 and
Q2(w) # 0. In particular, we also have

Q2(w)

Ql(w).

Q1(w)Ba(w, x) = Q2(w)By(w, x)
for all x € V. If By(v,w) # 0, it then follows that

Q2(w) _ By(w,v) _ Q(v)
Qi(w)  Bi(w,v)  Qi(v)

Finally, suppose By (v,w) = 0. Then By(v,w) = 0 as well. We have By (v,v + w) = By(v,v) = Q1(v) # 0. By
the previous argument, we know that

_ Q2(v)
Q1(v)

Q2(v+w) Q1(v+w).
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From Bj(v,w) = Ba(v,w) = 0, we then have that

~ Qa(v) v w
Q2(v) + Qa2(w) = o) (Q1(v) + Q1(w)),
and hence that Qo)
@)= g
as claimed. O]

Corollary 1.32.1. Suppose V' and W are quadratic spaces over k of the same dimension. Suppose that, under
some linear isomorphism L : V. — W, the subgroup O(V) C GL(V) is carried over via conjugation by L to the
subgroup O(W) C GL(W). Then V=W as quadratic spaces.

2 Quadratic Forms over R,C, and F,.

We are now well-placed to classify all regular quadratic spaces (and thus all quadratic forms) over certain fields.

21 k=C
This is in fact trivial. Write a regular quadratic space V' as
V={(Cxy) L - L (Cxp,)

for some choice of orthogonal basis, with n = dim V. Notice that every element of C has a square root, and so

upon replacing x; with ﬁxi, we can assume that in fact Q(z;) = 1. Hence,
x

V(1) 1{1)yL---1(1).
We have thus classified all complex regular quadratic spaces.
Proposition 2.1. Every regular quadratic space over C is of the form
(1) L--- 1L (1).
Two regular quadratic spaces over C are isomorphic if and only if they have the same dimensions.

Notice again that (1) is universal, since every element of C has a square root. We thus have the following
result.

Proposition 2.2. FEvery non-zero reqular complex quadratic space is universal.

In fact, this exact same argument here shows that every regular quadratic space over an algebraically closed
field must be of the form (1) L --- L (1).

22 k=R

Notice that (R*)? = R, the set of positive reals. Any real number is either 0, positive, or negative. This basic
fact will allow us to completely determine all regular quadratic spaces over R.

Definition. A real quadratic space V is positive definite if Q(V) C Rsq. It is negative definite if Q(V') C Rg.
Otherwise, it is said to be indefinite.

Now recall that any quadratic space has an orthogonal basis, say
V=(Ray) L - L (Rxp)

where n = dim V. As we assume V is regular, we know that Q(x;) # 0 for all 1 < i < n. Since R*/(R*)? is
a group of order 2, with coset representatives {+1}, we see that we may take Q(z;) € {£1} without loss of
generality. By reordering, we may suppose that Q(z;) = 1for 1 <i <p, and Q(z;) = -1 for p+1 < i < n.
Here, 0 < p < n. Thus, we can always decompose any regular real quadratic space as an orthogonal sum of a
maximal positive definite space and a maximal negative definite space. We see here that p is the dimension of
this maximal positive definite. However, a priori, this p could depend on our choice of orthogonal basis.
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Lemma 2.3 (Sylvester’s Law of Inertia). The dimension of the mazimal positive definite subspace of a real
reqular quadratic space V is an invariant of V.

Proof. Suppose P and P’ are maximal positive definite subspaces of V', and suppose without loss of generality
that dim P < dim P’. By the previous discussion, we know that

P=(1)L--1(1)
~—_———

dim P times

and
P =(1)1---1(1).
—_————

dim P’ times

We thus have an obvious isometry ¢ : P — P’ taking the ’th copy of (1) in P to the i’th copy of (1) in P’. By
Witt’s extension theorem, we can find o € O(V) such that o|p = . Notice that o~ (P’) is a positive definite
subspace of V such that P C o~!(P’). By maximality of P, we have P = o~!(P’). Hence,

dimg P = dimg 0~ (P’) = dimg P,

as required. O

By replacing @ with —Q), we see that we have also proven the following.

Corollary 2.3.1. The dimension of the mazimal negative definite subspace of a real regular quadratic space V
s an invariant of V.

The above lemma and corollary motivate the following definition.

Definition. The positive indez ind TV of a regular quadratic space V over R is the dimension of the maximal
positive definite subspace. The negative index indTV of a regular quadratic space V over R is the dimension of
the maximal negative definite subspace.

Clearly, we have ind™V = dim V if and only if V is positive definite, and ind~ = dim V' if and only if V is
negative definite.

Ezercise 2.4. Prove that indV = min{ind™V,ind”V} and that dimV = ind™V +ind~ V.
Putting all this together, we have the following.

Theorem 2.5. Two reqular quadratic spaces V. and V' over R are isomorphic if and only if ind™V = ind TV’
and ind”V = ind” V',

Thus, up to isomorphism, there are only n + 1 isomorphism classes of reqular quadratic spaces over R of
dimension n. Every reqular quadratic space is the orthogonal sum of a mazimal positive definite and a mazximal
negative definite quadratic space (we consider the zero space as both positive and negative definite). Moreover,
V' is isotropic if and only if V' is indefinite.

Definition. The signature of a real regular quadratic space V is the pair of integers (ind+V, ind”V).
More generally, we have the following result.

Exercise 2.6. Suppose V and V' are two regular quadratic spaces over R. Then, there exists an isometry
o:V < V' if and only if ind™V < ind*V’ and ind”V < ind~V’.

Using the above classification, the following result is immediate.
Theorem 2.7. Let V be a regular quadratic space. Then,

Rso if V positive definite,
Q(V) = Rog if V negative definite,
R otherwise.
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2.3 k a Finite Field

Finally, we consider the case of k a finite field. Then, k£ = F, where ¢ is a prime or a power of a prime. Under
our characteristic assumption, we assume ¢ is odd.

Consider the homomorphism
okt — (K%, xe 22

Obviously ¢ is surjective. Since the roots of 22 —1 are precisely 41 (which are distinct as ¢ is odd), it follows that
ker ¢ = {&1}. Hence k*/(k*)? is again a group of order 2. Fix a non-trivial coset representative e € k* \ (k*)2.

Lemma 2.8. (¢) L () = (1) L (1).

Proof. Let V. = kx | ky where Q(z) = ¢ = Q(y). Now, the sets (k*)? and
1—e(k*)2={l-ea®:a€ka#0}

are both finite subsets of k* of cardinality 5*. These two sets are also not equal, since 1 € (k*)? but 1 ¢
1 — e(k*)2. Tt follows that (1 — e(k*)?) \ (k*)? is non-empty, i.e. there exists a € k* such that 1 — ea® €
k*\ (k*)? = e(k*)2. Thus, we have 1 — ea? = ¢3%, and so v := axr + By € V and w = fr — ay € V satisfy

Q(v) =1=Q(w) and B(v,w) = 0. Hence, we have V 2 (1) L (1). O

As before, we can write
V=)L - L(1) L{ey L -1 (e).

p times n—p times

By the lemma, we can suppose without loss of generality that n — p < 1. We have thus proven the following
theorem.

Theorem 2.9. Any regular quadratic space V over a finite field k of odd characteristic has a splitting

V(1) L. L (1) L (discV).
~—_————

(n—1) times

In particular,
1. there are essentially two regular quadratic spaces over k of given dimension; and

2. two regqular quadratic spaces over k are isomorphic if and only if they have the same dimension and
discriminant.

Ezercise 2.10 (Chevalley’s Theorem for Quadratic Polynomials). Show that any regular quadratic space over
a finite field of dimension n > 3 is always isotropic. Hence, or otherwise, prove the d = 2 case of the following
theorem (this special case was originally due to Dickson).

Theorem (Chevalley (1935)). Let n,d € N be such that n > d. Then, every polynomial of total degree d in n
variables has a non-trivial zero (i.e. a zero not in Fy \ {(0,...,0)}).

3 Algebraic Invariants

In the previous section, using elementary methods, we were able to completely classify all quadratic spaces over
certain nice fields. The classification used some simple invariants of quadratic spaces, such as the dimension,
the discriminant, and the index. However, for more general fields, we need more sophisticated invariants.

Throughout this chapter, an algebra is assumed to be both unital and associative (see the appendix).

A division algebra over k is an algebra D over k such that for every non-zero element x € D there exists
y € D such that
Ty =yxr = 1p.

Notice that a commutative division algebra over k is simply a field extension of k. Thus, division algebras are
‘non-commutative’ field extensions of k.
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3.1 Quaternion Algebras

In order to define the Hasse algebra, we need to understand quaternion algebras over k.
Definition. Given a field k and elements «, 8 € k*, the quaternion algebra is the 4-dimensional k-algebra
(o, B, =k kidkjodkk

where multiplication is defined by the following multiplication table.

L1l i [i] k
11 i j k
i « k aj
i|Ji| k| B ]| -pi
k| k|—aj|Bi|—ab

An element of (o, )9 := ki® kj @ kk is called a pure quaternion, and an element of k (viewed as an element of
the quaternion algebra) is called a scalar quaternion.

We say that the k-basis 1,1, j,k of («, 8)k is the defining basis of («a, ).
The conjugate of an element x := xg + x11 + x2j + x3k € (o, ) is
T =1z — r1i — 22 — z3k.

The norm and trace of x is
N(z) = 27 = (25 — aa? — Ba3 +aBr3) € k

and T'(z) :=ax +T = 2xg € k.

One checks that conjugation on any quaternion algebra is a k-linear anti-isomorphism preserving 1. If k¥’ is a
field extension of k, then clearly

(o, B @1 K = (a, B) -

Ezample 3.1. The classical quaternions H are (—1, —1)g. This is a division algebra.

Ezample 3.2. The matrix algebra My (k) is a quaternion algebra, isomorphic to (—1,1)x. A defining basis of

this quaternion algebra is (§9),( % §),(98). (8 2%1). Conjugation is given by (¢4) = (4 ~?). Thus, the

—C a
trace of the quaternion algebra coincides with the usual trace of a matrix and the norm is the determinant.

Remark 3.3. Tt is possible for («, 8) to be isomorphic to (v, §); even if («, 8) # (v, ). For instance, we trivially
have

(aaﬂ)k = (ﬁa _a/B)k = (_aﬁva)k
by simply permuting i, j, k.

Exercise 3.4. Let x be an element of a quaternion algebra. Then x is invertible if and only if Nz € k*. If this
condition is satisfied, then 71 = (Nx)~17.

Remark 3.5. In particular, i, j, k are invertible. This is why we require o and 3 to be both non-zero; otherwise
the quaternion algebra starts behaving strangely.

FEzercise 3.6. Show that a quaternion z is pure if and only if 22 is scalar.

Exercise 3.7. An algebra isomorphism of one quaternion algebra onto another sends pure quaternions to pure
quaternions, and commutes with conjugation, norms, and traces.

Let A = («, 8)i. Recall that the trace of a quaternion algebra is valued in k, and so we have a bilinear map
B:AxA—k, B(z,y):=1iT(z7).
A computation shows that the corresponding quadratic form is simply

Q:A—k, Q(x)=N(x).
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Thus, we can view the underlying k-vector space of A as a quaternary quadratic space. We abuse notation by
writing A for the corresponding quadratic space as well. We let A® denote the ternary quadratic subspace of
pure quaternions. A quick computation shows that 1,1, j,k is an orthogonal basis for A, and that in this basis
we have

A=(1) L(=a) L(=f) L{ap).

Since discA = o?3?(k*)? = (k*)?, A is a regular quadratic space. The following results show how this quadratic
space structure completely determines properties of the quaternion algebra. The proofs of these results are
straightforward.

Proposition 3.8. Let A and B be two quaternion algebras. The following are equivalent.
1. A and B are isomorphic as k-algebras.
2. A and B are isomorphic as quadratic spaces.

3. A and B (the subspace of pure quaternions) are isomorphic as quadratic spaces.

Proof. That (1) = (2) follows simply because the quadratic space structure comes from the algebra structure.
If (2) holds, then we have an isomorphism of quadratic spaces

(1) LA~ A~B=~(1) 1L B°
Witt’s extension theorem then implies (3).

Now suppose (3). Suppose o : A° =2 BY be the given quadratic space isomorphism. Write A = k14 ® kis @
ja@ka, and set z = o(is) and y = 0(ja). Note that z and y are pure quaternions in B.

We show first that 2 = a. Since ¢ is an isometry, we know that
Qp(z) = Qp(oia) = Qa(ia) = iala = —i} = —.

On the other hand, Qg (z) = 2T by definition of @p. Since x is a pure quaternion, we know that T = —z and

so —x? = 27 = —a. Hence 2% = o. Similarly, it can be checked that 3% = 3.

Next, as ¢ is an isometry, we know that
3@y +yT) = Bp(z,y) = Bp(oia, 0ja) = Ba(ia,ja) =0,

and so xy + yT = 0. However, x and y being pure quaternions means that T = —x and ¥ = —y. We thus see
that zy = —yz. Since B = klp @ B°, we can write

zy=alp+wv
for some a € k and some v € BY. Taking conjugates, we see that
alg—v=alp+v=Ty =7z = (—y)(—z) =yzr = —xy = —alp — v.

Thus a =0, i.e. zy = —yx is a pure quaternion.

Finally, consider the k-linear map ¢ : A — B given by ¢(14) = 15, ¢(ia) =z, ¢(ja) =y, and o(ka) = xy.
We claim that ¢ is also k-multiplicative. A very tedious computation shows that

o(&1la+&ia+Eja+Eaka)o(mlatnia+nsjatmka) = o((€1la+&ia+Eja+Eaka)(mlatneia+nsja+nika))
for all &1, &2, &3,€4,m1, M2, 13,71 € k, and so ¢ is multiplicative. Hence it is a k-algebra homomorphism. Since A

is a quaternion algebra and so is central simple (see the next section), it follows that ¢ is injective. However A
and B have the same dimension, which implies that ¢ is a k-algebra isomorphism. O

Proposition 3.9. Let «, 8 € k*. The following are equivalent.
1. (o, B) is isomorphic as a k-algebra to (1, —1).

2. (a, B)k is not a division algebra.
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3. (o, B)k is an isotropic quaternary regular quadratic space.
4. (o, B)Y is isotropic ternary regular quadratic space.
5. {a) L (B) represents 1.

6. « € Ny (k') where k' := k(\/B). (Here, Ny, denotes the field norm corresponding to a finite field
extension k' /k)

Lemma 3.10 (Basic Manipulation Rules for Quaternion Algebras). Suppose «, 8,7, A\, u € k*. We have the
following algebra isomorphisms:

(] (l,a)ké(a, 705)]6%(04,170[)]6g(l,*l)kgMg(k).
i (ﬂ7a)/€ = (O"ﬂ)k = (a/\27ﬁp,2),
o (a,B)r @k (o, )k = (o, B7)k @k (1, —1)i.

Ezercise 3.11. Using Proposition 3.8, classify all quaternion algebras up to isomorphism for £k = R, £ = C, and
for k a finite field.

Ezercise 3.12. Prove Proposition 3.9. (Hint: when is x € («, 8)y invertible?)
Ezercise 3.13. Prove Lemma 3.10, using Proposition 3.8
Ezercise 3.14. Let u € (o, 8)Y.

1. Show that u is anisotropic if and only if u is invertible in the algebra (a, 8)k.

2. Show that if u is anisotropic, then the reflection 7, is given by T,z = —uzu~".

3.2 Central Simple Algebras

Quaternion algebras are examples of particularly nice algebras, the central simple algebras.
Definition. A k-algebra A is central if the centre

Z(A):={z€ A:zzx=xzfor all x € A}
is equal to k (a priori, we have k C Z(A)).

Definition. A k-algebra A is simple if every k-algebra homomorphism A — A’ to another k-algebra A’ is either
injective or a constant. In other words, A is simple if A does not contain any non-zero proper two-sided ideal.

Example 3.15. All division algebras are simple. Thus, a central division algebra D over k is a central simple
algebra over k.

Ezample 3.16. M, (k), for n > 1, is a central simple algebra.

Ezample 3.17. If K/k is a field extension, then K is a simple k-algebra. However, the centre of K is K itself.
Hence, the only field that is also a central simple k-algebra is k itself.

Proposition 3.18. Quaternion algebras are central simple algebras.

Proof. Let A denote the quaternion algebra in question. Suppose x = g + z1i + x2j + x3k € Z(A). A quick
computation shows that

i — iz = 2(xoj + wsk)i, xj—jr =2(z1i+ 23k)j, and ak—kz=2(xi+ x9j)k.

Since x € Z(A), all of these expressions must be zero, and so we see that z1 = 2 = x5 = 0. Thus z € k. Hence,
quaternion algebras are central.

Suppose now that ¢ : A — A’ is a k-algebra homomorphism that is not injective nor is the zero map. Then
©(1) =1 and so kNkerp = {0}. Let = € ker ¢ be non-zero, which exists as ¢ is not injective. If z € k (i.e. if
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x1 = x9 = x3 = 0), we are done. So suppose one of x1,x9, x3 is non-zero, say WLOG that x; # 0. Then, by
the previous identities, we have

2¢ (211 + 23k)j) = (2)p() — ¢(§)p(z) =0
However, j is invertible in A, and since ¢ is assumed non-zero, we see that p(z1i + x3k) = 0. However
(211 + 2ok)i + iz + 20k) = 22412,

and so ¢(2x1i%) = 0. This is impossible since 21 # 0 and so 2w2i € k*. O

The following lemma allows us to construct new central simple algebras from old ones.
Lemma 3.19. If A and B are central simple finite dimensional k-algebras, then so is A ®y B.

Ezample 3.20. If D is a finite dimensional central division algebra over k and n > 1, then M,,(D) = M, (k) ®x D
is a central simple algebra.

In fact, the famous Artin- Wedderburn theorem says that this last example gives us all central simple algebras.
We only need Wedderburn’s contribution to the Artin-Wedderburn theorem.

Theorem 3.21 (Wedderburn). Let A be a central simple k-algebra of finite dimension over k. Then there is a
unique (up to isomorphism) central division algebra D of finite dimension over k and a unique n > 1 such that
A~ M, (D).

For a complete proof, see for instance [OMe73, §52F]

Ezample 3.22. By Proposition 3.9 and the fact that (—1,1); = M(k), we see that we have already shown the
Artin-Wedderburn theorem for quaternion algebras: every quaternion algebra is either a division algebra, or is
isomorphic to Mz (k).

The Artin-Wedderburn theorem allows us to define an equivalence relation on finite-dimensional central simple
algebras over k.

Definition. Suppose A and B are central simple algebras over k. Then, A and B are said to be (Brauer)-
equivalent, written A ~j B, if their corresponding division algebras (guaranteed by the Artin-Wedderburn
Theorem) are isomorphic k-algebras. The Brauer class of such an algebra A is the equivalence class of the
algebra A under Brauer equivalence; it is written [A].

Brauer equivalence is important for us since Hasse algebras are (finite dimensional) central simple algebras,
and it turns out that the Brauer class of the Hasse algebra is very useful invariant of a regular quadratic space.

Ezample 3.23. (1,—1) ~x k.

Ezample 3.24. In Lemma 3.10, one of the isomorphisms can be rewritten as (o, 5)r @k (o, V)i ~k (o, BY)k-
Since dimy M,,(D) = n?dimy, D, the following lemma is obvious.

Lemma 3.25. If A ~ A’ for two central simple k-algebras A and A’ such that dimy, A = dimy A’, then A = A’.
We also have the following.

Lemma 3.26. Suppose A, A’, B, B' are central simple k-algebras of finite-dimension. If A ~, A" and B ~; B’,
then A®y B ~, A’ @ B’.

Definition. For a field k, the Brauer group Br(k) is the set of Brauer classes of finite dimensional central simple
algebras over k.

By the previous lemma, it is clear that tensor products of k-algebras yields a commutative associative binary
operation on Br(k). Since A ®; k = A for any algebra A, it follows that the Brauer equivalence class of k acts
as the identity on Br(k). We have the following non-trivial proposition.

Proposition 3.27. For any finite dimensional central simple k-algebra A, the opposite algebra A°P is a finite
dimensional central simple k-algebra satisfying A @y AP = M, (k) for some n > 1.
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Corollary 3.27.1. Br(k) is an abelian group under the tensor product.

Ezample 3.28. Br(R) = Z/2Z, generated by the Brauer class of the usual quaternions (—1, —1)g.
Ezample 3.29 (Wedderburn’s Little Theorem). Br(k) = 0 for k a finite field.

Ezample 3.30. Br(C) = 0.

This justifies our use of the term ‘Brauer group’ for Br(k). Brauer groups (and their generalisations) play
an important role in algebraic geometry and number theory. For us however, we are only interested in the
subgroup of the Brauer group generated by the Brauer classes of quaternion algebras, i.e. the Brauer classes of
those central simple algebras that are a tensor product of finitely many quaternion algebras.

Notice first that the Brauer class of («, 8)x has order 2 in Br(k); indeed, we have
(e, B @k (a, Bk ~k (e, B2k = (e, 1)y, = My (k).
It turns out we have a kind of converse.

Theorem 3.31 (Merkurjev-Suslin). The subgroup of the Brauer group Br(k) generated by the Brauer classes
of quaternion algebras over k is Br(k)[2], the subgroup of those elements of Br(k) of order 2.

3.3 The Hasse Algebra

3.3.1 Construction

Suppose V is a regular n-ary quadratic space over k. Fix an orthogonal basis for the moment, and suppose
V(o)L - L{a,)
in this basis. Let d; := oy - - - ;. Write .
SV = R)(cvi, di ).

i=1
This is clearly a finite dimensional central simple algebra, since each of the («;,d;)x are such.
Definition. The Hasse algebra of V is the k-algebra SV.

Clearly, [SV] € Br(k)[2].

As of now, the Hasse algebra still depends on the choice of orthogonal basis. We now show that the Hasse
algebra is an honest invariant of V.

Lemma 3.32. Let X,Y be two orthogonal bases for V. Then, there is a chain of orthogonal bases X =
X0, X1,y Xp—1, X =Y in which each X; is obtained by altering at most two adjacent basis vectors of X;_1.

Proof. We prove the lemma by induction on n. The lemma is trivial if n < 2, so suppose n > 3. Write
Y ={y1,...,yn}  Let C be the set of all orthogonal bases X’ such that there exists a chain of orthogonal bases
X = Xy, Xy, ..., X, = X' where each X; is obtained by altering at most two adjacent basis vectors of X;_1. We
want to show that Y € C. It is clear that C is non-empty, for instance since X € C.

First, pick X" € C such that, writing y1 = )y, ¢z, the set of all z € X’ with ¢, # 0 has minimal cardinality
(i.e., in the coordinates with respect to X', the vector y; has the least number of non-zero coordinates). Write
X" ={xy,...,2,}, ordered in such a way so that

Y1 =a1x1 + -+ oy
where a; # 0 for 1 <1i < p. We claim that p = 1. Suppose not. If p = 2, notice that
Qarz1) + Qazwz) = Q(y1) # 0
by regularity of V. If p > 3, then Q(asx3) # 0 (we have Q(z3) # 0 by regularity). It follows that

1

3 ((Q(qul) + Q(asw3)) + (Q(a2w2) + Qaszs)) — (Qarxy) + Q(a2$2))) = Q(azx3) # 0,
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and so at least one of Q(a1x1) + Qasxs), Q(aexs) + Q(asxs), Q(arx1) + Q(aexz) is non-zero. Without loss of
generality, we may thus suppose that Q(a1z1) + Q(aez2) # 0 with p > 2.

Set T1 = a1 71 + QoTa, To = Ty — Bg(%ff)il. Then X := {Z1,%2, T3, ..., xn } is obtained from X’ by changing

at most two vectors, and so X ec. However, y; has exactly p — 1 coordinates non-zero in X'. This contradicts
the minimality of X’ and p. Hence, we have p = 1.

We have thus shown that there exists a basis X’ € C such that y; € X'. Write X’ = {y1, 22, ..., 2n}. Then we
have
kzg Lo Lkzy=kyr L--- Lky, =V’

with dim V/ = n — 1. By the inductive hypothesis, there exists a chain of the required type from {zs,...,z,} to
{y2, .--;Yn }. There thus exists a chain of the required type from X to Y, i.e. Y € C. O

Proposition 3.33. SV, up to isomorphism, does not depend on the choice of orthogonal basis.

Proof. For n = 1, the result is obvious, so we suppose n > 1. We need to compare SV in two orthogonal bases
X1y ey Ty and xf, xh, 25, ..zl . Write
V{ag) L{ag) L+ L () and V(o)) L {ah) L {(af) L L {al)

n

in these two bases. By the previous lemma, it suffices to suppose that z; = x; for j # 4,1 + 1, for some

1 <i<n—1. We must have kx; L kx;yq = kaj L kaj,,. Note that a;a;11 and ojaj,, are both the

discriminant of this binary quadratic space, and so oo 41 = oo 1 A? for some A € k*. Writing d; = o - - - o

and dj = o) -+~ af;, we then see that d; = d; for 1 <j <i and d; = al;.)\2 for i +1 < j <n. Thus, we have
®1<j<niiivt (@, di)k = @1<j<n, jriit1 (0 d)k-

It remains to show that
(vir di)ik @k (i1, dig1)e = (o, d)ik @k (a1, di )k

Now, using Lemma 3.10 throughout, we have

(i, di) i @k (g1, dig1)k = (i, dim106) K Ok (g1, di—10G0641)k = (0, —di—1)k Ok (Qig1, —di—104)
~k (0 —di—1)k ®k (g1, 06)k Ok (CGg1,—dy )k
= (g1, —di—1)k Ok (4, Q1) k-

Similarly
(af, di)ie @k (g 15 diy )~k (01N, —dio1) g ®p (0, &y )k 22 (o0vigr, —di—1)k @ (0, 4 k-

However, notice that (o, aip1)r = (o}, afy )k since kx; L kripq = kal L kaj, | (see also Proposition 3.8).
Since these are the same binary space, we have (o, 1)k = (af, j, 1)k Hence, we see that

(i, di)r @k (g1, div 1)k ~k (G, i)k @k (g, diq)k

Since both sides have dimension 4 over k, they are isomorphic, and we are done. O

The following exercises show how to manipulate the Hasse algebra.

Ezercise 3.34. Let V = (aq) L -+ {a,). Show that

SV Q) ().

1<i<j<n

Ezercise 3.35. Let K/k be any field extension. Show that
S(Ve,K)=SVe, K.

Ezercise 3.36. Suppose U and W are regular subspaces of V such that V. =U 1L W. Show that
SV ~ SU ®y (diSCU, diSCW)k R SW.

(Since (aX?, Bu?) = (o, B)k, the quaternion algebra (discU, discW ), makes sense up to isomorphism.)
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3.3.2 Applications

We now use the Hasse algebra (or, more specifically, the Brauer class [SV] € Br(k)[2] of the Hasse algebra), to
prove some classification results.

Theorem 3.37. Suppose V' and W are regular n-ary quadratic spaces with 1 <n < 3. Then V is isomorphic
to W as a quadratic space if and only if

dimV =dimW (=n), discV =discW, SV ~p SW.

Proof. For n = 1, the quadratic space is completely determined by the discriminant, and so the theorem is
trivial. Of course, we have already shown the necessity of these invariants. We thus need to prove sufficiency,
i.e. we assume discV = discW and SV ~; SW.

Suppose n = 3. If discV = a(k*)?, then by replacing Qy and Qu by éQV and éQW respectively, we see
that it suffices to assume discV = discW = 1. Write

Ve(—a) Ll (=8) L{af) and W = (—v) L (=§) L (d).
We thus have V & (a, )% and W 2 (v, §){ as ternary quadratic spaces over k. However, one can compute that
(_]-7 _1)k Ok SV ~k (avﬁ)k'

Similarly (—1,—1); @k SW ~p (7,0)r. Since SV ~y SW, we thus have (o, 8)r ~k (7,6)r. For dimension
reasons, we thus have (a, 8)r = (v, 6)r and hence that V = W.

Finally, suppose n = 2. Since V and W have the same invariants, one can check that so so V' L (1) and
W L (1). Thus, by the previous argument, we have V' L (1) @ W L (1). By Witt’s cancellation theorem, we
have V = . O

Ezercise 3.38. Show that a regular ternary quadratic space over k is isotropic if and only if SV ~y (=1, —1).

Theorem 3.39. Suppose k has the property that every regular quinary quadratic space over k is isotropic. Let
V and W be any regular quadratic spaces over k. Then V=W if and only if

dimV =dim W, discV = discW, SV ~; SW.

Proof. As before, we just need to prove sufficiency. Let n = dimV = dimW. We use induction on n. The
case of n < 3 the result holds without the assumption on k. So assume n > 4. Since V' L (—1) is a regular
space of dimension at least 5, by our assumption on k, V L (—1) is isotropic. Exercise 1.18 implies that V'
represents 1. We thus have a splitting V' = V' L (1) for some n — 1 dimensional regular quadratic space V.
It is easy to see that [SV] = [SV'] and discV = discV’. Similarly, we can write W = W’ L (1) for W’ a
regular n — 1 dimensional space with [SW] = [SW’] and discW = discW’. Thus we see that [SV'] = [SW’] and
discV’ = discW’. By induction, it follows that V' = W’ and thus V = W. O

4 Quadratic Spaces over the p-Adics

4.1 Valuations and Complete Fields
Definition. A valuation on a field k is a map |.| : k — R satisfying the following three axioms.
(V1) |a| =0 if and only if o = 0.
(V2) |af| = |af - |B]| for all a, B € k.
(V3) (triangle inequality) |a+ B| < |a| + |8] for all o, 5 € k.
A valuation is said to be non-archimedean (or is an ultrametric) if it further satisfies

(V3) |a+ 8| < max{|al,|3|} for all o, 5 € k.
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If a valuation does not satisfy (V3’), then it is said to be archimedean.
A waluated field is simply a field equipped with a valuation.
Remark 4.1. Tt is easy to see that (V3’) implies (V3).

Ezample 4.2. Let k be any subfield of C (say k = Q, R, or C for instance). Then the usual absolute value is a
valuation on k, often denoted by |.|oo. It is an archimedean valuation.

Ezample 4.3. Consider k = Q and fix a prime p. Then, we define |.|, : Q — R>¢ by

where r € Z, and a,b € Z are such that ged(a,b) = 1 and p 1 a,b. This is the p-adic valuation. One checks that
this is a non-archimedean valuation.

In fact, for any number field K and any prime ideal p of its ring of integers Ok, we can similarly define a
non-archimedean valuation |.|, on K.

Ezample 4.4. Given any field k, we have the trivial valuation ||t defined by [0t = 0 and |a|tri = 1 for

a # 0.

Now, notice that (V1) and (V3) imply that d(z,y) := |z —y| is a metric on the field K. In particular, we have
a nice topology on k. However this topology can behave unexpectedly for non-archimedean fields; for instance,
any point in a ball of a certain radius is the centre of the ball.

Definition. A valuated field & is said to be complete if k equipped with the induced metric is complete as a
metric space.

Ezample 4.5. The fields R and C equipped with |.|», are complete. The trivial valuation is always complete.
We have some obvious properties that one can check immediately.

Lemma 4.6. Let k be a field with a valuation |.|.
1. |1j=1=]-1].

2. k is a topological field, i.e. addition, multiplication, negation, and inverses are all continuous with respect
to the induced topology on k.

3. If |.| is non-archimedean and |a| # |B| for o, B € k, then |a + 3| = max{a, 8}.
4. If |.| is non-archimedean and oy, ...,a, € k are such that |oy;| < |aq| for 2 <i <r, then

log + -+ ap| = [aq .

5. |.| is non-archimedean if and only if the set {|n|: n € Z} is bounded (here, we view Z — k via 1+ 1j).
Exercise 4.7. Prove the above lemma.

Recall that given any metric space (X, d) there exists a unique metric space ()? c?) called the completion of
X, such that X — X is a dense subset of X and such that d| x = d. Since a valuation induces a metric structure
on the underlying field k, we can embed k as a dense subset of a unique metric space (k: d) Identifying k& C k,
we can then define | |k — R> via |a| = d(0, ) for all « € k.

Proposition 4.8. In the above setting, the field structure on k extends to induce a field structure on the metric
space completion k: so that k is a topological field containing k. The map | | : k— R>q is in fact a valuation.
It is non-archimedean if and only if the original valuation |.| on k was non-archimedean.

Thus, any valuated field (k,|.|) can be embedded as a dense subset of a complete valuated field (k,|.|).
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While the proof is omitted, it follows by tedious checking using the usual construction of k as an equivalence
class of sequences in k. See for example the proof in [Cas78, Chapter 3, Lemma 1.2].

Definition. The completion Q, of Q equipped with the valuation |.|, from Example 4.3 is called the field of
p-adic numbers.

Finally, let us discuss equivalence of valuations.
Definition. Two valuations on a field k are said to be equivalent if they induce the same topology on k.

Ezercise 4.9. Suppose |.| is a valuation on k equivalent to the trivial valuation. Then, show that |.| is in fact
the trivial valuation as well.

Ezercise 4.10. Suppose |.|,|.|" are two valuations on a field k. Prove that the following are equivalent.
1. |.|" and |.| are equivalent valuations.
2. For any « € k, we have || < 1 if and only if |o] < 1.
3. There exists p > 0 such that || = |a|? for all « € k.

Definition. An equivalence class of valuations on a field k& not containing the trivial valuation is called a place
of k.

Remark 4.11. Most often, this terminology is usually reserved for k a global field, i.e. for k a finite extension of
Q or F,[t] for p prime.

‘We now list some important results on valuations and places of a field. Since the proofs are not really relevant,
we shall omit them. Chapter 1 of [OMe73] contains all the proofs.

Proposition 4.12. There is exactly one archimedean place on Q, corresponding to the usual archimedean
valuation |.|o on Q.

Definition. The unique archimedean place on Q is referred to as the infinite place on Q.

Theorem 4.13 (Weak Approximation). Suppose |.|; (for 1 <i < r) are a finite number of inequivalent non-
trivial valuations on a field k. For each 1 < i <r, fix a; € k. Then, for every e > 0 there exists « € k such that
o —a;l; <€ for1 <i<r.

Theorem 4.14 (Ostrowski). Up to isomorphism of complete valuated fields, there are exactly two complete
archimedean fields, namely R and C.

Definition. The ordinary absolute value on a complete archimedean field & is the valuation on k coinciding
with the usual absolute value on R or C under any isomorphism £ = R or k£ = C.

An archimedean valuation |.| on k is real (resp. complex) if the completion of k is R (resp. C).

Definition. A complete field is said to be a local field if the valuation is not the trivial valuation and the
topology is locally compact (i.e. every element has a compact neighbourhood).

Proposition 4.15. The only local fields of characteristic 0 are R, C, or finite field extensions of Q,. The
valuations in the non-archimedean case are discrete, i.e. the image in R>o of the field under the valuation is a
discrete set.

Theorem 4.16 (Ostrowski). The only places on Q are the (archimedean) infinite place, and the (non-archimedean)
places corresponding to the p-adic valuations |.|,. Moreover, |.|, is not equivalent to |.|, if and only if p # q.

4.2 Non-Archimedean Local Fields

We now take an in-depth look at non-archimedean local fields of characteristic 0. The most basic example of
such a field is Q, for p a prime.
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Let K be a non-archimedean local field with valuation |.|. Set

Ok ={ac K :|al <1},
mg ={a € K :|a| <1}.

Definition. O is called the ring of integers of K.

Ezample 4.17. The ring of integers of QQ, is denoted by Z,, the ring of p-adic integers. One can check that
m@p = pr.

Proposition 4.18. The subset Ok is actually a subring of K, and mg is a mazximal ideal of Ok . In fact, Ok
18 a local ring, with unique mazximal ideal Mg .

This result justifies calling O the ‘ring of integers’ of K. Since Ok is a local ring, it is in particular a PID.
The group O} of units of Ok satisfies O} = O \ mg, and so |u| =1 for all units u of Ok.

Definition. A uniformiser of K is any generator of the principal ideal my.

The residue field of K is the field ki := Ok /mg. The canonical projection map Ox — kg is denoted by
o — Q.

It is a fact that kg is a finite field for K a non-archimedean local field. In particular, it has characteristic p
for some prime p. This is often referred to as the residue characteristic.

Ezample 4.19. A uniformiser of Q, is p. The residue field of Q, is F,.

Pick a uniformiser 7. One can check easily that every non-zero element oo € K* can be written as
a=7n"-u

for some u € O} and some r € Z. This decomposition is unique for a fixed choice of 7. This integer r is often
referred to as the order of a, written » = ordg a.

In particular, the valuation is discretely valued in the sense that the image of the group homomorphism
|| : K* — R>0

is cyclic and generated by |7|. Notice that |7| € Rs only depends on |.| and not on our choice of uniformiser.
Since we only care about valuations up to equivalence, it doesn’t matter what the exact value of |7 is. We can
thus choose a specific normalization.

Definition. The valuation |.| of a non-archimedean local field is said to be normalised if |r| = #%K for any
uniformiser 7.

It is clear that any non-archimedean local field has a unique normalised valuation.
Ezample 4.20. The usual p-adic valuation |[.|, introduced previously is the normalised valuation of Q,.

Proposition 4.21. Let S be any set of coset representatives of Ok /my (in particular, S is in bijection with
KK ). Suppose that the coset representative of 0 + mg in Ok is chosen to be 0. Let  be a uniformiser of K.

Then, any element o € Ok can be written uniquely as
o= Z et
i>0

for ¢; € S (here, the power series converges with respect to the valuation |.|).

In particular, every element of Zy, is of the form Y <, cipt for a unique choice ¢; € {0,1,2,...,p — 1}.

Proof Sketch. We prove the special case for Z,. Set S ={0,1,2,...,p — 1}. Let a € Z, be fixed. Then @ € F,,
and so we can find a unique ¢y € S such that @ = ¢;. This is equivalent to o — ¢y € pZ,, and so we write
a = cg + pa; for a unique ay € Z,. We can continue this process with oy, and write a1 = ¢1 + pas for a unique
c1 € S and unique oy € Z,. Continuing, we have ag = c2 + pas, as = c3 + pau, etc. The result follows. O
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The following theorem gives an easy way to construct elements of Ok.

Theorem 4.22 (Hensel’s Lemma). Suppose K is a non-archimedean local field with valuation |.|. Let f(x) €
Ok|[z] be a polynomial. Suppose there ezists a € Ok such that |f(a)| < |f'(a)|?. Then, there exists 8 € Ok
such that f — a € mg and such that f(8) = 0.

Here, f'(x) denotes the formal derivative of a polynomial f € Ok[z]. We omit the proof, though a proof for
the case of K = Q, is given in [Cas78].

Corollary 4.22.1 (Local Square Theorem). Suppose o € OF is such that o — 1| < |4|. Then « is a perfect
square in O, i.e. a = (32 for some 3 € O.

In particular, if o € Z,, satisfies

1 .
= dd,
a1, <{r Tre
8 pr = 27
then « is a perfect square in Zy.
Proof. This follows immediately from Hensel’s Lemma applied to the polynomial f(z) = 2% — a. O

The following corollary is left as an exercise.

Corollary 4.22.2. Suppose K is a non-archimedean local field with uniformiser w, and let « € K*. Then
a € (K*)? if and only if r := ordx« is even and (/7") € Ky is a perfect square.

Exercise 4.23. Using Hensel’s Lemma, prove Corollary 4.22.2.
Corollary 4.22.2, along with some basic modular arithmetic, gives us the following result.
Corollary 4.23.1. o Q3/(Q3)? = (2) x (—1) x (5) is isomorphic as a group to (Z/27)3.

e forp an odd prime, let r € Z be any choice of quadratic non-residue (i.e. T ¢ (F5)?). Then Q5/(Q5)?* =
(p) x (r) is isomorphic as a group to (Z/27)?.

In fact, one can use Hensel’s Lemma to prove the following generalisation of the previous corollary.

Corollary 4.23.2. If K has odd residue characteristic, then O} /(O%)? is a group of order 2. Thus, K*/(K*)?
s a group of order 4.

Remark 4.24. For K a non-archimedean local field with residue characteristic equal to 2, it turns out that the
group K*/(K*)? has order 4(#r)°r4x2,

Exercise 4.25. Show that Z3 = (Z3)? U 3(Z3)2 U5(Z3)? UT(Z5)?. If a € Z3 and a € {1,3,5,7}, show moreover
that o € a(Z3)? if and only if @ = a (mod 8).

Ezercise 4.26. Suppose p is odd. Let a1, ag, ag € Q, be such that |a;|, = |az|, = |as|,- Show that the quadratic
space V = (a1) L (a2) L (a3) is regular and isotropic.

With the theory of non-archimedean local fields somewhat set up, we now go back to studying quadratic spaces
over non-archimedean local fields. If the residue characteristic is odd, then the we already know everything
about quadratic forms over the residue field. Due to results like Hensel’s lemma, we should be able to deduce
facts about quadratic spaces over such non-archimedean local fields. However, for residue characteristic 2, we
have no such hope. Quadratic forms behave very strangely in characteristic 2, and so we need to modify the
previous strategy to understand quadratic forms over such non-archimedean local fields.

This motivates distinguishing non-archimedean local fields into two types.

Definition. A non-archimedean local field is said to be a dyadic local field if its residue characteristic is odd.
Otherwise, it is said to be non-dyadic local field.

Note that K is dyadic if and only if 0 < |2| < 1.
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4.3 Quaternion Algebras over Non-Archimedean Local Fields

Suppose that K is a non-archimedean local field of characteristic 0; for instance, K = Q,,. Let Ok be its ring
of integers, mg its unique maximal ideal, and kKx = O /my its residue field. Set e = ordx2; then e = 0 for K
non-dyadic while e > 1 for K dyadic.

Recall the Brauer group; we know that Br(K)[2] contains the Brauer class of all quaternion algebras. It turns
out we can determine Br(K') completely.

Theorem 4.27 ((Corollary of) Local Class Field Theory). Br(K) = Q/Z.
Corollary 4.27.1. Br(K)[2] @ Z/2Z.

In particular, local class field theory implies that there are exactly two division algebras over K, namely K
itself and another non-commutative division algebra. We try to prove this fact directly, without using local
class field theory.

Definition. Call a unit A € O}, distinguished if A+m3¢ is a square in the ring Ok /m%¢, but A is not a square

in OK/mﬁ(eH.

In other words, A € O3 is distinguished if there exists € € O} with A — €2 € m%¢, but no such € exists that
2e+1

satisfies A — €2 € my

Ezample 4.28. If K is non-dyadic, we know already that xj:/ (k%)% is of order 2, and it is easy to see that
A € Oy is such that A ¢ (k})%

Ezample 4.29. If K = Q2, we can take A =5, since 5 = 1 (mod 4) is a square, but 5 is not a square in Z/8Z.

Lemma 4.30. A(O%)? is an invariant of the field K, i.e. given any other distinguished unit A’ € O, there
exists € € O} such that A" = Ae?.

Proof. For K non-dyadic, this simply follows from the fact that O} /(O%)? is a group of order 2. Suppose
K = Q. Then e = 1. If A is any distinguished element, then A is a square modulo 4 but not modulo 8. Thus
A =1(mod4) and A # 1 (mod8). These two imply that A = 5 (mod 8), and hence that A € 5(Z3)2. O

Remark 4.31 (for those who know algebraic number theory). In short, it turns out that A is distinguished if
and only if K (\/Z) is a quadratic unramified extension of K. In particular, since there is a unique quadratic
unramified extension of K, it actually follows immediately that A(K*)? is an invariant of the field K.

Lemma 4.32. Let V be a binary quadratic space over K. Let A € Ok denote any distinguished unit. Suppose
discV = mu(K*)? for some uniformiser m of K and some uw € O%. If v € K*, then V represents either v or
~A, but not both.

Proof. By replacing the quadratic form @ with %Q, we may assume without loss of generality that v = 1. Since
discV = mu(k*)?, we can write V = (¢) L (é) for some €,8 € Of.

Let us show that V represents at least one of 1 or A. For K non-dyadic, we know already that O3 =
(0%)? U A(O%)?, and so (€) represents either 1 or A. We now prove this for K = Qa, so that A € 5(Z3)2. It
suffices to assume that € € {1,3,5,7}. If e = 1 or € = 5, the claim follows immediately. We claim that e € {3, 7}
cannot occur. Write ¢; = 651. Choose A € Z3 such that A\2§ = —¢; (mod 2). One can then compute that V
represents 1 + 2¢; + 20A2. However, 1 + 2¢; + 26A2 = 1 (mod 4), and we are done.

We now need to show that V' cannot represent both 1 and A simultaneously. Suppose it did. Then we would
be able to write
V(1) 1L (ru) = (A) L (Aru).
Thus A = £2 + n?nu for some &, € K. Then
1 =1€* + n*mu| = max{|¢[*, |umn®|}.

It follows that & has to be a unit and 7 an integer. Hence, A/&2? = 1 + um3? for some § € Ok. For K = Qo,
this is impossible, since the right hand side is 1 (mod 8) whereas the left hand side is 5 (mod 8). For K dyadic,
this implies that A € (k%)?, which is impossible. O
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Proposition 4.33. Let m be any uniformiser and A any distinguished unit of K. Any quaternion algebra is
isomorphic to either Ms(k) = (m, 1)k or to the division algebra (7w, A) k.

Proof. Lemma 4.32 says that (7) L (A) does not represent 1. It follows from Proposition 3.9 that (7, A)x is a
division algebra. By Proposition 3.9 again, it suffices to show that a quaternion algebra A that is also a division
algebra must be Brauer equivalent (thus isomorphic) to (7, A)g. In fact, what we will show is that the Brauer
class of any quaternion algebra lies in the cyclic subgroup of Br(K') generated by [(7, A)k]. Since this subgroup
is of order 2, the result would then follow.

Let us first compute [(¢,0) k] for €,0 € Z5. For K non-dyadic, we claim that (e) L (J) represents 1. If € = 1,
we are done, so suppose € = A. For K non-dyadic, we already know that binary forms over kg are universal,
and so there exists £, € O such that A¢% + 6n? = 1 (mod 7). By the local square theorem, it follows that
AE? + 6n? is a square, and hence (A) L () represents 1.

Now suppose K = Qy. Since 5(1)2 + §(2)2 = 1 (mod 8) for any & € Z5, the local square theorem implies that
(5) L (d) represents 1. Thus (5,0)g, = (1,2)g,. It remains to check the case of (a,b)q, for a,b € {3,7}. By
computing discriminants and Hasse algebras, and appealing to Theorem 3.37, one can check that

(=3) L {(=3) L{9)y=(=3) L (=7) L{21) = (—7) L (—7) L (49) = (-2) L (—5) L (10).
Proposition 3.8 then implies that
(3a3)(@2 = (377)Q2 = (75 7)@2 = (275)Q2'

Hence, in all cases, we see that any quaternion algebra over Q3 is Brauer equivalent to either (1,2)g, or (5,2)g,.

We now consider quaternion algebras of the form (e, 7). For K non-dyadic, either € is a square or A times
a square, and we are done. So suppose K = Q2. We just need to check whether (3,2)g, and (7,2)g, are Brauer
equivalent to either (1,2)q, or (5,2)g,. However, note that

[(7,2)q.] = [(15,2)0,] = [(3,2)0,)((5: 2)0,]

so that we just need to check whether [(3,2)g,] € {[(1,2)q,],[(5,2)g,]}. However, using Theorem 3.37 and
Proposition 3.8, it can be checked that (3,2)g, = (5, 2)q,-

Let us now consider the general case, where K may be either dyadic or non-dyadic. Suppose A = («, 8) k.
Write o = en® and 8 = dn® for a,b € Z and €,6 € O} . By Lemma 3.10, we may suppose without loss of
generality that a,b € {0,1}. Using Lemma 3.10 again, we see that the Brauer class [A] is a product (in Br(K))
of Brauer classes of the form [(¢, §) x| or [(¢, 7) k] for units €, € Oj,. By the previous special cases, we see that
[A] is in the cyclic subgroup of Br(K) generated by [(7, A)k]. O

Corollary 4.33.1. Assuming the Merkurjev-Suslin theorem, Br(K)[2] = Z/2Z.

4.4 Hilbert Symbols and Hasse Symbols

We maintain the notation set up in the previous section. The results of the previous section motivates the
following definition.

Definition. The Hilbert Norm Residue Symbol [a, 8]k for a, f € K* is defined to be

Remark 4.34. The above definition holds for any local field of characteristic 0.
As a result of Proposition 3.9, we have the following.

Proposition 4.35. Suppose a, 8 € K*. Then [a, Sl = 1 if and only if there exists &,n € K such that
af? + By = 1.

Remark 4.36. This proposition gives a very elementary criterion to determine the Brauer class of any quaternion
algebra over K.
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Remark 4.37. In most references, the description of the Hilbert symbol given in the proposition is taken as the
definition of the Hilbert symbol. One then shows the interpretation in terms of quaternion algebras.

One can now rewrite a lot of previous results on quaternion algebras in terms of the Hilbert residue symbol.
Lemma 4.38. Suppose K is a non-archimedean local field

1. 0]k = o, —a]lk = [, 1 —a]g =1 for any a € K*.

2. [B,alk = [, Bl = [@N?, S|k for any o, B, A\, u € K*.

3. o, Blkla, Y]k = o, BY]k for any o, B,y € K*

4. o, Blk = o, —aP]k for a, B € K*. In particular, [a, o]k = [a, 1]k for a € K*.

5. If K is non-dyadic, 7 is a uniformiser of K and A a distinguished unit, then [r, Alx = —1.

6. If K is non-dyadic, then for any €,§ € OF, we have [¢,0] = 1.

Notice that one can compute any Hilbert norm residue symbol by using just the rules given in the previous
lemma.

Thus, the Hilbert norm residue symbol gives a nice and clean way to compute the Brauer equivalence class
of any central simple K-algebra that happens to be a tensor product of quaternion algebras. In particular, it
gives us a quick way to compute Hasse algebras.

Definition. Suppose V is a regular quadratic space over a local ring K (of characteristic 0). The Hasse Symbol

h(V) — 1 lfSV ~NK (71',].)](,
-1 if SV ~NK (W,A)K.

As before, we can translate properties of the Hasse algebra into properties of the Hasse symbol. For instance,
if V=(u)Ll- L (ap), then
V)= J] o eylx € {1}
1<i<j<n

More generally, if V. =U L W then

h(V') = [discU, discW]h(U)h(W).

We have an interpretation of the Hilbert norm residue symbol in terms of the quadratic reciprocity law from
elementary number theory. Suppose p is an odd prime. Recall the Legendre symbol (%) for a € Z prime to p:
we set (£) =1 if a is a square modulo p, and we set (£) = —1 otherwise. By the local square theorem, notice
that a is a square modulo p if and only if a € Z; is a perfect square.

Lemma 4.39. Suppose a,b € Z are integers prime to p. Then [a,blg, = 1, and that [a,plg, = (%) Ifa = —1,
we have [—1,plg, = (=1)z=1),

a—=1b

Lemma 4.40. Suppose a,b € Z are odd integers. Then [a,blg, = (—=1) 2 7 and [a,2]g, = (1) =

Fxercise 4.41. Prove Lemma 4.39 and Lemma 4.40.
Recall the original quadratic reciprocity law.

Theorem (Quadratic Reciprocity). Suppose p and q are distinct odd primes. Then, we have

p—1

O = (D, ()= (D amd (2)= (-)EFD,

This law can now be recast in terms of the Hilbert symbols. The formulae for (_?1) and (%) have already
been proven.
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Theorem 4.42 (Quadratic Reciprocity). Suppose p and q are distinct odd primes. Then, we have

p—1 g—1

[, dlo, [P, dlo, = (=1)7= = .

4.5 Classifying All Quadratic Spaces over Non-Archimedean Local Fields

Let us now attempt to classify all quadratic spaces over a non-archimedean local field K. Fix a uniformiser
and a distinguished unit A of K. As usual, Ok is the ring of integers of K. First, we study binary spaces.

Lemma 4.43. A regular binary quadratic space V over K represents € K* if and only if

[8, —discV]x = h(V)[—1,discV]k.

Proof. Write V' = (a1) L (ag). Then V represents § if and only if (a1/5) L (as/B) represents 1. By
Proposition 4.35, this is true if and only if [a; 8, a28]x = 1. Now, a quick computation shows that

(18, 28] = [, az]k[an, Bli[az, Blk[B, Bk = [an, aalk B, cu]k B, o]k [B, 1]k = [a1, az]k[B, —discV]k.

On the other hand, note that

h(V) = [an, @zl ko, an] k [a2, as] ik = [on, ao] ka1, =1 k[az, =1k = [a1, ag]k[~1, discV] k.
Thus
h(V)[a18, a2l k = [8, —discV]k[—1, discV]k,

and so the result follows. O

Corollary 4.43.1. IfV is a regular anisotropic binary quadratic space over K and 1 € Q(V'), then Q(V \ {0})
is an index 2 subgroup of K*.

Proof. As1 e Q(V), the lemma says h(V)[—1,discV]x = 1. We have a group homomorphism K* — {£1},v
[—discV,v]k. The lemma then clearly implies that the kernel of this homomorphism is Q(V)NK* = Q(V\{0}).
This map is surjective since discV # —(K*)?2, for otherwise V = (1) L (—1) is isotropic. O

Corollary 4.43.2. If discV = —A(K*)?2, then Q(V \ {0}) can only be either O (K*)? or 1O} (K*)2.

Proof. If K is non-dyadic, then the corollary follows easily since [r, Alx = —1 and [e, A]x = 1 for all € € O%.
Suppose now that K = Qo, by scaling, suppose without loss of generality that 1 € Q(V'). Since any isotropic
regular binary space must be the hyperbolic plane with discriminant —(Q3)?, it follows that V is anisotropic.
Hence, by the proof of the previous corollary, Q(V \ {0}) is the kernel of the map v — [5,7]g,. A computation
shows that this kernel is precisely Z3(Q3)?. O

Corollary 4.43.3. IfV and W are reqular anisotropic binary spaces with Qv (V) C Qw (W), then V= W.

Proof. By scaling Qv and Qw appropriately, we may suppose without loss of generality that 1 € Q(V) C Q(W).
By the previous corollary, it follows that Qv (V) = Qw (W). By the lemma (or the proof of the previous
corollary), we thus have [3, —discV]x = [3, —discW]k for all B € K*. It follows that discVdiscW = (K*)2,
which implies that discV = diseW in K*/(K*)2. The lemma then implies that h(V) = h(W) as well. By
Theorem 3.37, we thus have V = W. O]

Lemma 4.44. Suppose K is non-dyadic and V = (e1) L --- L (e,) for units e, ..., en, € O%, withn > 3. Then
V' is isotropic.

FEzxercise 4.45. Prove Lemma 4.44.

With these lemmas out of the way, we can now classify anisotropic quaternary regular spaces.
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Proposition 4.46. Let V be any anisotropic reqular quaternary quadratic space over K. Then
V(1)L (—-A)L{m L (-7A)

where 7 is a uniformiser of K and A a distinguished unit.

Proof. Write V.= U; L U, for regular binary quadratic spaces. As V is anisotropic, U; and Us are anisotropic.
If QU1 \{0}) C O3 (K*)?, then Q(U;\{0}) = O3 (K*)? and U; = (1) L (—A) by the corollaries of Lemma 4.43.
If Q(U2\{0}) NO3 (K*)? # 0, then —Q (U1 \{0})NQ(Uz\ {0}) # 0. This would imply that U; L Us is isotropic,
a contradiction. Thus Q(Us \ {0}) C K*\ Ok (K*)? = nO3 (K*)%. 1t follows that Uy = (r) L (—mwA) by the
corollaries of Lemma 4.43, and we are done. Similarly, we are done if Q(U; \ {0}) C 7O} (K*)?.

Thus, we may suppose that Q(U; \ {0}) and Q(Us \ {0}) are neither contained in O} (K*)? nor 7O} (K*)?,
i.e. both U; and U, represent (some) units as well as some uniformisers (possibly not 7 itself). In particular,
we have a decomposition

V 2 (e1) L (eam) L (e3) L (eqm)

U, Uz

for some €1,€a,€3,64 € O%. In particular, discU; and discUs are both uniformisers (times (K*)?). By
Lemma 4.32, it follows that U; represents A; for Ay € {1, A} while U represents —As for Ay € {1,A}.
we thus have a binary subspace U of V isomorphic to (A1) L (—As). We cannot have A; = Ay since otherwise
U, L U, is isotropic. Thus, A1As = A, and so discU = —A. Thus we have found a regular binary subspace U
of V with Q(U \ {0}) either (O%)(K*)? or (O} )(K*)?, and we are done by the previous argument (where we
use the splitting V =U 1L U%). O

Corollary 4.46.1. Every regular quaternary quadratic space over K is universal.

Proof. We already know that regular isotropic spaces are universal, so we just need to see that a regular
anisotropic quaternary space is universal. By the proposition, it suffices to show that V' = (1) L (=A) L (7)) L
(—mA) is universal. However, we see that Q({1) L (—A)) represents {0} U O% (K*)? while Q((r) L (—7wA))
represents {0} U Q% (K*)?, and hence Q(V) = K as required. O

The significance of the work we have done is to establish the hypothesis on K required by Theorem 3.39.

Corollary 4.46.2. Every regular quadratic space of dimension n > 5 over K is isotropic.

Proof. We can write a regular quadratic space of dimension > 5 as U 1L W for W regular quaternary, and
dimg U = n — 4. By the previous corollary, W is universal, and so —Q(U \ {0}) C Q(W). Thus U L W is
isotropic. [

Theorem 3.39 is now applicable, and so we immediately get the following classification theorem for free!

Theorem 4.47. Two reqular quadratic spaces V- and W over a non-archimedean local field are isomorphic if
and only if
dimV =dim W, discV =discW, and h(V)=h(W).

Ezercise 4.48. Suppose U and V are regular quadratic spaces over a non-archimedean local field, and let
r:=dimV —dimU € {0, 1,2}. Show that there exists an isometry U < V if and only if

U if r =0,
V= U L ({discU -discV) ifr=1,
ULlH if r =2.

Here, H is the hyperbolic plane.

The previous theorem says that there are at most 2# (K*/(K*)?) regular quadratic spaces over K of fixed
dimension (2 choices for the Hasse invariant, and # (K*/(K*)?) number of choices for the discriminant). Are
all of these possibilities actually realisable as a quadratic space over K? To answer this question, we need the
following lemma.
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Lemma 4.49. Suppose U and V' are reqular quadratic spaces over a non-archimedean local field. If dimV —
dimU > 3, there always exists an isometry U — V.

Proof. We proceed by induction on dimU. For dimU = 0 (so U = {0}) this is trivial, so suppose dimU =:
m > 1. Write U = (a1) L --+ L (). Then dimV > m + 3 > 4, so V is universal by Corollary 4.46.1. In
particular, a,, € Q(V), so we can write V = (a,,,) L V' for some V’. By induction, we can find an isometry

<O[1> 1L <C¥m,1> — V.

Hence U < V. O

Theorem 4.50. Fizn > 3, d € K*/(K*)?, and h € {£1}. There exists a reqular quadratic space V over K
with invariants dim'V = n, discV =d, and (V) = h.

For n = 2, there exists a binary reqular quadratic space V' over K with invariants discV = d and h(V) = h
if and only if either d # —(K*)? or h = [—1,—1]g.

Proof. Necessity follows immediately. Suppose n > 3. Take V/ = (1) L --- L (1) L (d). If h(V') = h, then we
may take V = V' and we are done. So suppose h(V') = —h. Write U = (1) L (m) and U’ = (A) L (mA). By
Lemma 4.49, there exists a map U’ < U L V’. Thus, we must have a splitting U’ L V = U L V’. Computing
invariants, we see that discV = discV’ = d and h(V) = —h(V') = h as required.

Now suppose n = 2. If h(V) = [d,—1]k, then we may simply take V' = (1) L (d). In particular, we

have covered the case of d = —(K*)? and h = [~1,—1]x. We may thus suppose that d # —(K*)? and that
h = —[d,—1]k. There exists & € K* such that [a, —d] = —1. Write V = (a) L (ad). Clearly discV =d. It can
now be checked that h(V) = —[d, —1]x = h. O

Ezercise 4.51. Write down a complete list of all isomorphism classes of regular quadratic spaces over Q,, for p
a prime. (Hint: For an arbitrary prime p = 1 (mod 4), you will not be able to write down A explicitly. )

5 Quadratic Spaces over )

In this section, we now study quadratic spaces over Q. It turns out that most of our work is already done, by
the p-adic case!

For those who are interested in quadratic spaces over arbitrary number fields, the last sub-section has a brief
discussion in which all proofs are omitted. Those who are interested should read [OMe73, §64-66].

Throughout, p will denote a prime or co, and we set Q. := R. We often write ‘p < oo is a prime’ to mean
that either p is an honest prime number, or p = co. The honest prime numbers are often referred to as the
finite primes, to distinguish it from the ‘infinite prime’ p = oo.

5.1 Local Invariants

Suppose V is a regular quadratic space over Q. We then have the Q,-vector space V), := V ®q Qp, and the
quadratic form @ on V extends to a quadratic form on V, via

Qp: Vo =V&eQ, = Qy v®ar a?Q(v).
In a fixed basis V =Qz; L --- L Qz,, we clearly have
Vo=Qpz1 L -+ L Qpzyp.
Obviously dimg, V), = dimg V.
For each finite p, we have the discriminant discV, € Q,/(Q;)? and the Hasse invariant h(V,) € {£1}. We set
disc,V :=discV, and hy(V):=h(V},).
Of course, at the global level, we also have the discriminant discV € Q*/(Q*)? and the Hasse algebra SV. Let

us see how these global invariants are related to the local ones.
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Composing the obvious inclusion map Q* < Q; with the projection Q, — Q;‘,/(Q;)z, we have the group
homomorphism Q* — Q5/(Q;)?. Clearly (Q*)? lies in the kernel of this homomorphism, and hence we get a
map

Q*/(Q)? — Q;/ (@)
As Q is dense in Q, one can check that the above map is surjective. It is easily seen that disc,V is the image
of discV under the above map.

To see how the Hasse algebra SV is related to the local invariants, recall that SV ®q Q, = S(V},), and so the
Brauer class of SV ®g Q, in Br(Q,) is determined by h,(V'). These p-adic Hasse invariants for varying p turn
out to be related to each other. Recall the Hilbert symbols [a, B]g, € {#1} which describe the isomorphism
Br(Q,) = Z/2Z. Since Q C Q, for all p, we of course have the Hilbert symbols [a,b], := [a,b]g, € {£1} for
a,b € Q over all finite primes p. Since Br(R) = Z/2Z as well, we can also define the Hilbert symbol over R as
before:

(2, s = 1 if (z,y)r =& My (R),
’ —1 if (z,y)r = (=1, —1)g.

As before, we have [z,y]g = 1 if and only if there exist z,w € R such that xz? + yw? = 1. Hence, [z,y]r = 1 if
and only if one of x or y is positive, and is —1 if and only if both x and y are negative.

We thus have Hilbert symbols [a, b], for all primes p < oo and for all a,b € Q™.

Theorem 5.1 (Hilbert Reciprocity). Let a,b € Q* be arbitrary. Then for almost all primes p, we have
[a,b], =1, and we have
H [a,b], = 1.

p<oo

Remark 5.2. The fact that [a,b], = 1 for almost all p guarantees that the product []
defined.

p<ool@blp = 1 is well-

Proof. Recall that there are only finitely many primes p such that |abl, = 1. In particular, for almost all p,
both a and b are p-adic units. By Lemma 4.38(6), we then have [a,b], = 1 for almost all p > 3. In particular,
the map
Q* X Q* — {i1}7 (a’a b) = H [avb}P
p<oo
is a well-defined group homomorphism. Since Q* is the product of {£1} times the free abelian group generated
by the primes, it suffices to show that [], . [a,b], = 1 whenever a and b are primes or —1.

Suppose first that a and b are prime numbers. In particular, they are positive. Then [a, b], = 1 for all primes
p ¢ {a,b} (by Lemma 4.38(6) again), as well as for p = oco. Thus [] a,bl, = [a,blala, blp[a, bl2. By quadratic

a—1 b—1

reciprocity, we have [a, b]4[a,b]y = (—1)"2 = , which by Lemma 4.40 is also [a, b]o.

péoo[

Now suppose that b = —1. If a is a prime, then [ . la,—1], = [a,—1]s[a,—1]>. By Lemma 4.40 and
Lemma 4.39, both [a,—1], and [a,—1]2 are equal to (—1)a51‘ If a = —1 as well, then J[ . [-1,-1],

—1,—1]s = 1 by Lemma 4.40. O]
[ ] y

Since h, (V) is a product of Hilbert symbols, we have the following.

Corollary 5.2.1. For any reqular quadratic space V over Q, we have h,(V) =1 for almost all primes p, and

II (v)=1.

p<oo

Here, we set
_J1irS(Veo) = Ma(R),
hoolV) = {—1 if S(Vao) = (=1, —1)g.

Remark 5.3. More generally, notice that tensoring with Q, induces a map Br(Q) — Br(Q,) = Q/Z. This map is
called the local invariant map and often denoted by inv, : Br(Q) — Q/Z. Hilbert reciprocity then immediately
follows from the following hard theorem of global class field theory.
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Theorem. There is a short exact sequence

0 Br(@) =227 @) Br(@,) = Q/Z — 0.
p<oo
Here, we set Br(R) = (3Z)/Z C Q/Z.
Now consider p = o0, i.e. Vo = V ®g R. We have the two invariants ind"V,, and ind~ V., giving the

dimensions of a maximal positive definite and a maximal negative definite subspace of the real space V. We
write these two invariants as simply ind*V and ind~ V.

Ezercise 5.4. Show that heo (V) = (—1)zind” V(ind"V—1)
From the above discussion, the following is fairly obvious.

Proposition 5.5. IfV and W are regular quadratic spaces that are isomorphic over Q, then dimg V' = dimg W,
indtV = ind™W, ind”V = ind~ W, and for any finite prime p we have disc, V' = disc, W and h, (V) = hp(W).

Remark 5.6. By Corollary 5.2.1, in practice we only need to check that hp(V') = h,(W) for only finitely many
primes p.

It turns out that the converse is true as well!

5.2 The Hasse-Minkowski Theorem

In this section, we prove the Hasse-Minkowski Theorem (or, to be more precise, Minkowski’s contribution to
the theorem).

Theorem 5.7 (Hasse-Minkowski for Q). Suppose V' and W are regular quadratic spaces over Q. Then V = W
if and only if V, =2 W, for all primes p < oco.

Corollary 5.7.1. Suppose that V and W are regular quadratic spaces over Q. Then V = W if and only if
dimg V' = dimg W, ind™V = ind™ W, ind”V = ind™ W, and for any finite prime p we have disc, V' = disc, W
and hy, (V') = hp(W).

As described in the overview, the Hasse-Minkowski theorem is an example of a local-global principle. A local-
global principle, at least in the case of number theory over characteristic 0, is any result that says that to check
something ‘globally’ (over Q, or over arbitrary number fields), it suffices to check ‘locally’ (i.e. over Q, over all
p, or more generally over all completions of number fields). Of course, local-global principles don’t often hold,
as we shall see with Z later on. Studying local-global principles, or obstructions to local-global principles, is
pretty much what arithmetic geometry is all about.

We prove the Hasse-Minkowski theorem by proving the following (mild) generalisation.

Proposition 5.8. Suppose V' and W are regular quadratic spaces over Q with dimg V < dimg W. Then there
exists an isometry V — W if and only if there exist isometries V,, — W), for all primes p < oo.

We will prove Proposition 5.8 by proving the strong Hasse principle. The strong Hasse principle is also a
local global principle. The proof of the strong Hasse principle is actually greatly simplified in the ternary and
quaternary cases if we pass to a quadratic extension of Q and then use non-trivial results from algebraic number
theory (for instance, in the ternary case, we need a result from global class field theory). For convenience, we
give an elementary proof using only results proven (or left as an exercise) above. We first need a technical
lemma.

Lemma 5.9. Let P be a finite set of primes p < co. Suppose oo € P. Forp € P, let t, € Qy be given. Then
there is a t € Q* and a prime pg ¢ P such that

o tc tp((@;‘;)2 for allp € P,

o [t|, =1 forallp ¢ (PU{po}).
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Proof. Write € to be the sign of to, l.e. €x € {£1} such that exfoe € Rsg. Write P\ {0} = {p1,...,pr}-
For each 1 < i < r, write t,, = p;’s; for s; € Z3 and r; € Z. Pick any finite prime py not in P satisfying the
congruences
epo [[ ) =si(modp)
1<j<r,j#i

where e; = 1 if p; odd, and e; = 3 if p; = 2. By the Chinese remainder theorem this is equivalent to asking
that po ¢ P satisfy a single congruence py = a (mod m) for ged(a, m) = 1. Such a prime exists by the following
theorem of Dirichlet.

Theorem. Given any m € N and any a € Z relatively prime to m, there exists infinitely many primes p such
that p = a (modm).

With pg so defined, set
T
t = €ppo pr €Q.
i=1

Clearly t € Zj, for all p ¢ P U {po}. One checks, by our choice of py and by the local square theorem, that
tet,(Qy)? forallp e P. O

Theorem 5.10 (The Strong Hasse Principle for Q). A regular quadratic space V' over Q is isotropic if and
only if V, is isotropic for all primes p < oo.

Proof. Necessity is obvious. So suppose V is a regular n-ary quadratic space over QQ such that V), is isotropic
for all primes p < oco. In particular n > 2. Fix an orthogonal basis 1, ..., z, for V with respect to which we
have
V{a) L L {(ay)

for integers a; € Q.

First suppose n = 2. Then V,, is the hyperbolic plane for all p < oo; in particular, we have disc,V = —((@;;)2
for all primes p. Thus —ajaz is a square in Q, for all finite primes p, and —ajaz > 0. It follows that —ajas is
a square in Q, so that discV = —(Q*)2. Corollary 1.17.2 then implies that V is isotropic.

Now suppose n = 3. By scaling ), we may suppose that a; = 1, so that V' 2 (1) L (as) L (a3), where without
loss of generality as,ag are square-free integers. We prove the n = 3 case by induction on m := |as| + |ag|. For
m = 2, we have V = (1) L (£1) L (£1). Isotropy at R implies that V' 2 (1) L (1) L (1), and so we see that
V is isotropic over Q. Now suppose m > 3. For any p|as, we have by isotropy at V, that —as is represented
by (1) L {(a3), so that —as is a square modulo p. Thus —as is a square modulo Hp‘as p = az. In particular,
we can find ¢ € Z with [¢| < %]as| such that t* = —ay + agzau? for some non-zero squarefree a} € Z and some
u € Z. The inequality [¢| < 1|as| implies that |a}| < |as|. For any prime p < oo, suppose &,n € Q, satisfy

1+ a26? + azn? = 0. Then , ,
&t —1 , t? + ap
1 =0,
T <t+§a2 T\ ey

and so V' = (1) L {ag) L {a3) is isotropic at all p < co. By induction, V' is isotropic over Q, and so there exist
z,y € Q such that

1+ agax® + ahy* = 0.

2 2
axt —1 y(t? + az)
1+a tag | A ) =
? <t+ma2> 3 (u(t+£a2)

and hence V is isotropic at Q. The n = 3 is thus established.

It follows that

Let us now do the n = 4 case. Since V), is isotropic for all p < oo, there exists ¢, € Q) such that ¢, €
Q(Qpz1 L Qpzo) and —t, € Q(Qpzs L Qpza). Let P’ be the set of all (finite) primes dividing 2a;asasa4, and
let P = {oo} U P’. By Lemma 5.9, there exists ¢ € Q* and a prime pg such that ¢ € ¢,(Q})? for all p € P and
[t|, =1for all p ¢ PU{po}. Consider the two ternary spaces over Q

U1 = <CL1> 1L <a2> 1 <—t> U2 = <a5> 1 <a4> 1 <t> .
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The construction of ¢ implies that U; and Us are both isotropic for all p € P. For all primes p ¢ PU{po} (which
are, in particular, odd), we have aj,as, —t € Z, and so Uj is isotropic at p by Lemma 4.44. Similarly Uz is
isotropic at p for all such p ¢ P U {po}. Hence U; and Us are isotropic at p for all p # pg (including the infinite
place). In particular, (a1) L (az) over Q, represents ¢. It follows from Proposition 4.35 that U; is isotropic at p

if and only if [a1¢, ast], = 1. Thus we know that [a1t, ast], = 1 for all p # po. However, by Hilbert reciprocity,

we have
H [a1t7 a2t]l7 = 17
p<oo

which forces [a1t, ast],, = 1 as well. Thus U; is isotropic at py as well. Similarly Us is isotropic at py is isotropic
as well. Hence, the ternary spaces U; are isotropic at all places of @, and so by the strong Hasse principle for
n = 3 (proven above), the U; are isotropic over Q. In particular, Qz; L Qs represents ¢t and Qzs L Quy
represents —t. It follows that V' is isotropic.

We are now left with the case of n > 5. We prove by induction on n for n > 2, where the base cases of
n = 2,3,4 is done above. Now suppose n > 5. Set U = Qx; L Qxo and W = Qxs L --- L Qx, so that
V=U1LW. Then V, = U, L W, for all p < co. Let T denote the set of primes p < oo such that W), is
anisotropic. By Lemma 4.44, we have p ¢ T whenever p is a finite prime not dividing 2a;as2 - - - a,, and so T' is a
finite set. If T' is empty, then W is locally isotropic everywhere, and by the inductive hypothesis W is isotropic
over Q, and we are done. So suppose 7' is non-empty. Pick y, € Q at each p € T such that u, € Q(U,) and
—pp € Q(Wp); such a p, € Q, exists by isotropy of V,,; we can guarantee p, # 0 since either U, is anisotropic
as well, or U, is isotropic and thus universal. Write p, = Q(&px1 + npa2) for some &,,n, € Q, for all p € T. By
the weak approximation theorem (see Theorem 4.13), we can find £, n € Q with £ close to &, and 7 close to 7,
(under |.|,) for each p € T. Set p = Q({x1 + nx2). By making |£ — §,|, and |n — |, small enough, we may
make g arbitrarily close to u, for all p € T Thus we can make |uu, 1 — 1], <eforall pe T, for any arbitrary
€ > 0.

*

However, one can check that (Qp)2 is an open subset of Q,,, and so by making e small enough we can guarantee
1€ pip(Q5)?. Thus —p € Q(W,) for all p € T. We already have —p € Q(W,,) for p ¢ T by isotropy of W, at p.
Hence, the n — 1-dimensional subspace V' := (£x1 + nze) L W of V is isotropic over Q) for all primes p < oco.
The induction hypothesis then implies that V' is isotropic over Q, and so V is isotropic over Q. O

Proof of Proposition 5.8. First suppose dimV = 1, say V = (a). Then « is represented by W for all p, and
so (—a) L W is isotropic at all p. By the strong Hasse principle, (—«) L W is isotropic over Q, and so W
represents o over Q. We thus have an isometry V = (a) < W. We now proceed by induction on dim V.

Pick any anisotropic x € V. We have isometries Qpz — V,, < W), for all primes p < oo, and so by the
1-dimensional case we have an isometry Qx — W. Since z is anisotropic, we have splittings V = (z) L V'
and W = (z) L W'. For each prime p < oo, using Witt’s extension theorem, we get isometries Vp' — Wz/r
The inductive hypothesis implies that there is an isometry V' < W’ over Q. Hence we have an isometry
V—oW. O

Ezercise 5.11. Show that the spaces (1) L (1) L (1) L (1) and (b) L (b) L (b) L (b) are isomorphic over Q for
all b € Q*.

Ezercise 5.12. Consider the three quadratic forms
f=a?+ad+ 1623 —23, g=327 + 70 —4wzxy, and h=2z? + 222 + 525 — 1627 — 2wpw3 — 27173,
Which of these forms are isotropic over Q7 Are any of these isomorphic to each other?

Ezercise 5.13. Suppose V and W are regular quadratic spaces over Q with V,, & W,,. Suppose that there
exists a finite prime py such that V,, =2 W), for all primes p # py. Show that V = W.

5.3 Prescribing Local Behaviour

As in the case of local fields, now that we have a set of invariants for a quadratic space that determine it up
to isomorphism, one can of course ask whether such a quadratic space exists for a prescribed set of invariants.
This is the content of the following.
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Theorem 5.14. Let n > 1. Suppose, for each prime p < oo, we are given a regular n-ary quadratic space Up
over Q,. Then, there exists a reqular n-ary quadratic space V over Q such that V,, = U, for all primes p < oo
if and only if

1. there exists dy € Q" such that discU, = do((@;‘,)2 for all p,
2. h(Up) =1 for almost all p, and
3. [[y<oo MUp) = 1, where we define h(Us) as the image of S(Us) under Br(R) = Z/2Z.

This V' is necessarily unique (by Hasse-Minkowski).

Proof. Necessity is clear from what has been discussed before. We proceed by induction on n. If n = 1, we
may simply take V' = (dp). So suppose n > 2. So suppose we are given U, satisfying the above constraints. Let
P = {0,2} U P’ where P’ is the set of all odd finite primes p such that either |dy|, # 1 or h(U,) = —1. This is
a finite set by condition (2) and the fact that dy € Q. For each p € P fix ¢, € Qj such that t, € Qu, (Up).

Suppose first that n = 2. Lemma 5.9 guarantees the existence of ¢ € Q* and a prime py ¢ P such that
t€t,(Qp)? forallp € Pand|t], = 1for p ¢ PU{po}. Set V = (t) L (dot). We clearly have disc,V = do(Q})? =
discU, for all p < co. Notice that h,(V) = [t,t],[t, dot?], = [t, —1],[t,do]p = [t, —do]p. A computation checks
that h,(V) = h(U,) for all p € P. For p ¢ P U {oo}, one easily checks that h,(V) = 1 = h(U,). Hilbert
reciprocity then forces hp, (V') = h(Up,). Hence V,, = U, by Theorem 4.47.

*

Now suppose n > 3. As a result of the weak approximation theorem and the fact that (Qp)2 is open in Qy,
we can find ¢ € Q* such that ¢ € ,(Q})? for all p € P. We thus have t € Qu, (U,) for all p € P. For all p ¢ P,
we have |dy|, = 1 and h(U,) = 1. Theorem 4.47 implies that U, = (1) L --- L (1) L (do), and so Lemma 4.44
implies that U, is isotropic. In particular, it is universal, and so t € Q(U)) for all p ¢ P. Hence, for all primes
p < oo, we have U, = (t) L UI’J for some n — 1 dimensional regular quadratic space UZ’, over Qp.

Notice that for all p, discU), = (dot)(Q})? where dot € Q. Next, we have h(U,) = [t, dot],h(U}). In particular,
for almost all odd p, we have [t,dot], = 1 as t and dy are p-adic primes. We also have h(U,) = 1 for almost
all p. Hence h(U,) = 1 for almost all p. Hilbert reciprocity (and its corollary) then implies that [, h(U}) = 1.
Thus, the U, satisfy the conditions of the theorem, and so by the induction hypothesis there exists V' over Q
such that V) = U}. We may then take V' = (t) L V' O

Combining the above theorem with what we know about quadratic spaces over local fields, we have the
following.

Corollary 5.14.1. Let n > 2 and 0 < g < n be given integers. For each finite prime p, suppose we are given

dpy € ((@;)/(Q;‘))2 and hy, € {£1}. Then, there exists a unique regular n-ary quadratic space V over Q satisfying

ind™V =¢q, h,(V)=h, Yp and disc,V =d, ¥p
if and only if the following conditions hold:
1. for each (finite) prime p, either n >3, or d, # —(Q;)Q, or h, = [=1,—-1]q,;
2. there exists d € Q* such that d = d(@;;)2 for all finite primes p, and (—1)"~d € Rsq;
3. hy =1 for almost all p; and

4. Hp hy = (71)%(""1)(”*‘1’1) (the product beign over all finite primes p).

5.4 Quadratic Spaces over General Number Fields

Remark 5.15. This section is for those who are interested in the theory of quadratic spaces over number fields.
In particular, I will be assuming some basic knowledge of algebraic number theory. This section was not covered
in class, and may be safely skipped.

Let K be a number field. Each finite place v of K corresponds to a prime ideal p of O, while each infinite
place corresponds to either a real embedding K — K, = R, or a complex embedding K — K, = C. Given a
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regular n-ary quadratic space V over K, we can assign the local invariants
hy(V) =h(V @k K;) and disc,V =disc(V @k K,)
at primes p of Ok, and for the real places v we have
inv V:i=invT(VegR) and inv,V :=inv (V @k R).

We also have the Hilbert symbols [a, b], := [a, b]x, associated to each p.

5.4.1 Hilbert Reciprocity

We still still have Hilbert reciprocity.

Theorem. For almost all p, we have [a,b], = 1. Also,

( H [aﬂb]R> : <H[aab]tﬂ> =1
v real P

Unlike over Q, the proof of Hilbert reciprocity for general K requires class field theory. It is a direct corollary
of the short exact sequence

0= Br(K) = (D Br(K,) = Q/Z — 0

where
Q/z if v finite,

Br(K,) =< (3Z)/Z if v real,
{1} if v complex.

Exactness on the right is trivial, exactness in the middle is a result of class field theory, and exactness on the
left is the Albert—Brauer—Hasse—Noether theorem.

However, we can also reformulate Hilbert reciprocity in terms of classical class field theory. We recall some
of the statements.

1. (Kummer Theory) Let n > 2. Suppose K is a number field containing all n’th roots of unity. Let A be a
subgroup of K*/(K*)", and write A% := {{/a: a € K,a(K*)" € A}. Set L = K(A=). Then L is a finite
extension, and there is a natural bijection

A = Hom(Gal(L/K),C) = Hom(Gal(L/K), i (C)), b(K*)" — xs
where p,,(C) is the group of n’th roots of unity in C.

2. (Local Class Field Theory - Artin Reciprocity) Suppose L/ K is a finite abelian extension of non-archimedean
local fields, and let N,k : L — K be the field norm. Then, there exists a canonical isomorphism (the
local Artin reciprocity map)

Write Arty g (a) == Arty /g (a . NL/K(L*)). It turns out that the local Artin reciprocity map sends all
uniformisers to the Frobenius map in Gal(L/K), while Art;,x maps any unit to the identity.

3. (A part of Artin’s Global Reciprocity Law) Suppose K is a global field, and L a finite (Galois) abelian
extension of K. For each valuation v of K, fix a valuation w of L above v. If v is non-archimedean, we

already have a map
Arth/Ku : K: *> Ga‘l(L’U.HKU) C Gal(L/K).

For v real and w complex, we define a map
Artp k, : Ky — 2/27 = Gal(Ly, K,) C Gal(L/K)

that takes positive reals to the identity and negative reals to complex conjugation. In all other cases, we
have L,, = K, and we define Art; ,x, to be the trivial map.
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In this set up, it turns out that for any a € K*, we have Art;, ,x, (a) is the identity in Gal(L/K) for
almost all v. Moreover, we have the following product in Gal(L/K):

HAI‘th/K/U (CL) =1.

Now suppose K is a global field and p is a prime. In the notation of statement (1), take A = K /(K ;)" itself
and set L = K,(AY™). It turns out that Ny (L*) = (K*)". Set

o, B8 = x (Arti (@) € pan.

These are the n’th order Hilbert Symbols on K. It turns out that the second order Hilbert symbol corresponds
precisely to the Hilbert symbol defined previously in the context of quaternions. Hilbert reciprocity immediately
follows from statements (2) and (3) above.

5.4.2 Hasse-Minkowski

We still have the Hasse-Minkowski theorem.

Theorem. Suppose V' and W are reqular quadratic spaces over the number field K. Then V=2 W over K if
and only if V @g K, 2 W ®k K, over K,, for all places v of K.

Remark 5.16. Minkowski only proved the case K = Q, and Hasse generalised to arbitrary number fields.

The proof of the Hasse-Minkowski theorem for general number fields follows that of Q. Indeed, one first
proves the following.

Theorem (Strong Hasse Principle). Suppose V' is a regular quadratic space over a number field K. Then V is
isotropic over K if and only if V ®k K, is isotropic over K, for all places v of K.

The proof of the strong Hasse principle over number fields mostly follows as in the case of Q, except in the
ternary and quaternary cases. In these two cases, one needs to argue slightly differently (see [OMe73, Theorem
66:1]). For instance, in the ternary case, one replaces the use of Dirichlet’s theorem on primes in arithmetic
progression with some basic results from class field theory. Once the strong Hasse principle is established, the
Hasse-Minkowski theorem follows in exactly the same way as in the case of Q.

We can also prescribe local behaviour as before. The theorem carries over mutatis mutandis.

Theorem. Let n > 1 and K a number field. Suppose, for each place v of K, we are given a reqular n-ary
quadratic space U, over K,,. Then, there exists a regular n-ary quadratic space V over K such that V&g K, = U,
for all places v of K if and only if

1. there exists dy € K* such that discU, = do(K})? for all places v,

2. h(U,) =1 for almost all places v, and

3. 11, h(Uy) = 1.
This V is necessarily unique (by Hasse-Minkowski).

The proof for general number fields is again slightly different. As before, instead of Dirichlet’s theorem on
primes in arithmetic progression, one uses some facts from class field theory (see [OMe73, §72]).
6 Lattices over Principal Ideal Domains

We now consider the study of quadratic forms over rings, not fields. The simple fact that distinguishes the
theory of quadratic forms over rings from over fields is that one can always divide by non-zero elements in a
field. In general rings, this does not hold, which complicates the theory significantly. However, we stick to
integral domains; by embedding into the fraction field, we can then use results that we have proven over fields
to obtain results over rings.
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In this section, we will mostly be concerned with quadratic forms over PIDs. The general theory of lattices
does extend to arbitrary Dedekind domains. Recall that Dedekind domains are integral domains in which every
non-zero proper ideal factors uniquely as a product of prime ideals. The main example of Dedekind domains
are the rings of integers Ok for K a number field. PIDs are also Dedekind domains. See [OMe73, Chapter
VIII] for details on the general theory of lattices over Dedekind domains.

Throughout this section, let R be a PID with fraction field K.

6.1 Necessary Results About PIDs

Before introducing the theory of lattices over PIDs, let us recall some basic definitions and facts about PIDs
that we will need. For proofs, see pretty much any book on abstract ring theory.

Definition. A PID (or principal ideal domain) is an integral domain R in which every ideal of R is principal
(i.e. generated by a single element).

Examples include all local rings, Z, k[z] for k a field, etc.
Definition. A prime element 7 € R is an element of R such that 7|a8 implies that 7|« or «|g.

Lemma 6.1. Fvery prime element 7 is irreducible, i.e. if m = af for a, 8 € R, then one of a or B is a unit
n R.

Proposition 6.2. Every PID is a UFD. In other words, for any a € R\ {0}, there exist prime elements
Ty, T (unique up to permutation and multiplication by units) such that o = 7y« - - 7.

Corollary 6.2.1. For any a € K*, there exist distinct prime elements w1, ..., 7. in R and integers aq, ...,a, €
Z\ {0} such that o = en{* -+ - wo" for some € € R*. Moreover, the m; are unique up to multiplication by units
and up to reordering, the a; are unique, and r is unique.

Definition. A fractional ideal of R is an R-submodule a C K such that aa is an honest ideal of R for some
a € R (possibly equal to R itself).

In particular, both {0} and R are fractional ideals of R. Also, every ideal of R is a fractional ideal. Since by
definition every ideal of R is principal, the previous corollary implies the following.

Lemma 6.3. FEvery fractional ideal in a PID R is of the form aR for some « in the fraction field of R. This
a s unique up to multiplication by a unit.

We will also need the following structure theorem for finitely generated modules over PIDs.

Theorem 6.4 (Structure Theorem of Finitely Generated Modules over PIDs). Suppose M is a finitely generated
module over a PID R.

e There is a direct sum decomposition
M o R’n o) MtOT

into a free module R™ for a unique n > 0 and the submodule
M™" :={m € M :am =0 for some a € R\ {0}}
consisting of all torsion elements of M. This n > 0 is called the rank of M, and

e Fvery R-submodule of M is also a finitely generated R-module.

6.2 Abstract Lattices

Suppose V is any vector space over K, i.e. we do take any quadratic space structure on V.

Definition. A lattice (over R) is an R-submodule L of V' such that there exists a K-basis z1,...,z, of V
satisfying L = Rx1 4+ Rxo + - - - + Ry for some 1 < k < n. The lattice is said to be full if L spans V. The basis
1,...,Ty of V above is said to be adapted to L.
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In particular, {0} is a lattice. Clearly, the rank of a lattice satisfies
rankl = k = dimyg KL

where k is as in the definition above. Notice that any lattice L is always a full lattice in the subspace KL of V.
Given any o € K, we define oL := {ax : © € L}. Clearly aL is a lattice if L is a lattice.

The structure theorem (Theorem 6.4) gives us the following characterisation of lattices.
Proposition 6.5. Suppose M is a R-submodule of V. The following are equivalent.

1. M is finitely generated over R.

2. M 1s a lattice.

3. For any given full lattice L, there exists a non-zero a € R such that aM C L.

4. M C Rxy + -+ Rz, for some basis x1,...,x, of V.

Proof. (4) = (1) follows immediately from the structure theorem, noting that Rx1 + --- + Rx,, is a finitely
generated R module. (3) = (4) follows by simply taking L := Rz + - - - + R, for any basis of V, and then
replacing x; with ézi.

We now show (1) = (2). Since V is obviously torsion free over R, so is M. The structure theorem then
implies that M is free, i.e. M = Rxy + --- + Rx,, for some z1,...,x, € M C V that are linearly independent
over R. If any non-trivial K-linear combination of z1, ..., z,, is zero, then by clearing denominators we would get
a non-trivial R-linear combination of z1, ..., z,, equalling 0. It follows that z1, ..., x,, are linearly independent
over K. Hence M is a lattice.

It remains to show (2) = (3). Write L = Rzy + -+ Rz, and M = Ry; + --- + Ry,,. Each y; can be
written as x; = > Qi Ty There exists & € R such that aa;; € R for all ¢, j (we are just clearing denominators).
Hence ay; € L for all ¢, and thus aM C L. O

Corollary 6.5.1. Suppose U is a subspace of V, and L is an R-submodule of U. Then, L is a lattice in U if
and only if L is a lattice in V.

This corollary in particular allows us to often assume lattices are full without loss of generality.
Corollary 6.5.2. LN M is a lattice in V whenever L and M are lattices in V.

We define
M+N:={m+n:meMneN}CV.

Corollary 6.5.3. L + M is a lattice in V whenever L and M are lattices in V. Moreover, L + M 1is full
whenever at least one of L or M is full.

Exercise 6.6. Prove Corollary 6.5.1, Corollary 6.5.2, and Corollary 6.5.3.
The following identities are clear:
a(MNN)=(aM)n(aN), (a+p)M =aM + N, and «(M+ N)=aM + aN.
Now suppose L is a lattice, and x € KL is non-zero. Then L N Kx is a rank 1 lattice in KL, and so

LN KL = Ry for some y € L N Kx. Writing y = ax for a € K, we have L N Kz = aRx. Thus, given any
x € KL we can find a fractional ideal a of R such that a-x =L N Kx.

Definition. Suppose x € KL is non-zero. Then, o € K* is a coefficient of x in L if R(ax) = LN Kx.
Lemma 6.7. Suppose x € KL\ {0} for L a lattice. Consider the set

¢ :={8€K:pxelL}
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Then ¢, is a fractional ideal, and ¢, = aR if and only if a is a coefficient of x in L. In particular, x € L if and
only if R C c,.

In particular, it follows that the coefficient of x in L is uniquely defined up to multiplication by a unit of R.
FEzercise 6.8. Prove Lemma 6.7.

Definition. The ideal ¢, given in Lemma 6.7 is called the coefficient ideal of x in L. We denote the coefficient
ideal by ¢& (or ¢, if the lattice is known).

Note that the coefficient ideal of = in L is a fractional ideal.
Ezercise 6.9. Show that a(cu.) = ¢,

Lemma 6.10. Suppose L = Rx1 + --- + Rz, is a full lattice of V. Let x € V \ {0} be arbitrary, and write
r=a1r1+ -+ apxy,. Then,
=[] (o5'R).

1<i<n,a; #0

FEzxercise 6.11. Prove Lemma 6.10.

Definition. Suppose L is a lattice. A vector x € KL is a mazximal vector of L if the coefficient of z in L is a
unit. In other words, x is a maximal vector of L if ax € L holds if and only if o € R.

Thus, all basis vectors of a lattice are maximal vectors.

Ezercise 6.12. Suppose x € V is a maximal vector of a lattice L. Show there exists a basis z1,...,x, of V
adapted to L such that z; = z.

Ezercise 6.13. Suppose x1, ..., X, is a basis for V, and let L be a full lattice. Then, 1, ..., x, is a basis for L if
and only if x; is a maximal vector of L for all 1 <i <n.

Proposition 6.14. Suppose the PID R has the property that R/m is a finite field for all prime elements w of
R. Then, between any two lattices M C L of the same rank, there exist only finitely many lattices N such that
MCNCL.

Remark 6.15. This assumption on R holds for R = Z,, and for R = Z, which are the cases we are most interested
in.

Proof. Without loss of generality we suppose L and M are full. Then L/M is a finitely generated R-module.
Suppose  + M € L/M. By Proposition 6.5, there exists &« € R\ {0} such that oL C M, and so a(z + M) =
M € L/M. Thus z+ M is a torsion element. Hence, L/M is a torsion module, and so by the structure theorem,
we can write

L/M = (R/y1) x -+ (R/v)

for unique r and unique v; € R\ {0} such that ;11]v; for 1 <14 < r. By the assumption on R, and the fact that
each 7; has a unique factorization into finitely many primes, it follows that each of R/~; are finite sets. Thus
L/M is a finite R-module. Hence, there can only be finitely many lattices N such that M C N C L. O

6.3 Quadratic Lattices
6.3.1 Classes

Now suppose L is a regular lattice. If o € O(V), then o(L) is also a (regular) lattice. Clearly, Q(cL) = Q(L),
so that the elements of R represented by L is the same as those represented by o(L). We thus want to identify
o(L) and L as belonging to the same equivalence class, and we thus want to classify the equivalence classes of
lattices in V. This leads to the following definition.

Definition. The class of a lattice L, denoted cls(L), is the set of all full lattices K in V such that o(K) = L
for some o € O(V'). The proper class of a lattice, denoted cls™ (L), is the subset of cls(L) consisting of those
full lattices K such that o(K) = L for o € SO(V).
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Definition. The group of automorphisms of a lattice O(L) is the subset of O(V') consisting of those o € O(V)
such that o(L) = L. We denote by SO(L) the subgroup SO(L) := O(L) N SO(V).

Clearly O(L) and O(K) are isomorphic as groups whenever K and L are in the same class; indeed, O(oL) =
o0O(L)o~!. Notice also that SO(L) need not be a proper subgroup of O(L); indeed, it is possible for SO(L) =
O(L) in some cases.

Lemma 6.16. Suppose L is a full lattice on V.. Then clsL = cls™ L if and only if SO(L) is a proper subgroup
of O(L) (necessarily a normal index 2 subgroup).

Proof. We already have cls™L C clsL. So suppose K € clsL, and write K = oL for ¢ € O(V). If ¢ € SO(V),
we are done, so suppose deto = —1. Since SO(L) is a proper subgroup, there exists a 7 € O(L) such that
det(7) = —1. Then o7(L) = o(L) = K, and det(o7) = 1. Hence K € cls™(L). O

Ezercise 6.17. Show that there exists a natural bijection between clsL and O(V)/O(L), such that under this
bijection the subset cls™ L is in bijection with SO(V)/SO(L) < O(V)/O(L).

Ezercise 6.18. If dim V is odd, show that clsL = cls L.

6.3.2 Orthogonal Splittings

Recall that, given lattices L1, ..., L, in V, we can form the lattice L = Ly + --- + L,. We say that this sum is
direct, written L = L1 ® + - - - ® L., if every element in L can be expressed uniquely as a sum xj + - - - + z,. for
x; € L; (this is just the definition of a direct sum of R-modules).

Definition. Suppose L = L1 @ --- @ L,, and suppose that B(z;,z;) = 0 for all x; € L; and z; € Lj, for all
it # j. Then we write L = Ly 1 --- 1 L,, and say that L has an orthogonal splitting into the components
Lq,....,L,.. We say that the L; split L.

Clearly,
K(ILyLlL---1L)=KL;1---1KL,.

Notice that if V' and W are regular quadratic spaces containing lattices L and M respectively, then L L M
makes sense as a lattice in V' 1L W. We thus sometimes abuse notation by writing L = Ly | Lo for any arbitrary
lattices Ly and Lo (even if they do not live in the same quadratic space), by considering L, L, Lo as lattices in
KL=KL, 1 KLs.

If L is a full lattice in V, and suppose V has a basis x1, ..., £, we can form the matrix A = (B(x;,x;))i ; as
before. We have V = (A). We will write L = (A) to denote that L = Rxy + --- + Rx,. In particular, we can
consider a rank 1 lattice (o) = Rx where x satisfies Q(z) = 0. We say that 1, ..., 2, is an orthogonal basis for
L if

L=Rxy L ---1 Rx,.

Unlike in the case of a quadratic space, not all lattices have an orthogonal basis!
Finally, a comment on regularity.
Definition. A lattice L is reqular if KL is a regular quadratic space.

Throughout, we will assume that L is regular. The following exercise shows that this assumption is harmless
(see also Exercise 1.16).

Ezercise 6.19. For any lattice L in any quadratic space V, set
rad(L) ={x € L,B(z,v) =0V v € L}.
Recall also the subspace rad(V) from Exercise 1.16.
1. Show that rad(L) is a lattice in V.
2. Show that rad(K'L) = Krad(L) and that radL = L Nrad(KL).

3. Show that L is a regular lattice if and only if rad(L) = {0}.
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4. Show rad(L L M) =rad(L) L rad(M).

5. Given any lattice L in V, show that there exists a regular lattice M in V such that L = M 1 rad(L).

6.4 Invariants of Lattices

We now construct various invariants of a lattice.
Consider the following lemma.

Lemma 6.20. Suppose L = Rxq + --- + Rxy is a lattice in V. Consider any y1,...,yx € KL. Then y1, ...,y
is a basis for L if and only if we have y; = 3_; a;jz; where (a;;) € GLk(R) (importantly, det(a;;) € R*).

Proof. Since y; € KL, we can write y; = Zj ai;x; for a;; € K. Notice that y1, ..., yx is a basis for L if and only
if all the a;; € R and if there exists b;; € R such that z; = Zj bijy;. In particular, it follows that ¥, ...,y
is a basis for L if (a;;) € GLy(R) since we may take b;; = (a;;)~'. On the other hand, if we can find such
a (bij) € Mg(R), then we have z; = Ej (>, binan;) x;. Linear independence implies that (a;;)(bi;) = Iy in
Mk(R), and so ((lij) S GLk(R) ]

Thus, we see that the matrices X = (B(z;,z;))i; and Y = (B(y;,y;))i; satisfy Y = A*X A where A =
(aij)i,j € GLg(R) is in the lemma above. Thus detY = u*det X for some u € R*. Since we are assuming our
spaces to be regular, we also know that det X # 0. This motivates the following definition.

Definition. The discriminant of a full regular lattice L in V, written discL, is the class (det X)(R*)? €
K*/(R*)?. For any regular lattice L in V, by considering L as a sublattice of KL, we can thus define discL.

Since R* C K*, note that (discL)(K*)? = disc(KL). We also clearly have disc(aL) = «a?"discL where
r =rankL.

Also, since discL can be considered as an element of K* up to multiplication by (the square of) a unit, it
follows that the fractional ideal (discL)R is well-defined. This fractional ideal is sometimes referred to as the
volume of L.

Lemma 6.21. Suppose L and M are regular lattices of the same rank with M C L. Then (discM) - R C
(discL) - R, i.e. discM/discL € R/(R*)?. Moreover, discM /discL € R*/(R*)? if and only if L = M.

Proof. Without loss of generality, suppose L and M are full. Write L = Rx1+---+ Rxy,. Set X = (B(xi,x;));;
(so L =(X)). Write M = Ry; + - - - + Ryy; then there exists C' € M, (R) with entries in R such that

(Y1, ey Yn) = (21, ..., 2y C.

Set Y = (B(yi,y;))i; € Mn(K). A computation shows that Y = C*XC. Hence detY = (det C)? det X with
det C € R. The first result follows. The second statement follows from the fact that det C' € R* if and only if
C e GL,(R). O

Since disc(o L) = discL, we have the following corollary.

Corollary 6.21.1. Suppose L is a full reqular lattice. If o € O(V) satisfies oL C L, then oL = L and so
o€ O(L).

Related to the discriminant are the following two invariants.

Definition. The scale of a regular lattice L, written sL, is the fractional ideal of R generated by B(zx,y) for
x,y € L. The norm of a lattice L, written nL, is the fractional ideal of R generated by Q(L).

Again, by regularity of K'L we see that sL and nL are non-zero fractional ideals of R, i.e. sL = s(L) - R and
nL =n(L) - R for some s(L),n(L) € K*. Moreover, these elements s(L) and n(L) of K* are well-defined only
up to R*.
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If L=Rxy+ -+ Rx,, notice that

sL = Z B(zi,zj)- R and nL=Q(z1)R+---+Q(z,)R+2sL

1<i<j<r
as fractional ideals of R. In particular, 2sL C nL C sL.

The following properties of the discriminant, scale, and norm of a lattice follow from the definitions, and are
left as exercises.

Lemma 6.22. Suppose V' and W are reqular quadratic spaces. Let L be a full lattice in V., M a full lattice in
W, and write N = L + M for the corresponding full lattice in V' L W. Then,

sN =sL+sM and nN =nL+nM.

Lemma 6.23. s(aL) = o?(sL) and n(aL) = o?(nL).

Lemma 6.24. Let M be a non-zero lattice in the reqular quadratic space V. Then, there exists a full lattice L
on'V split by M (i.e. L =M L J for some lattice J in V) with the same scale and norm as M.

Lemma 6.25. Suppose L is a lattice of rank r. Then, discL C (sL)" (viewing discL as a coset in K*/(R*)?).
In other words, (discL)s(L)™" € R/R*.

Ezercise 6.26. Prove Lemma 6.23, Lemma 6.24, and Lemma 6.25.

6.5 Modular Lattices
Suppose L is a regular lattice of rank r. Write discL = a(R*)2. We know that o € (sL)".

Definition. Suppose a € K*. A regular lattice L is a-modular if (discL)R = aR and (sL)" = «aR (so that
s(L) = aR*). A lattice is unimodular if it is 1-modular.

Clearly BL is B?a-modular whenever L is a-modular. The lattice Rz with € V anisotropic is always
Q(x)-modular.

Lemma 6.27. Write L = (X) for X € M,.(K). Then L is unimodular if and only if X € GL.(R).
Exercise 6.28. Prove Lemma 6.27.

Given a lattice L, consider
L# :={x € KL:B(z,y) € RVy € L}.

This is the dual lattice. One can check easily that if L = Rxy+---+ Rz, and y; € KL is such that B(y;, z;) = 0;;
(the Kronecker delta), then
L# = Ry, + -+ Ry,.

Hence L# is an honest lattice. One can compute that K(L#) = KL, (L¥)# = L, (aL)# = o 'L# for any
a € K*, and (L L M)# = L¥ | M#. A simple computation shows that discL# = (discL)™!, i.e. if we write
discL = a(R*)? for a € K*, then discL¥ = o }(R*)2.

Proposition 6.29. Suppose L is a non-zero reqular lattice. The following are equivalent.
1. L is a-modular.
2. al# = L.

3. B(x,L) = aR for every mazimal vector x in L.

Proof. Suppose L is a-modular. Then B(L,a~'L) C R so that, by definition, a 'L C L#. On the other hand,
since discL = o (R*)? we have

disc(a™'L) = a~*"discL = a~"(R*)? = (discL) ™! = discL*.
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By Lemma 6.21, it follows that «~!L = L#. Hence (1) = (2). On the other hand, if (2) holds, so that
B(L,L) = B(L,aL#) C aR and thus sL C aR. Further, we have

discL = disc(aL#) = o disc(L#) = o"(discL) .
Hence discL = o"(R*)2. Since (discL)(R*) C sL, we see that sL = aR, and we are done.

Now suppose aL# = L, and let = be a maximal vector. We have B(x, L#) C R by definition of L#, so that
B(z,L) C aR. As x is maximal, we can find a basis z1, ..., z,, of KL with z; = x such that L = Rx1+-- -+ Rx,,.
Let 41, ..., yn be the dual basis of KL, i.e. y; satisfies B(y;,z;) = 6;;. Then L# = Ry; + - -+ + Ry,,. Hence,

aR D B(z,L) O B(x, Ray1) = aB(z,y1)R = aR.
Thus (2) = (3).

Finally, suppose (3). Since any basis vector for L is also maximal, it is easy to see that sL = aR. In particular,
B(a™'L,L) C R. It follows from the definition of the dual that a='L C L#. Now suppose y € KL \ L, so
that y = Bz for some = maximal in L with 8 ¢ R. Then, we have B(y,L) = B(x,L) = afR, which is not
contained in aR as 3 ¢ R. In particular, we see that no vector in KL\ L can lie in aL#, and hence aL# C L.
Statement (2) follows. O

Proposition 6.30. Suppose L is a reqular lattice and J is a a-modular sublattice of L. Then J splits L (i.e.
L=J 1L M for some sublattice M of L) if and only if B(J, L) C aR.

Proof. If L = J 1L M, then we see that B(J,L) = B(J,J) C sL = aR. So suppose that B(J,L) C «aR.
By regularity, we write KL = KJ L W for some subspace W of V. Write M = LN W. We claim that
L=J 1 M. We already have J L M C L. Suppose ¢ € L. Write z =y + z for y € KJ and z € W. Then
B(y,J) = B(z,J) C B(L,J) C aR. It follows that 1y € J#. By Proposition 6.29, we have y € J. Hence
z=a —y € L as well, and we are done. O

The definition of sL implies the following corollary.
Corollary 6.30.1. If J is an a-modular sublattice of L, where sL = aR, then J splits L.

Corollary 6.30.2. If L is a a-modular lattice and x is an isotropic vector in L, then there exists a binary
lattice J splitting L and containing x.

Proof. Let x1,...,x, be a basis for KL with z; = z. By scaling zs, ..., z,,, we suppose that x1, ..., z, is a basis
for L. Let y1, ...,y be a dual basis to z1,...,z, (i.e. B(xi,yj) = 0;;), so that L# = Ry, + -+ + Ry,. We have
al# = L. Take J = Rx + Ray;; this is clearly a binary sublattice of L containing x. A quick computation
shows that discJ = o?(R*)2. Also, we have sJ C sL C aR. Hence J is a-modular as well, and so splits L by
the proposition. O

Remark 6.31. Note the similarity to Corollary 1.17.1.

Suppose L is a non-zero regular lattice, and suppose a € K*. Define

L*:={zxeL:B(z,L) C aR}.

Lemma 6.32. For L a non-zero regular lattice, the following holds.

1. L% is a lattice with s(L%) C aR.

2. L* = L if and only if s(L) C aR.

3. L* =aL# N L.

4. BL™ C L™ C L for all B € R\ {0}.

5. If L is a-modular, then L = L and L*/? = L for all B € R\ {0}.

FExercise 6.33. Prove Lemma 6.32.

46



7 Lattices over Rings of Integers of Local Fields

We will now consider lattices over O, where K is a non-archimedean local field with valuation |.| and uniformiser
7. Since Ok is a local ring, it is a PID. Moreover, every fractional ideal of Ok is of the form 7" O for r € Z;
this makes the theory significantly simpler. This simple fact, for instance, implies the following very useful facts.

Lemma 7.1. If z,y € L are such that |B(z,y)| is the largest, then B(L,L) = B(z,y)Ox = sL.
Lemma 7.2. If x € L is such that |Q(x)| is the largest, then nL = Q(z)Ok.

In keeping with Section 4, in this section we will again restrict ourselves to non-dyadic fields and to Q2 only,
for simplicity. However, the theory for Qs carries over pretty much verbatim to any 2-adic field, i.e. any dyadic
field K where 2 is a uniformiser of K.

There are significant complications if the dyadic field is not 2-adic. A simple reason is that 26 C nL C sL; if
K is 2-adic, this double inequality immediately implies that nL = sL or nL. = 2sL. If K were not 2-adic, other
cases would need to be considered. For the general theory over dyadic local fields, see [OMe73, §93].

7.1 Automorphisms of a Lattice

Suppose L is a lattice on the regular quadratic space V over K.

Lemma 7.3. Let u be any mazimal anisotropic vector of L. Then 1, € O(L) if and only if 2B(u, L) C Q(u)Ok .

Proof. If 7,L = L, then 2%((2’)1)u = — 7,2 € L for all z € L. Since u is a maximal vector of L, we have
23&‘5) € Ok as required. On the other hand, if 2B(u, L) C Q(u)Ok, then 1,z = x — %u € L. Hence
TwL C L, and so 7, € O(L). O

Lemma 7.4. O(L) contains a symmetry of V.

Proof. Suppose u € L with Q(u)Og = nL; in particular, u is anisotropic. We claim that u is a maximal vector.
Since u € L, we already have R C ¢,. So suppose a € ¢, so that au € L. Then o?Q(u) = Q(au) € nL =
Q(u)Og, which implies a? € Ok. Hence o € O It follows that ¢, = Ok, and so u is maximal. Since

2B(u,L) € 2sL CnL = Q(u)Ok,

the condition of Lemma 7.3 is met and hence 7, € O(L). O

In particular, we see that SO(L) # O(L). Lemma 6.16 yields the following.
Corollary 7.4.1. We have clsL = cls™ L.

Thus, any two lattices that are equivalent are properly equivalent. This is useful!

7.2 Jordan Decomposition

Suppose L is a non-zero regular lattice. If there exists € L with Q(x)Ox = sL, then J = Ogx is a s(L)-
modular sublattice of L.. On the other hand, suppose Q(x)Of C sL for all x € L. Then we may pick z,y € L
with B(x,y)O = sL. Take J = Ogx+Oxky. Since |B(z,y)| > |Q(z)],|Q(y)|, the quantity Q(z)Q(y)— B(z,y)?
is non-zero, and it follows that J is a regular binary lattice. This also implies that sJ = B(z,y)Ox = sL and
that (discJ)Ok = B(z,y)?Ok = (sL)?. Hence J is actually as binary s(L)-modular sublattice of L. The upshot
is that we can always find a rank 1 or rank 2 s(L)-modular sublattice J of L. By Proposition 6.30, it follows
that
L=Jy L1 J

where each of the J; are rank 1 or 2 modular sublattices of L.

Definition. A Jordan splitting/decomposition of a lattice L is an orthogonal splitting L = Ly L --- L L, where
each of the L; are modular, and sL1 D --- D sL,.

By grouping the various J; according to their scales, we immediately get the following.
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Lemma 7.5. FEvery non-zero reqular lattice over Ok has a Jordan splitting.
We will now study to what extent the Jordan splitting is unique.
Recall the lattice L* for a € K*.

Lemma 7.6. Suppose L =1Ly 1 --- 1 L, is a Jordan decomposition, and let o« € K*. Then sL* = aR if and
only if L; is a-modular for some i. Otherwise, if none of the L; are a-modular, we have sL* C aOk.

Proof. Notice that, as a consequence of Lemma 6.32 and the fact that aOx C SOk if and only if |o| < |8, for
a f-modular lattice L the lattice L® is a-modular if and only if a = 3; otherwise, it is -modular for some
with || < |al.

Now suppose « is as in the statement of the lemma. We already know that sL* C aQk, and that
L*=Ly L. L LY.
If L; is not a-modular, then L¢ will be y-modular for |y| < |a|. On the other hand, if L$ is a-modular, then

LY = L;. Since sL® is the ideal generated by s;L®, the result follows. O

In fact, this proof shows that if there is an a-modular component L; in the Jordan decomposition of L, then
L; will occur first in a Jordan decomposition for L.

Proposition 7.7. Suppose L is a lattice over Ok with two Jordan splittings L =L, L --- L Ly and L = M; L
co+ L Mp. Thent =T, and for 1 <i <t we have sL; = sM;, nL; = nM;, and rankL; = rankM;.

Proof. Suppose that there is an a-modular component in the first Jordan splitting. The previous lemma
implies that sL* = aOk, and so (once again by the previous lemma) one of the components in the second
Jordan splitting is a-modular. The converse also holds, i.e. if there is an a-modular component in the second
Jordan splitting, then there is an a-modular component in the first Jordan splitting. In particular, we see that
t =T and that sL; = sM; for 1 <i <t.

Now suppose 1 < i < t, and take aOg = sL; = sM;. Since L; and M, are the first components in Jordan
decompositions of L®, we may suppose without loss of generality that i = 1. By scaling B, we may also suppose
that s = Ok . Consider the K-linear map ¢ : KL; — K M; defined as the composition

KLy—KL; 1. ..-1KL;=KL=KM,; 1 ---1 KMy — KM,.

Notice that ¢ satisfies ¢(L1) € M;. Since s(My L --- L M) = sMy C sM; = Ok, we see that B(z,2') =
0 (mod ) for all z,2" € My L --- L M;. Thus, for all z,2’ € L, we have

B(¢x, ¢z") = B(z,2") (mod 7).

Suppose ¢z = 0 for some non-zero x € K L. By scaling x, we may suppose x is a maximal vector of Ly. As L
is assumed unimodular, Proposition 6.29 implies that B(z,y) = 1 for some y € L;. Then, we have

1= B(z,y) = B(¢z, ¢y) = 0 (mod ),

which is impossible. Hence ¢ is injective. It follows that dim KL, < dim K M;. By symmetry, it follows that
dim KL; = dim K M; and hence that rankl; = rankM.

If K is non-dyadic, we are done as nL; = sL;. So we may suppose that K is 2-adic. Suppose nL; = O = sL;.
We can thus find z € L; with Q(x) = € for some € € O}. Then Q(¢z) = Q(z) = ¢ (mod w) which implies that
Q(¢z) € O%. Hence Og CnlMy C sM; = Ok, so that nM; = Og. By symmetry, we thus see that nL; = Og
if and only if nM; = Og. As 20k CnlL; C Ok and 2 is a uniformiser of K, it follows that nL; = nLs. O

Definition. Suppose L and M are lattices over O with Jordan decompositions L = L; L --- 1L L; and
M=DM; L.--- 1L Mp. We say that these Jordan decompositions are of the same Jordan type if t = T and if for
1 <14 <t we have sL; = sM;, nL; = nM;, and rankL; = rankM;

We have thus shown that two Jordan decompositions of the same lattice must be of the same Jordan type.
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7.3 K non-dyadic

For K non-dyadic, we have 2 € Oj.. This simple fact simplifies the entire theory of non-dyadic fields. Indeed,
notice that 2sL C nL C sL implies that sL = nL. In particular, we can find x € L such that Q(x)Og = sL.
From the proof of Lemma 7.5, it follows that L has an orthogonal basis, i.e.

LZOKJH J_OKl‘g 4. J_(’)Kxn.

Lemma 7.8. If L is a unimodular lattice, there ezists € € OF such that
L=(1)L---L (1)L {e.
Proof. Since L has an orthogonal basis, and since L is unimodular, Lemma 6.27 implies that we can write

L={(e)L--- L (e)fore € Of. Set € =¢€1---¢€,. It follows from Theorem 4.47 and a quick computation of
Hasse invariants that

1%

KL= (1) L (1) L L {e.
)

We can thus find a full lattice M = (1) L --- L (1) L (¢) on KL. We claim that M = L. We prove this by
induction on n = dim KL = rankL = rankM.

If n = 1, this is trivial. Suppose n > 2. Since any space of dimension > 2 is universal over the finite field kg,
we may find «q, ..., a,, € O such that

6o 4+ -+ e =1 (modm).

We cannot have all of g, ..., au, = 0 (mod 7), so reordering if necessary we may suppose ay € O . An application
of Hensel’s lemma to the polynomial

ar’+ (203 +---+epa?) -1

implies that, upon modification of a;, we can write e;a? + - -+ + €,a2 = 1. Thus there exists z € L such that
Q(z) =1, and so we have L = Ogz 1 L’ for L’ a rank n — 1 unimodular lattice with discriminant €(O%)2. By
the induction hypothesis, L' = (1) L --- L (1) L (e), and the claim follows. O

Since 0% /(0% )? is a group of order 2, the following corollary is obvious.

Corollary 7.8.1. There are only two classes of unimodular lattices of given dimension over a non-dyadic local
field.

Theorem 7.9. Suppose L and M are lattices of the same Jordan type on the reqular quadratic space V' over
K. Consider Jordan splittings

L=L;1---1L and M=M L ---1 M,.
Then clsL = clsM if and only if discL; = discM; for all 1 < i < t.

Proof. If clsL = clsM, we may suppose without loss of generality that L = M. Consider a specific i. Scaling
B, we may suppose that the modular lattices L; and M; are in fact unimodular. Then L; and M; are the first
components of Jordan decompositions for L', and so we may suppose i = 1 without loss of generality.

Now, from the proof of Proposition 7.7, there is a K-linear isomorphism ¢ : KL; — KM with ¢(L1) C ¢(M;)
and such that B(¢z, ¢y) = B(x,y) (mod w) for all z,y € L. Fix a specific basis for L; in which the discriminant
is € € O} . We then see that disc(¢L1) = discL (mod ), and so disc(¢L;)e~! = 1 (modn). The local square
theorem then implies that disc(¢L1) = €(O%)? as well. It follows from Lemma 6.21that ¢L; = M;. In
particular, we see that discM; = discL;.

Conversely, suppose that discL; = discM; for all 1 < ¢ < ¢. Since L; and M; are both modular of the same
scale and discriminant, it follows from Lemma 7.8 that K L; =2 K M;, and under this isometry, L; is sent to M;.
Combining these isometries for all i, we get o € O(V') such that oL = M, and the result follows. O

Corollary 7.9.1. Every non-zero regular lattice L over a non-dyadic field has a unique Jordan decomposition.
Moreover, two lattices in the same quadratic space with the same Jordan decomposition must be in the same
class.
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In other words, the Jordan decomposition uniquely determines the lattice, and vice versa.

Corollary 7.9.2. Fiz A € O} a quadratic non-residue in Kx. If L is a regular non-zero lattice, then there
exist unique

e positive integers t > 1 and mq,...,my > 1 with my + - - - + my = rankL,
e integers ey, ...,e; € 7 with e1 < --- < e, and
o ¢, €{0,1} for 1 <i<t,

such that
Le{(r®) L - L{x®) L{A7®) L. L (x®) Lo L (%) L (A%x®).

mi1—1 of them my—1 of them

Corollary 7.9.3. Suppose L is unimodular. We have Q(L) 2 O% ifdim L > 2, and Q(L) = Ok for dim L > 3.
Exercise 7.10. Prove Corollary 7.9.3.
We have thus completely classified quadratic forms over O for K non-dyadic!

Proposition 7.11. Suppose L is a full lattice in the n-ary reqular quadratic space V over K. Then, every
element of O(L) is the product of at most 2n — 1 reflections in O(L).

Proof. We proceed by induction on n. The statement for n = 1 is trivial, so we suppose n > 2. By suitably
changing @, we may suppose that sL = O. Pick 0 € O(L). Fix y € L with Q(y) € O} (such a y exists as
sL = Ok). From
Qly —oy) + Qy + oy) = 4Q(y) = 4e € Ok
it follows that one of Q(y — oy) or Q(y + oy) is a unit. If Q(y — oy) € O}, then 7,_,, € O(L) by Lemma 7.3,
and this reflection satisfies 7,_,,y = oy. On the other hand, if Q(y + oy) € O}, then a computation shows
that 7, 7y4+oy € O(L) and that
Ty+oyTylY = OY.

Thus, in any case, we can find p € O(L) that is the product of at most two reflections such that oy = py. Since
Oxy is unimodular, we have L = Ogy L L’ with rankL’ = n — 1, and (p~'o)|xr € O(L'). Since p~lo is a
product of at most 2n — 3 reflections by the induction hypothesis, it follows that ¢ is the product of at most
2n — 1 reflections. O

Ezercise 7.12. Show that, if L is a binary regular lattice, then every element of O(L) is in fact the product of
at most 2 reflections. Hence, show that for rankL > 2, every element of O(L) is the product of at most 2n — 2
reflections.

7.4 K = QQ

Remark 7.13. Rather than developing the theory of lattices for general dyadic fields as in [OMeT73], I have
chosen to take the simpler and cleaner route given in [Cas78].

Recall as before that any non-zero regular lattice L has a decomposition L = J; L --- L J,. where J; is a
rank 1 or rank 2 modular lattice. The only possible rank 1 lattices over Zy must clearly be one of the following

(2°),(3-2% ,(5-2°%, or (7-2°,
for some e € Z. Let us now study rank 2 unimodular lattices.
Proposition 7.14. If L is a binary unimodular lattice, then L is of the form
() L{e2), ((§0)), or ((12)).

where €1, €2 € 75 are some units.
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Proof. Suppose first that nL. = sL = Zs. Then there exists « € L with Q(x) € Z5. Then Zox is unimodular,
and we have a splitting L = Zox | Zoy for some y € L. Since sL = Zs, it follows that L = (1) L (eq) for some
units €1, €.

So we may thus suppose that nL = 2Z,. Pick z,y € L such that B(z,y) € Z5. Since nL = 2Zs, it follows
that = # y and that Q(z), Q(y) € 2Zs. Set ¢ := Q(z)Q(y) — B(z,y)?; we have

|6]2 = max{|Q(x)[2|Q(y)|2, 1} =1
since B(z,y) € Z3. Hence, disc(Zox+Z2y)Zs = Z2 = (discL)Za, and so Lemma 6.21 implies that L = Zsz+Zoy.

Suppose that Q(x) € 2Z3 and Q(y) € 2Z;. By scaling  we may suppose that Q(x) = 2a for some a €
{+1, 43}, and by scaling y we can assume that B(z,y) = 1. Write Q(y) = 2be? for € € Z5 and b € {41, +3}.
Consider the polynomial

p(z) = (4ba’e* — a)z® + (1 — 4abe®)x + be? — 1.

We have p/(z) = 1 — 4abe? + 2z(4ba’e® — a), and so [p/(x)|s = 1. Since p(1) = —a + 1 + be? — 1 = 0 (mod 2)
(as all of a, b, € are 2-adic units, and so are all 1 (mod 2)), Hensel’s Lemma then implies the existence of § € Z}
such that p(8) = 0. With this choice of /3, one can check that

Q(Br+(1-2aB)y) =2 and B(Bx+(1-2aB)y,z)=1.

Thus, by replacing y with 1 —2af, we may suppose that Q(y) = 2. One then checks that L = Zox' + Zoy where
Q(z') =2 and B(z',y) =1 for 2’ := (1 — 2a)z + ay where o € Z3 is one of the roots of the polynomial

a(l—2z)? +2* + (1 —22) — 1 =0.
Hence, we see that L = ((21)).

On the other hand, suppose that one of Q(z) or Q(y) is divisible by 4, say without loss of generality that
4|Q(y). By scaling = by a unit, we may suppose that B(z,y) = 1 as usual. Let £ be a root of the polynomial

Y- Q) + @R + (1 - Q(x)t)

2
Lemma. Then, one can check that L = Zox' + Zoy' with Q(z')

v = (1-3Q@)8) z - 3Q(@)(1-Qy)&y and 3 :=&x+(1-Qy)E)y.

The result follows. O

such that ¢ = 0 (mod 2); since p(0) = 1Q(y) = 0 (mod 2) and p’(0) = 1—Q(y)Q(x), one such ¢ exists by Hensel’s

= Y
0=Q(v') and B(«',y') =1, where

We have thus proven the following.

Corollary 7.14.1. The class of any regular lattice L over Zs contains a lattice which is an orthogonal direct
sum of the following types of rank 1 or 2 lattices:

(29),(3:2%,(5-29,(7-2%,(2°(3§)), and (2°(F3))
where e € 7.
However, such an orthogonal direct sum need not be unique. See the following exercises for example.

Ezercise 7.15. Show the following equivalences, where u € {1,3,5,7} can be arbitrary.

1

M LM=ELE); 1H)LE)=E)L6); 1)L

(u) L((12)) = Bu) L{—u) L(-u);  ((?

(5) L (20)5 (u) L((F0)) = (w) L (1) L{=1);

ER(CENEXCTIIERC IR

N

Given two Jordan decompositions, one can indeed figure out quickly whether two are the same or not.
However, due to the tedious and unilluminating nature of the proof, and since we won’t have any need for it,
we shall skip it. See [OMe73, §93G] for the proof.
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Let L and M be full lattices in a regular quadratic space over Q2. Suppose they have Jordan decompositions
L=ILy1---1L; and M=DM; L ---1L M

of the same Jordan type (so that rankl; = rankM;, s; := sL; = sM;, and n; := nL; = nM;). Recall that, in a
Jordan decomposition, the L; (and M;) are ordered so that

51 D 89 D -0 D 5.

Set
L(l):LlJ_J_LZ and M(l):MlJ_J_MZ

Notice that Ly = L and M) = M. Let d¥,d™ € Q3 be chosen so that discL(;y = dF(Z3)* and discM(;) =

10"
dZM (Z3)?. Note that df and dZM are uniquely determined up to multiplication by a square of a unit. Finally, set
u; = ordan; and v; = ordss;, so that n; = 2% Zy, 5; = 2ViZo, and v; < u; < v; + 1.

Theorem 7.16. With the notation as above, we have clsL = clsK if and only if the following conditions hold
foreach1<i<t—1:

o df/dM € 74 and dF/dM =1 (mod 2uitui+1=2vi)
e there exists an isometry QoL — Qo My L (2"%) whenever 2u; < iy .

Remark 7.17. John Conway and Neil Sloane in Chapter 15 of their book [CS13] give a different characterisation
that turns out to be more computationally efficient and easier to work with. Since that would require introducing
new notation, we will not go into any details here.

8 Lattices over Z

We will now study regular lattices in a quadratic space over Q. Notice that Z* = {£1}, and so (Z*)? = {1}.
In particular, the discriminant discL € Q*/(Z*)? = Q* is actually a well-defined rational number!. We will
continue to denote this rational number by discL.

Notice also that every non-zero fractional ideal a can be written as a = aZ for a unique choice of positive
rational number a € Q. In particular, we can pick out a canonical choice s(L) and n(L) for the generators of
the scale and norm ideals. We thus assume from now on that s(L),n(L) € Qso.

Notice that, for any fractional ideals a and b of Z, we have
. ) a
a Cb if and only if EGZ
where a,b € Qg are chosen so that a = aZ and b = bZ. We introduce convenient notation.
Definition. Given a,b € Q*, write bla if § € Z, or equivalently, if aZ C bZ. We write b { a if this does not hold.
This is simply extending the usual notion of divisibility of integers to the rational numbers.
Example 8.1. For instance, we can write %\%, or %|20.

We can thus reframe many results from Section 6 in more down-to-earth terms involving the honest rational
numbers discL, s(L), and n(L). For instance, Lemma 6.21 can be rephrased as saying that

If L and M are regular lattices of the same rank with M C L, then discL|discM. Moreover,
discM = +discL if and only if L = M.

As another example, Lemma 6.25 says that s(L)"|discL for r = rankL.

8.1 Localisation

Suppose L is a lattice in a quadratic space V over Q. We have already discussed the localisations V,, := V ®qQ,
for each prime p, as well as Voo =V ®g R. We can similarly define

Ly:=L®3Z, CV,
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for all primes p. It is easy to see that L, is a lattice for all primes p. If we view V' C V},, then L, C V}, can be
viewed as simply as the subset Z,L, i.e. the Z,-span of L C V C V. If

L=%Zxy+" -+ Zx,,
then
L, =2Zpx1 4+ Zpxp.
Recall that we have various operations on a lattice. It is easy to see that
(L+M),=L,+M, (LNM),=L,NM,, and (aL),=aL,,
where in the last equality @ € Q* is arbitrary, and we as usual embed Q* C Qj.

As usual, given a lattice L and a prime p, the invariants of L, are closely related to the invariants of L. For
instance, we have

discL, = (discL)(Z3)?, s(Lp) = s(L)Zp, and n(L,) = n(L)Z,.
In particular, the following lemma is immediate from the definitions.

Lemma 8.2. Suppose a € Q*. Then, L is a a-modular if and only if L, is a-modular (viewing a € Q) for all
primes p.

We also have the following.

Lemma 8.3. Suppose L and M are full lattices in a reqular quadratic space V over Q. Then L, = M, for
almost all primes p. If L, = M, for all primes p, then L = M.

Proof. Suppose first that L C M. Then L, C M,. For almost all primes p, we have |discL|, = 1 = |discM|,,
and so for almost all primes p we have discL,/discM, € Zy,. Lemma 6.21 then implies that L, = M), for almost
all p. For the second statement, if L, = M,, for all primes p, then |discL|, = |discM|, for all primes p, and so
discL = +discM. It follows again from Lemma 6.21 that L = M.

Now consider any full lattices L and M. Then L N M is a full lattice on V' contained in both L and M. By
the previous argument, there exist finite sets of primes S and T such that L, = (LN M), for all p ¢ S and
M, =(LNM), for all p ¢ T. It follows that L, = M, for all p ¢ SUT. If L, = M, for all primes p, then we
have L, = (LN M), = M, for all primes p, and by the previous argument we have L = LN M = M. O

Remark 8.4. Tt seems like we have already shown a form of local-global compatibility. However, note that we
are requiring L, = M, on-the-nose. It is in fact not true that if L, and M, are in the same class over Q, for all
primes p, then L and M are in the same class over Q. In fact, pretty much the rest of these notes are dedicated
to studying the failure of this local-global principle!

We have a sort of converse.

Proposition 8.5. Let V' be a reqular quadratic space over Q. Suppose, for each prime p, we are given a full
lattice M, in V,,. Suppose there exists a full lattice K in V such that, for almost all primes p, we have K, = M.
Then there exists a full lattice L in 'V such that L, = M, for all primes p.

Proof. Tt is enough to show the following: given any fixed prime g such that there exists a full lattice K in V
such that K, = M, for all primes p # ¢, there exists a full lattice L such that L, = M, for all p. The general
result will follow by repeatedly applying this statement.

Now, we claim that we can find a Q-basis z1,...,x, of V' such that
My = Zgxy + -+ Ly,

Indeed, take any Q-basis yi,...,y, for V. Then y1,...,y, are a Qp-basis for V,,. By scaling y; if necessary, we
may suppose that yi,...,y, € My. Let n1,...,n, € V, be a basis for L, so that

My =Zgm + -+ Zgnn.
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Write each 7; as
n
n = Z QijYi
i=1
where a;; € Qq. Since Q is dense in Q,, for any 0 < € < 1 we can find a;; € Q such that
lai; — aijlg <€

for all 1 < ¢,5 < n. In particular, a;; — a; € Zg. Since addition and multiplication in @Q, are continuous, we
make € small enough so that the inequality

| det(a;;) — det(aij)|q < [det(ay;)lq

holds. This implies that | det(a;;)|q = | det(ay;)|q. Set

Ij = Za,;jyi.
i=1
As | det(ai;)|q # 0, it follows that (a;;) € GL,(Q) and so z1, ..., x, forms a Q-basis for V. Since a;; — a;; € Zg,
it follows that x; —n; € Zgy1 + -+ - + Zgqyn € M,. Hence
Lpxy + -+ Lpxy, C M,.
We can thus write .
Tj = Z%jm
i=1
for ~i; € Zy, we have (vi;) = (ai;) "' (ai;) and so det(v;;) € Z%. Lemma 6.20 implies that
My =Zgx1 + -+ Zgzy,
and the claim is proven.

It follows from the above claim that we can find a full lattice J in V' with J, = M,. We also have the full
lattice K in V such that K, = M, for all p # q. Let a € Z\ {0} be such that aJ C K. We know that the
abelian group K/aJ is finite, and as such is of the form

K/aJ = (Z/0Z)[21] @ - - © (Z/b,Z)][z]

for some 1 < r < n, where z; € K. Clearly z1,..., 2. are linearly independent. Extend this to a basis
21y ey 2y ooy 2, for K| where we may moreover assume that z; + aJ ¢ Z[z1] + - - - + Z[z,]. Tt follows then that
z; € aJ as well for i > r. We thus have

K=Zzn+ +2Zz, and J=YZxn+  +%7 4721+ +Zz,.

For each 1 < i < 7, set ¢; = ¢°"dabi=91d4@ 5o that ¢; € Zy for all p # g and |c;|, =

b
a

¢- One then sees that
L=Zcrzy+ -+ Lerzy + Lzpgr + -+ + Lz

satisfies Ly = J;, = M, and L, = K, = M, for all p # q. O

8.2 The Adelized Orthogonal Group

Notice that GL,(Q,) has a natural topology on it induced by the topology on Q,, for any place v of Q. Hence
GL(V,) has a natural topology induced by the topology on Q,,.. Since O(V,,) C GL(V,,), we thus have a topology
on the group O(V,). This makes O(V,) a topological group. Similarly, we can endow a natural topology on
SO(V,) for each place v, and thus on SOx (V) as well.

Theorem 8.6 (Weak Approximation for the Special Orthogonal Group). Let S be any finite set of places of
Q. Then, the diagonal embedding
SO(V) = [ so(Wv,)
veS

has dense image.
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Corollary 8.6.1. Let S be any finite set of primes of Q, and suppose ¢, € SO(V,) is given for all p € S.
Then, for any lattice L, there exists o € SO(V) such that oL, = @,L, for allp € S.

This corollary fails if there are infinitely many p for which we are given isometries in SO(V},), we are unable
to stitch them together to give an element of SO(V) as in the corollary. However, we would like to package
such information anyway. This motivates the following definition.

Definition. Fix a full lattice L on V. Let Ox (V) be the subgroup of the product O(Ve) X [, O(V;,) consisting
of those ¢ = (o0,) such that, for almost all primes p, we have o, € O(L,). This group Oa(V) is the adelic
orthogonal group, and its elements are adelic isometries.

As usual, the group operation is done componentwise. Note that this group Oa(V) is independent of the
choice of L by Lemma 8.3.

Given any o € O(V), we have a unique element o € O(V,) extending o by linearity. This element satisfies
oL, = (oL), for any lattice L in V. Hence, we can view O(V) as a subgroup of O(V,). Doing this for each p,
we thus have a diagonal embedding

O(V) <= Ox(V).

This is the subgroup of principal adelic isometries.

Similarly, we can define the adelic special orthogonal group SOx(V) to be the subgroup of the product
SO(Vs) x [[,, SO(V;) consisting of those o = (0,) such that, for almost all primes p, we have o), € SO(Ly).
We call elements of SO, (V) adelic rotations. Again SO4 (V) is well-defined and independent of the choice of

L, and we have a diagonal embedding

SO(V) < SO (V).
This is the subgroup of principal adelic rotations. Since SO(V,) C O(V,,), we also have

SOA(V) - OA(V)

Given a lattice L, we can define the groups

OA(L) :={(04) € O4(V) : 0, € O(Ly) for all primes p} = O(Vao) x [ [ O(Ly),

SOA(L) := {(0) € SOA(V) : 0, € SO(Ly) for all primes p} = SO(Vao) x [[ SO(Ly).

As usual, we have embeddings O(L) C Oa(L) and SO(L) C SO(L).
Lemma 8.7. O4(L)NO(V) = O(L) and SOx(L)N SO(V) = SO(L).
Exercise 8.8. Using 77, prove Lemma 8.7.

Lemma 8.9. Let L be any full lattice in V and o € Op(V'). Then, there exists a unique full lattice K in V
such that opL, = K, for all primes p.

Proof. By definition, o € O (V') preserves L), for almost all p. Thus, L is a full lattice in V satistying L, = o, L,
for almost all primes p. Proposition 8.5 immediately implies the existence of a full lattice K such that o,L, = K,
for all primes p. Uniqueness is guaranteed by ?7. O

This lemma immediately yields the following definition.

Definition. Given o € Ox(V) and L a full lattice in V', set oL to be the unique full Z-lattice in V' such that
opLp = (0L)p.

This clearly extends the notion of a principal adelic rotation o € O(V) acting on a full lattice.
Exercise 8.10. Show that

Oua(L) ={(0y) € Op(V) : (0,)L =L} and SOp(L) = {(0y) € SOs(V): (0y)L = L}.
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8.3 The Genus of a Lattice

As mentioned previously, the local-global principle fails for lattices, i.e. it is possible for two Z-lattices L and
M to satisfy L, = M, for all primes p, and yet L 2 M. See for instance the following exercise.

Ezercise 8.11. Show that the lattices (1) L (11) and <( 34 )> are isomorphic over Z, for all primes p, and yet
they are not in the same class over Z.

It is also possible for a lattice L and rational number a € Q* to satisfy a € Q(L,) for all p (i.e. L represents
a p-adically for all p), and yet a ¢ Q(L). See for example the following exercise.

Ezercise 8.12. Show that L = (1) L (11) represents 3 p-adically for all primes p, but does not represent 3 over
Q.

Definition. The genus genL of a full lattice L in V' is the set of all full lattices M in V such that for every
prime p we have M, € clsL,.

Recall that L, = M, for almost all primes p. An application of Proposition 8.5 then implies that
gen(L) ={oL:0 € Ox(V)}.

The orbit-stabiliser theorem then implies that gen(L) is in bijection with Ox(L)\Ox (V). It is clear that the set
of all full lattices on V is partitioned into genera.

Now, recall Corollary 7.4.1 states that cls(L,) = cls*(L,) for all primes p. The following lemma then follows.
Lemma 8.13. gen(L) = {oL: 0 € SO4(V).

Ezample 8.14. The previous exercise says that L := (1) L (82) and M := (2) L (41) satisfies genL = genM but
clsL # clsM.

Lemma 8.15. Suppose L and M are in the same genus. Then s(L) = s(M), n(L) = n(M), and discL =
+discM.

Proof. Since L, = M), for all primes p, it follows that s(L)Z;, = s(M)Z,, n(L)Z, = n(M)Z,, and (discL)(Z})* =
(discM)(Z3)?. Thus |s(L)|, = [s(M)]|, for all primes p. In particular, s(L) and s(M) have the same prime
factorisation (up to sign). By convention, we chose s(—) to be positive, and so it follows that s(L) = s(M).
Similarly n(L) = n(M). We also see that |discL/discM|, = 1 for all primes p, and thus that discL = +discM.

O

Since a lattice L is a-modular (for a € Q*) if and only if discL = +a" and s(L) = |al, the following is obvious.

Corollary 8.15.1. For any a € Q*, if there is an a-modular lattice in a given genus then every lattice in that
genus is a-modular.

Proposition 8.16. Let L be any full lattice in V, where V is a reqular quadratic space over Q. Suppose M is a
lattice in V' (not necessarily full). Suppose, for every prime p, there exists o, € O(V,) such that o,(Mp) C L.
Then, there exists a lattice L' € genL such that M C L'.

Proof. Extend M to a full lattice M" in V. By ??, there exists a finite set S such that M, = L, for all primes
p ¢ S. In particular, M, C L, for all primes p ¢ S. Proposition 8.5 implies the existence of a full Z-lattice L’
in V such that

o o, L, ifpes,
P L, ifpéS.
Clearly L' € genL. Also, we have M, C L;, for all primes p, which implies that M C L. O

Corollary 8.16.1. Suppose a € Q(V) C Q* satisfies a € Q(Lp) for all primes p. Then, there exists a lattice
L’ in clsL such that a € Q(L').

This corollary motivates the following definition.
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Definition. Given a € Q* and a full lattice L, we say that genL represents a if a € Q(L,) for all primes p.

Equivalently, by the corollary, genL represents a if and only if there exists I’ € genL such that a € L'.

8.4 Finiteness of Class Number

We seek to prove the following theorem.

Theorem 8.17. Suppose we are given d € Z \ {0}, s € N, and r > 1. Then, the number of proper classes of
lattices L with rank = r, s(L) = s, and discL = d is finite.

Since the discriminant and the scale are preserved in a genus, we immediately get the following.
Corollary 8.17.1. Each genus is partitioned into finitely many (proper) classes.
Before we can prove this lemma, we need a preliminary lemma.

Lemma 8.18. Let V be a reqular quadratic space over Q. Then, there exists a constant Cy (depending only
on dimg V') such that for any full lattice L with s(L) € Z, there exists a mazimal vector x € L such that

0 < |Q(2)|oe < Cy|discL|}/™.

Proof. Set n = rankV and d = discL. We prove the lemma by induction on n. For n = 1, since L = Zx for z
a maximal vector, the result follows from a direct computation. So suppose n > 2. By replacing ) with —@Q if
necessary, we may suppose that ind™V > 1, so that Q(L) N"Rsq # 0. Since Q(y) € Z for all y € L, there exists
a minimum m € Q(L) NN. Take z € L with Q(z) = m. If 2 were not maximal, then z = aa’ for some maximal
vector 2’ of L and some a € Z \ {£1}, and Q(z) = a*Q(2) > Q(z') contradicts the minimality of z. Thus z is
maximal. We claim that x satisfies the required double inequality.

Since z is maximal, there exists a basis v1 = x,%9,...,x, for L. Write V! = Qg + --- + Qu,, L =
Zzxo + -+ + Zx,. Clearly, L' is a full lattice in V'. We equip V' with a new bilinear form

By iV xV' = Q

defined by
By /(v,w) = mBy (v, w) — 2By (z,v) By (z,w).

for all v,w € V’'. With this choice of By (and corresponding quadratic form Qv), one can actually compute
that
mQy (cx + z) = (em + By (z, Z))2 + Qv (2)

for all z € V" and all ¢ € Q. A computation shows that s(L’, By/) € Z and
disc(L', By+) = m™2d.

Thus, then V’ and L’ satisfy the conditions for the inductive hypothesis, and so there exists a constant Cy
(depending only on n) and there exists a maximal vector 2’ € L’ such that

0 < 1Qv: ()]s < Cvrm" 2| 1LV,
Plugging in the definition of Qv+, we have the double inequality
0 < ImQu (2') = By (@', 2)? o < Cyfm"2d[ 1D
Choose an integer a € Z such that
o if Qu/(2') > 0, then a satisfies ma + By (2/,2)]o0 < 55
e if Qy/(2') <0, then a satisfies 5 < [ma + By (2',)[oc < m.
and set y := ax + 2’ € L. We have

Qv (y) = a*m + Qv (z') + 2aB (2, ).
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First suppose that Qu(z') > 0 so that mQv(z') > By (z/,z)%. It is then clear that Qv (y) > X (am +
B(z',z)) > 0. By minimality of m, we thus have Qv (y) > m. Then,

m? <mQv(y) = (am + By (2, 2))* + Qv (a') = B(a’,x)* <

4 , n—1

1—1
4c no, .
and so we can take Cy = (T"’) in this case.

m2 4 CV’ |mn_2d|c1>én_1-

e

Rearranging, we have

Finally, suppose that Qv (z') < 0 so that mQv (z') < By (2/,2)?. Then,
mQy (y) = a*m? + mQy (2') + 2amB(z', x) < (am + By (2, x))* <m?
so that Qv (y) < m. But m € Qv (L) NN is minimal, which implies that Qv (y) < 0. We thus have
0 < —mQv(y) = —(am + By(2',2))* = Qvi(y) < —(am + By (a',2))* + Cy|m"2d| LY,

and so !
sz < (am+ By (2',x))? < Cyr|m™~2d|/ (=D,
Hence
m' < (4CV/)”_1|d|
in this case. O

Proof of Theorem 8.17. We proceed by induction on n = rankL = dimV. By Lemma 8.18, we can find a
maximal vector « € L such that h := Q(z) is uniformly bounded (in particular, independent of L). Thus h can
only belong to a finite set of integers depending only on the quadratic space V.

Since x is maximal, there exists a basis z1 = x,x9,...,x, for L. Write V' = Qs + --- + Qu,, L :=
Zxo + -+ - + Zx,. Clearly, L’ is a full lattice in V’. We equip V' with a new bilinear form

By VixV' — Q
defined by
By (v, w) = mBy (v,w) — 2By (z,v) By (x,w).

for all v,w € V' (this is the same bilinear form considered in the proof of Lemma 8.18). By induction, we know
that L' (equipped with Qy-) is isomorphic to one of a finite set of lattices. Replacing L’ and V' if necessary
(here we use Witt’s Extension Theorem), we know that L’ is one of a finite set of rank n — 1 lattices of given
discriminant. Replacing x with =+ Z?:z cix; for carefully chosen ¢; € Z, we may also uniformly bound B(z, x;)
for i« > 2 by h, and so it follows that (L,Qy) can only come from a finite set of lattices (equipped with a
quadratic form). The result now follows. O

Remark 8.19. This proof is based on the one given in [Cas78]. The proof in [OMe73] is longer since it proves
Theorem 8.17 for arbitrary number fields.

Definition. The class number of a lattice L in a quadratic space V is the number of classes in the genus of L.

Ezample 8.20. Consider L = ((§ 3 )). It turns out that the class number of L is 2, (a representative of) the
other class being L' = <(_31 _41 )>

Remark 8.21. One can compute the genus of a lattice L using the programming language SAGE. See the
quadratic_forms module.

There are other interesting results involving the class number of a lattice, which we shall not prove.

Theorem 8.22 (Kneser [PRR93, Theorem 8.6]). Suppose V' is a reqular isotropic quadratic space over Q.
Then, the class number of a full lattice is always a power of 2. Moreover, for any d > 0, there exists a full
lattice with class number 2¢.

Theorem 8.23 ([PRR93, Theorem 8.9]). Suppose V is a regular anisotropic quadratic space over Q. For any
positive integer ¢ € N, there exists a full lattice L on V' whose class number is divisible by c.
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8.5 Smith-Minkowski-Siegel Mass Formula

In this section, we will assume that our quadratic space V has dimension at least 2 and is positive definite, i.e.
that V ®@gR = (1) L --- L (1) over R. This second condition gives us the following lemma.

Lemma 8.24. If V is a positive definite quadratic space, then for any full lattice L in V' the group O(L) is
finite.

Proof. For V positive definite, the group O(V ®g R) is compact as a topological space. Moreover, O(L) is a
discrete closed subgroup of O(V ®g R). It follows that O(L) is a finite group. O

Hence, for any full lattice L inside a positive definite quadratic space V, it makes sense to talk about the
order |SO(L)|. Since every other lattice in the genus of L is also a full lattice in V' (why?), we see that the
following sum

1
(L) =2 5w

makes sense, where L’ runs over a set of class representatives of the genus of L.

Definition. The mass of a positive definite lattice (i.e. a full lattice in a positive definite quadratic space) is
defined to be the quantity

1
(L) =2 50w

where L’ runs over a set of class representatives of the genus of L.

—a

We also have so-called local masses, which we now describe. Fix a prime number p. Let |discL|, = p~* (i.e.

p® is the power of p occurring in the factorisation of discL. We then define

1 (Tn(n—l)—i—a(n—i—l))

(L) = b
P #{X € GL,(Z/p"Z) : XtApX = A, (mod p™)}

where A, is a Gram matrix of L, (so that L = (A,) over Z), and where r is large enough.

Remark 8.25. One should think of m, (L) as trying to ‘measure’ the size of SO(L,). Usually, the size of a ‘large
enough r’ should be determined by the entries of A,. For instance, for p = 2, a good heuristic is that r should
be something like 3 more than the highest power of 2 dividing any of the coefficients of A,,.

The significance of the various masses defined above is the following theorem, which we do not prove.

Theorem 8.26 (Smith-Minkowski-Siegel Mass Formula). For any full lattice L in a positive definite quadratic
space, with n = rankL, we have

where I'(n) = (n — 1)! for n > 1 an integer, and

r (” + ;) = (427:2!!\/%

forn > 0.

Remark 8.27. The formulation of the Smith-Minkowski-Siegel mass formula given above is due to Conway and
Sloane [CS88], and is geared towards computation. There is a less explicit, but mathematically more significant
and deeper, way of writing the mass formula. We shall omit such a formulation. For a history of this mass
formula, see [CS88, Section 2].

As it stands, m,(L) is difficult to compute. The standard local masses are much easier to compute. Let
5= ||, Then,

1 1 1
L)y=-——" || -
Hp(L) 2 1—eps 1—pJ

2<j<n,j even
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where

€=

0 if n odd or p|2discL,
[(—1)*discL, p], otherwise. ’
It turns out that
mp(L) = pip(L)

for almost all primes p; in fact, we have such an equality if p is an odd prime and L,, is unimodular. The reason
we care about the standard masses is that

[Mw@w=c JI <6

2<j<n,j even
where £, = 1 if n is odd, and for n even we have
1

£L = ((=1)sdiscL(8) = H p—r —.
s odq L~ [(=1)discL, plpp

Here, ¢ denotes the usual Riemann zeta function. Its values at the first few even positive integers are given
below.

n 1| 2 3 4 5
2 4 6 8 10
s s us s s
¢(2n) 6 90 | 945 | 9450 | 93555

Table 1: Special Values of the Riemann Zeta Function

The value of (p(s) for small values of D and s were calculated by Conway and Sloane (see [CS88, Table 6]
for the full table), some of which are given in the table below.

discL | s=1] s=2
1 1/4 1/8

2 1/2 | 1/4
3 1/2 | 1/2
4 1/4 | 1/8
5 1 1
6 1 3/2
7 1/2 2
8 1/2 | 1/4
9 1 3
10 1 7/2

11 | 3/2 | 7/2
12 | 1/2 | 1/2

13 1 5
14 2 5
15 1 6

Table 2: Tables of Values of ds%\/ac(_l)sd(s)

Hence, we see that the mass formula can be rewritten as

mn=2x e (I () ) (I <o) Iy

2<j<n,j even p,Lp not unimodular

For p odd, we can also calculate m, (L) from a Jordan decomposition

Ly=JipL---LJy
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of L, directly. Here, the J;, are modular Z,-lattices. Recall that for p odd, while L may have multiple
Jordan decompositions, the values of rankJ; ;,, discJ; p, and sJ; , remain the same. Write rankJ; , = n;, and
sJ; p = p“Z, for some u; € Z. By definition of the Jordan decomposition, we have

U < Uz < -+ < Up
. In this case, by modularity, we know that discJ; , = p“i"’¢; for some unit ¢; € Zy. It turns out that
T
1
my(L) = Hﬂp(Ji,p) H p2mims (w i),
i=1 1<i<j<r
Thus we can calculate the local masses at odd primes p inductively.

Remark 8.28. There is a similar way to compute mso (L) using the Jordan decomposition. It is however far more
complicated than the case of an odd prime p, so we shall ignore it. See [CS88] for details.

8.6 An Example of a Genus Computation

Let us do an example of a genus computation for the lattice L = Ze; 1 Zey 1 Zes in the quadratic space
V=(1) L)L)

(where Q(e;) = 1 = Q(e2) and Q(e3) = 7). In other words, we compute the genus of the quadratic form

x? +y? + 722

Remark 8.29. Even for n = 3, we need to resort to some computer computations. For n = 2, it is still somewhat
possible to compute by hand only.

The idea is to first compute the mass of the genus, and then to construct explicit examples of class repre-
sentatives. Using the notation introduced in the previous section, we have n = 3 so s = 2. Note that L, is
unimodular whenever p # 2,7, so we ignore such primes.

Let us first compute the local mass at 7. We have

1 49

DO =

On the other hand, we have the Jordan decomposition Ly = Ji 7 L Jo 7 where Ji 7 = (1) L (1) and Jo 7 = (7).
We have

1 1 7 1
S R e = T Y
so that T 1 49
1
e L1 ieoma-n 49
mr(l) =155 7 32

It remains to compute the local masses at 2. To compute ms(L), we could try to take some small r and
compute the number of matrices X € GL3(Z/2"7Z) such that

1 1
Xt 1 X= 1 (mod 27).
7 7

For n = 2, such a computer search would indeed be possible (in fact, one could probably compute this order by
hand). We instead use SAGE. The code

from sage.quadratic_forms.genera.genus import genera
X = Matrix(Zz, 3, [1, 0, O, O, 1, O, O, O, 71)
print (Genus(X) .local_symbol(2) .mass())

outputs mo(L) = 1. On the other hand, we also have




Putting all of this together, we find that the mass of this lattice L is, by the Smith-Minkowski-Siegel formula,

o _ x2 1/4 49/32 3
L)=2 -3 1.-—- —_— e L =
ML) =20 VL VT S B 19796 16

Remark 8.30. SAGE verifies this for us. The command Genus (X) .mass() outputs 3/16 as expected.
We now want to compute |SO(L)|, i.e. we want to find those X € SL3(Z) such that

1 1
Xt 1 X = 1

Write D for the diagonal matrix above.

This is actually an easier counting exercise than the one before. For instance, one could notice that the
above equality is equivalent to X*D = DX ! where X ! has a simple description in which the entries are
polynomials (as det X = 1), and then solve. This method works best for n = 2, and very quickly gives the
number of solutions. For n > 3, notice first that the (¢,7)’th entry of X*DX is

2 2 2
xq; + x5 + Txy,;.

This needs to be equal to the (¢,7)’th entry of D, i.e. 1if i =1,2 and 7 if ¢ = 3. This immediately reduces the
number of possible columns that one can have. Indeed, the only possibilities for the first and second columns

of X are
0

1
+(o),+(1],
0 0

whereas the only possibilities for the third column are
0
£1]0
1

Hence, there are only 4 x 4 x 2 = 32 possibilities for X that we need to check! Out of these, many of them
are not going to satisfy X*DX. One would then have a full list of elements of O(L)! Out of these, we need to
throw away the ones with determinant # 1. One can check (either by brute force or by a clever argument) that
in fact

[SO(L)| = 8.

However, the mass is 1%! This tells us that there is at least one more class in the genus. Let us try to compute
another example.

By Exercise 7.15, we know that
Ly= (1) L(1) L(7)= (1) L({1) L(-1) =) L((}5))
over Zy. In fact, inside V = Qoe1 +Qgoe2+Qoe3 with Q(e1) = Q(e2) = 1 and Q(e3) = 7, the lattice (1) L ((95))

is given by

1
M2 = Z2€1 + Z2(82 + a€3) + ZQ§<62 - 0463)

where a = ﬁ € Q9 for some choice of square root (this is possible since —7 =1 (mod 8)). Thus, it suffices to
find a lattice L’ such that L5 = (1) L ((9§)) and L;, = Ly, for all p > 3. We mimic the proof of Proposition 8.5.

Since o ¢ Q, so we would like to find a different basis for M. We use the notation from Proposition 8.5. We
have 1, = ey, 12 = €2 + aes, and n3 = %62 — 5e3. We pick y1 = e1, y2 = 2e2, and y3 = 2es3 (all of which lie
inside M>); notice that

1 0 0
[771,7727773] = [y17y27y3] 0 % %
0 %oz -z
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The determinant of this change-of-basis matrix is —%a which has 2-adic valuation 4. We thus want to find
a;; € Q such that a;; — ay; € Zo and such that

|det(aij) + %|2 < 4.

Notice that most of the a;; are rational numbers, so we simply take a;; = a;; in this case. Since o is a 2-adic
unit, we know that | — 1|2 < 1. Let’s approximate v by 1. In this case, the corresponding matrix is

= O

(aij) =

o O =

0
1
i
2

=

with determinant —i. Then, we see that
|det(aij) — det(aij)l2 = | = § + §l2 = |1loler = 12 < |32 = 4,
so this is what we want to choose. The proof of Proposition 8.5 tells us that we should take

+1 + q 1 1 1 1
T = =e Tg9 = — —Yy3 =€ e an T3 = =Yy — —UY3 = —€y — —€3.
1=4 15 2 2y2 21/3 2 3 3 4y2 4y3 B 2 B 3

We set J = Zey +Z(ez +e3) + Z(5e2 — Se3). We thus want to find a lattice L such that L) = J, and L,=1L,
for all primes p > 3. Clearly 2J C L. The proof of Proposition 8.5 tells us that we want to find a basis 21, 29, 23
for V and some constants c1, ¢e, c3 € Z such that

L =7z +7Zz 4+ Zzz and 2J = Zciz1 + Zcozo + Zcszs.
Thus, we want to find invertible matrices P,Q € GL3(Z) and constants ¢y, ¢a, c3 € Z such that
[e1,e2,e3] = [21,22,23)P and [2e1,2eq + 2e3,e0 — €3] = [c121, Caza, C323]Q).

Writing everything in coordinates with respect to the basis eq, e, e3, we see that we want to find P,Q € GL3(Z)

such that

1 2 0 0 1
1 =ZP and 0 2 1 |=2 co Q.

1 0 2 -1 cs

In particular, Z = P~! € GL3(Z). By using elementary row and column operations (or, the Smith Normal
Form), one sees that

2 0 0 1 0 0 2 1 0 O
0 2 1 |=(0 1 0 1 0 2 1
0 2 -1 0 -1 -1 4 0 -1 0
Hence ¢; = 2,¢5 = 1, ¢3 = 4, and for the basis
z1:=e1, 29:=ey—ez, andzz:=—e3

we have
L =7z +Zz+Zzg and 2J =72z + Lz + Z4zs3.
Hence the proof of Proposition 8.5 tells us that we should take L' = Zz; + Z%ZQ + Z2z3. The Gram matrix of
L' with respect to this basis is
1 0 0
02 7
0 7 28

We want to calculate |[SO(L’)|. Using the same techniques as before, one can check that |[SO(L’)| = 16. Since

we now have
1 1 3 1 1

T |so@)| |so) 16 8 16

it follows that we have exhausted the genus! Therefore, we have

m(L)

genL = clsL + clsL’

where



Remark 8.31. Of course, one can calculate class representatives directly via SAGE, using the following code.

from sage.quadratic_forms.genera.genus import genera
X = Matrix(Zz, 3, [1, 0, O, O, 1, O, O, O, 71)
print (Genus (X) .representatives())

SAGE (at least for me) outputs (1) L (1) L (7) and (1) L ((?1)). One can check fairly easily that ((2 1)) =
((2.5%)) over Z, so that the lattice L' we obtained above is in the same class as the lattice given by SAGE.

9 Siegel-Weil Mass Formula

In this section, we will see how the Siegel-Weil mass formula can answer Q3 from the beginning of the course.
The idea is simple. We will consider generating series for the numbers

rr(n) :={x € L:Q(x) =n}

where L is some full Z-lattice in a positive definite quadratic space over Q (with quadratic form Q). These
generating series turn out to be satisfy very interesting symmetries. Taking advantage of these symmetries, we
can quickly deduce interesting identities.

9.1 Modular Forms

The book [Kil15] is excellent for learning about computational aspects of modular forms, and I think is the best
reference for someone who has never seen modular forms before. A good general reference for modular forms,
especially for half-integer weights, is [Kob93].

We will be concerned with the group SL2(Z) and its subgroups. This group has many important subgroups,
such as:

={(2%) € SLy(Z) : c=0(mod N)},
Iy (N):={(¢ )GSLQ( ) EO(HlOdN) a=d=1(modN)},
L(N):={(2%) € SLa(Z) : (25) = () (mod N)}.

Notice that SLy(Z) =To(1) =T1(1) =T(1).
Definition. A congruence subgroup is a subgroup I' C SLy(Z) such that I' D I'(N) for some N > 1.

Obviously I'(N) for all N € N are congruence subgroups. It is also easy to see that I'g(NN) and I'y (V) are
congruence subgroups as well.

We also need to recall the notion of a Dirichlet character.
Definition. A Dirichlet character is a multiplicative map x : Z — C such that there exists M € N satisfying
x(n) € St = {z € C*: |z| = 1} for all n € Z with ged(n, M) =1,
e x(n) =0 for all n € Z with ged(n, M) # 1, and
e x(n+ M) = x(n) for all n € Z.
The conductor of x is the least positive integer M satisfying the above three conditions.

Ezample 9.1. An example of a Dirichlet character is the trivial character 1 : Z — C,n — 1 (which has conductor

1).

Ezample 9.2. A family of non-trivial Dirichlet characters are given by

(&) ifnis odd and ged(a,n) =1,
Xa(n) := .
0 otherwise.
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where (2) are Jacobi symbols, which generalise Legendre symbols. They are defined as follows: if n = p]f‘ ophr
is a prime factorisation, then we set
(3)= (@) (2
where (%) = [a, p|, are the Legendre symbols. As an example, we have
1 if n=1(mod4),

x-1(n) =< -1 ifn=-1(mod4),
0  if n even.

Consider the upper half plane
H:={z € C:Im(z) > 0}

in C. The group SL2(Z) acts on H by Mdébius transformations

az+b
(‘clfl)'z:: cz+d

We can now define a modular form.

Definition. Suppose we are given an integer k € Z, a congruence subgroup I', and a Dirichlet character y with
conductor f,. Suppose I is chosen so that I' is a subgroup of I'g(fy). A modular form of weight k with level T’
and character (or nebentypus) x is a holomorphic function f : H — C such that

o (bounded at 0o) f(g - z) is bounded as Im(z) — oo for all g € SLy(Z);

e (modularity) for any v = (2Y) €I and z € H, we have

Fy-2) = x(d)(cz + d)* f(2).

We let M (T") denote the C-vector space of all modular forms of weight & for I

Suppose that (§ 1) € T'; for us, this should always be the case. Then modularity says that f(z+ 1) = f(z).
Some complex analysis then implies that we can write

oo
f(Z): Z ane27rznz
n=-—oo

where a,, € C and a,, = 0 for all n sufficiently small. Notice that |e2™"*| = ¢=2™Im(2) The bounded at oo
condition then implies that a,, = 0 for all n < 0. Hence, we can write

f(Z) — Z ane27rinz;
n>0
this is the Fourier expansion of f.

Ezample 9.3. An important family of examples are modular forms of weight k > 4 for SLy(Z) are the Eisenstein
series, given by

1
Ei(z) == > Cy

(m,n)€Z?,gcd(m,n)=1

Clearly Ej, = 0 if k is odd. The Fourier expansion for Fj turns out to be

Bi(2) =1+ Cip »_ op_1(n)e’™

n>1
for some (actually explicit) constant Cy, where oy_1(n) := 3=, d*=1. The first few values of Cj, are given
below. 65520
Ci=204, Cp=-504, Cs=480, Cio=-264, Cip=—om, Cu=-24

Ezample 9.4. Suppose f € M(Io(N), x), and for m € N define the function g(z) := f(mz). Then it turns out
that g € M (Fo(Nm), XXm)-
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Example 9.5. Define
Ey(z)=1—24 Z o(n)e*™nz

n>1

where o(n) = o1(n) = 3, d is the sum of divisors function of n. It turns out that E»(z) does not converge
absolutely. It turns out that Es does not satisfy modularity! However, it turns out that

F(z) := Fa(z) — 2E5(22) = -1+ 24e2™ | 94e4Ti% 4 L.
lies in M5 (I‘O (2), ]1).

Ezample 9.6. Notice that if f € My(T,x) and g € My(T’,x’) are modular forms, where the weights, levels,
and characters may all be different. Then, one can check that the product fg lies in My 1¢(T' NI, xx’). Thus,
multiplying modular forms gives rise to other modular forms.

We also have half-weight modular forms, i.e. where we can take k € % + Z rather than k € Z. There are
additional complications since we need to take square-roots, and over the complex numbers there’s no ‘good’
choice of square roots. The interested reader should look at [Kob93, Chapter 4] for an introduction to the
theory of half-integer weight modular forms.

The following result explains why modular forms are so easy to compute with.
Proposition 9.7. My (T, x) is a finite dimensional complex vector space.

Ezample 9.8. Tt is a fact that for kK > 4 a positive even integer,

|k/12] if k=2 (mod12),

dime My, (SL2(Z),1) = {1 + |k/12] if k # 2 (mod 12).

Thus, for k € {4,6,8,10}, every modular form of level SLy(Z) and character 1 is some constant multiple of the
Eisenstein series Fj, defined above. For weight 12, M;5(SLy(Z), 1) is 2-dimensional, spanned by F5 and

A(z): 1

= ﬁ(E4(z)3 — E6(2)?) = q — 24¢* + 252¢® — 1472¢"* + - --

where q := ¢*™*. This modular form A is called the discriminant modular form and its coefficients (all of which
are integers!) are the Ramanujan tau function.

Thus, to prove an identity involving modular forms, it suffices to check that ‘enough’ Fourier coefficients
match up. In fact, we have the following explicit result.

Proposition 9.9 (The Sturm Bound). Suppose f € My(T', x) is a modular form with Fourier expansion given

by
f(Z) — Z ane27rinz.

n>0
Suppose that a, = 0 for all integers n with

k
n < E[SLQ(Z) y

where [SLy(Z) : T is the index of the group T'. Then, f = 0.

Thus, to check that f = g for modular forms f,g € My(T, x), it suffices to check that the first few Fourier
coefficients of f and g are equal.

Ezercise 9.10. By computing the first few coefficients of both sides, show that EgFEgs = E14.

Exercise 9.11. Notice that EZ € Mi3(SL2(Z),1). This vector space is spanned by Ej2 and A. Find a,b € C
such that Eg = aF15 + bA.
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To actually use the Sturm Bound, one needs to compute the group index. For the important congruence
subgroups given above, we have

52a(z): T = N T (14 3).

p|N

[SLy(Z) : T1(N)] = N* ]| (1 — ) ,

p|N

1
P’
[SLy(Z) : T(N)] = N[ | <1 - p12> .

p|N

9.2 Siegel-Weil Mass Formula

Suppose now V' is a regular quadratic space over Q of dimension r, and suppose V, is positive definite. As V,
is positive definite, it follows that for any a € Q the set

{veV:QW)=a}

is a finite set, and will be empty whenever a < 0. Suppose now that L is a full lattice in V' with n(L) € Z. This
forces Q(L) C Z>¢. Define
rr(n) :={veL:Q(v)=n}

Ezample 9.12. If f € Z[xq,...,x;] is a positive definite quadratic form with integer coefficients in r variables,
then taking V' = Q™ and L = Z", we see that rr,(n) counts the number of integer solutions (ay, ..., a,) such that

f(ala'“,ar):: n.

In this set up, we often denote 7, (n) by 7¢(n). For instance, taking f = 2% +--- + 22, we see that r¢(n) simply
counts the number of ways of writing n as the sum of r squares.

Given a lattice L, we consider the generating function

O =Y ri(n)g" =Y ¢°".

n>0 veL

This is an example of a theta function. As before, if we are just given a quadratic form f € Z[zy,...,z,], we
may take V = Q" equipped with this quadratic form f and take L = Z". In this case, the corresponding theta
function is denoted by ©f. We have the following result when we view ©f, as a complex valued function.

Proposition 9.13 ([Iwa97, Theorem 10.9]). Suppose L is a positive definite lattice, and set D = discL.
Consider the function

Or(z) := Z rr(n)e™",

n>0
o Ifris even, then ©f € M, /5(Lo(4D), X(—1)r/24D)-
o Ifr is odd, then © € M, ;5(I'o(4D), xap)*.

It can be checked that
M, /5(To(4D), x+4p) C M, /2(I'1(4D), 1).

With this preparation, we are now able to state the Siegel-Weil Mass Formula.

Theorem 9.14 (Siegel-Weil Mass Formula). Let V' be a positive definite quadratic space over Q, and suppose
L is a full lattice in V with n(L) € Z. Let Ly = L, ..., L,, be a set of class representatives of classes in the genus
of L, i.e. suppose

gen+L =clsTLiUclsTLoU---UclsTL,,.

1Since we have not discussed the case of modular forms of half-integer weight in great detail, this simplified statement suffices.
It is however not quite accurate since we would need to talk about multiplier systems.
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Then,

1 - 1
Egen (2) = Or,(2)
: (D) 2= TS0
is a certain normalised Siegel Eisenstein series of weight r/2.

The Siegel Eisenstein series is in fact explicitly determined just from genL. However, its definition requires
integrating over certain p-adic groups, and is beyond the scope of our course. It turns out however that looking
just at the Oth Fourier coefficient of both sides, we immediately get the Smith-Minkowski-Siegel mass formula.

Given the finite dimensionality of the space of modular forms, one can very quickly write down many inter-
esting identities involving quadratic forms. See the examples given below and in the exercises.

Ezample 9.15. Let us find out the number of ways there are of writing a positive integer as the sum of 8 squares.
In this case, our quadratic form f = Z?:l z? has discriminant 1, and so ©; € My(T'9(4)). The Sturm bound

for this space is
4 1
— 41+ ) =2
12 ( * 2>

Now, we know that Fy € My(SLy(Z)) C M3(To(4)), and the first few coefficients are
14+204g+204- (1+2%)g* +-- -,

where we write ¢ = e2™%*. Another example of a modular form in this space is
E4(22) € My(Tp(2)) € My(To(4)).

Its first few coefficients are
Ey(22) = 1+204¢* + - - - .

A third modular form in this space is
E4(42> S M4(F0<4)),
with first few coefficients
Ey(42) = 14+ 204¢" + - - .

It is easy to see that these three modular forms are linearly independent; in fact, their first three coefficients
form the invertible matrix

1 1 1
204 0 0
204-9 204 O

and so for any f € My(T'o(4)) with Fourier expansion f = ag + a1q + a2q® + - - -, we can find unique a,b,c € C
such that
ap + a1q + azq® = a(1 + 204q + 204 - 9¢%) + b(1 + 204¢%) + ¢(1).

The Sturm bound being 2, we immediately get the identity f(z) = aF4(z) + bE4(22) + cE4(42). Hence, these
three modular forms are a basis for My (I'y(4))!

Now, a simple counting argument shows that
Of(2) =1+ 16g+ 112¢* + - - .
Setting O = aFy +bE4(22) + cE4(42) and looking at the first 3 coefficients, we may solve for a, b, and ¢. Doing
this yields
16 32 220

a:ﬂ, :_M, and C:ﬂ.

Hence, we have
1
Of(z) = ﬂ(16E4(z) — 32E4(22) 4+ 220E4(4%)).

Equating coefficients shows that the number of writing n > 1 as the sum of 8 squares is
1603(n) — 3203(%) + 22003(%)

where we say that o3(z) =0 if = ¢ Z.
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10 The Spinor Genus

In this section, we give a refinement of the genus. This involves the construction of the spinor norm (and thus
the spin group). The proof that the spinor norm is even well-defined is not at all trivial, and requires some work
(see the proof of Proposition 10.8). Once we have the spinor norm, we can define the spinor genus. It turns out
that the Siegel-Weil Mass Formula generalises to spinor genera. This generalisation gives a whole host of new
formulae that the Siegel-Weil Mass Formula as given previously fails to provide.

10.1 Clifford Algebras

Let V be a regular n-ary quadratic space over a field k, with associated symmetric bilinear form B and quadratic
form Q.

Definition. A k-algebra A is said to be compatible with V' if there exists an injective k-linear map ¢ : V — A
such that

for all x € V.

If A is compatible with V', we often identify V as a k-subspace of A. Thus, a compatible A-algebra simply
gives a way of multiplying vectors in V' that encodes the quadratic space structure of V. Note however that the
product of two vectors in V' need not be another vector of V.

One can check easily that
xy +yr = 2B(x,y)14.

In particular, zy = —yx if and only if x and y are orthogonal vectors in V.

Lemma 10.1. Let A be compatible with V, and let x € V. Then x is invertible in A if and only if x is
anisotropic.

Proof. If z is invertible with inverse z=% € A, then 22 = Q(x)14 implies

Qz)z™! =z

Since = cannot be zero, we must have Q(z) # 0. On the other hand, if Q(x) # 0, then one checks that ﬁm is
an inverse to x. O

Definition. The Clifford algebra C = C(V) of V is a k-algebra compatible with V' with injection ¢ : V < C
satisfying the following universal property: If A is any other k-algebra compatible with V' with injection i :
V — A, then there exists a unique k-algebra homomorphism ¢ : C'— A such that ¢ oi = «.

In other words, the Clifford algebra of V' is the initial object (if it exists) in the category of k-algebras
compatible with V.

As with any universal property, uniqueness is guaranteed almost immediately.

Lemma 10.2. The Clifford algebra, if it exists, is unique up to unique isomorphism.

Proof. Let C and C’ be Clifford algbras of V; we need to show they are unique. By the universal property,
there exist unique k-algebra homomorphisms ¢ : C'— C’ and 1 : C' — C that are the identity on V. However,
notice that oy : C — C'is a k-algebra homomorphism from a Clifford algebra of V' to a k-algebra compatible
with V| and so must be unique by the universal property. However, the identity idc : C' — C' is also one such
k-algebra homomorphism. Thus v o ¢ = id¢c. Similarly ¢ o ¢ = ider. O

Existence is slightly less trivial.

Theorem 10.3. Every regular quadratic space V' has a Clifford algebra.
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Proof. Fix an orthogonal basis
V=kx;y L - kzx,.

Let C be the 2™ dimensional k-vector space spanned by basis vectors z,, indexed by elements v = (vy, ..., v,) € F5.
We define the multiplicative structure on C by

wowei= | [] (=10 OIQ@#W)xHW
1=1

1<j<i<n

and extended to all of C' by linearity. Some tedious computation shows that C' is indeed an associative k-
algebra with identity xo. If e; denotes the i’th standard basis vector of F4 (i.e. e; has a 1 in the ¢’th entry and
0 elsewhere), then one easily checks that the injection

L V=0, x;+—

makes C' a k-algebra compatible with V. We claim that C satisfies the universal property of the Clifford algebra
over V.

Let A be any other k-algebra compatible with V', and suppose ¢/ : V < A is the injection. We then have a
map

p:C— A
given by
plaw) = [T (/)"
i=1

(for v; € {0,1}) and extended by linearity. One sees easily that this is a k-algebra homomorphism, and that ¢
satisfies the universal property of Clifford algebras. O

By uniqueness, we see that the above construction is independent (up to isomorphism) of the basis chosen
for V. It is thus an honest invariant of V.

Corollary 10.3.1. The Clifford algebra of V is a 2™-dimensional vector space over k, and as a k-algebra is
generated by V.

Let us see what the Clifford algebra C' of V' gets us. Notice that every element of C' is a finite sum of terms
of the form

Yy

for some 41, ...,y € V. Let CT = CH(V) (resp. C~ = C~(V)) denote the k-vector subspace of C' spanned by
elements of the above form with r even (resp. r odd). Then it is easy to see that CT is a subalgebra of C' and
dim C* = 2"~! = dim C~. Note that C~ is not a subalgebra of C since 1¢ ¢ C~.

Lemma 10.4. Let a € CT. If a commutes with every element of V, then a € klc.

Proof. Fix an orthogonal basis V = kx; L --- L kx,. Then, in the notation of the proof of Theorem 10.3, we

can write
a="Ycyzy)
veES

where S is a finite subset of F} such that v has an even number of non-zero entries for all v € S. A small
computation shows that
Tz, = (=1)7 2075

forall 1 < j <nandall v € S. Fix some v, € S, and let the i’th coordinate of vy be non-zero. Since a
commutes with z;, we have

Cyy Ty, T+ E Cyly | Ty = AT = T404 = Tj | Cy Ty, + g CyTy
veS veS

= —cyoaz:go—&—z:(—l)”"cga;2 X

veS
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It follows that ¢, = —c, . Hence, we see that ¢, = 0 whenever any entry of v is non-zero. Since zp = 1¢, it
follows that a € klc. O]

The same proof idea can be used to prove the following.

Lemma 10.5. Let x € C~. If x anti-commutes with every element of V' (i.e. xy = —yx for ally € V'), then
a=0.

FEzercise 10.6. Prove Lemma 10.5.

Lemma 10.7. Let x,y € V and suppose x is anisotropic. Then, T,y = —xyzr~' = —x~lyz, viewed as elements

of the Clifford algebra C of V.

Proof. Recall that T,y =y — %x. However, we have zy + yx = 2B(x,y)lc and 27! = ﬁx Hence,

)

1 1

Ty =y — (vy +yr)r” = —xyx”

=y—a '(zy +yz) = —2 'yz,

as required. O

For R and S ring, recall that an anti-homomorphism ¢ : R — S is a k-linear map such that p(zy) = ¢©(y)p(z).

Lemma-Definition. If C is the Clifford algebra of a regular quadratic space V', then there exists exactly one
algebra anti-isomorphism C' — C' inducing the identity on V.

This anti-isomorphism turns out to be an involution, and is called the canonical involution, and is denoted
by z + Z. The canonical involution fixes 1¢.

Proof. Consider the opposite algebra C°P; it has the same underlying vector space structure as C' but has a
different multiplicative structure, given by
T kY = YT.

One can check that C°P is still a Clifford algebra over C' and so there exists a unique isomorphism C' — C°P.
However, an anti-homomorphism R — S is the same as a map R — S°P. Hence, there can be at most one
anti-isomorphism C' — C.

It remains to construct an anti-isomorphism C' — C. Fix a basis 21, ..., &, so that C is spanned by z{* - - - zln
for v; € {0,1}. We define

Vi oL pUn — pUn V1 — (L Zl<' j<n ViVj V1 || Un
Ly Ln® = Tp Ly *( 1) stesn Ly Ly

This is clearly an anti-isomorphism, and so must be the unique one we were looking for. That it is an involution
and it fixes 1¢ is obvious from the definition. O

These lemmas allow us to prove some non-trivial facts about quadratic spaces.
Proposition 10.8. Suppose V' is a regular quadratic space and Ty, , Tuy, -, Tu, are reflections such that

Tul"'Tu

T

is the identity on V. Then Q(u1) -+~ Q(u,) € (k*)2.

Proof. Applying Lemma 10.7 r times, we also see that 7,, - - -7, = 1y implies that

(ug - up)z(uy - ..ur)—l =1

for all z € V. Thus (uy---u,) € C commutes with every element of V. On the other hand, r is even since
det 1y = 1 but det 7, = —1 for all anisotropic . Lemma 10.4 then implies that u; - - - u,, = alc¢ for some a € k*.
Using the properties of the canonical involution of C, we have

alc=alg=U1 U =Up---UL = Up-"-UQ.
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We thus have
Q(ul) T Q(Ur)lC = (Ul s Ur)(ur s ’Uq) = 04210,

and the result follows. O

10.2 The Spinor Norm and the Spin Group

Let M = M(V) be the set of all invertible u € CT(V) such that uzu=! € V for all z € V. Given u € M, we
have the map T, : V — V, 2 +— uzu~!. It is a k-linear automorphism of C (V') satisfying T;,(V) C V. Since V is
finite dimensional over k, we must have T, (V) = V because of dimension reasons. In particular, for any z € V,
there exists y € V such that uyu=! = z, and so v~ lozu =y € V. Hence u=!* € M. Since uv € M if u,v € M,
M is a subgroup of CT(V)*. We clearly have k*1c C M.

Definition. We call M (V) the Clifford group of V.

Theorem 10.9. The map u — T, induces a surjective group homomorphism M(V) — SO(V) with kernel
k*lc.

Proof. 1t is easy to see that uv € M if u,v € M. Consider

We have already shown that T, € GL(V). We check that it is an isometry, i.e. T, € O(V). Indeed, notice
that
Quru Nle = (uzu™1)? = ur’u™"' = Q(z)ulcu™" = Q(z)1c.

The identity T, = T, T, is a straightforward computation. We have thus defined a group homomorphism
M= OWV),u—T,.

The statement of the theorem is equivalent to showing that this group homomorphism has image SO(V) and
kernel £*1¢. That the kernel is k*1¢ follows immediately from Lemma 10.4.

Suppose o € SO(V). Since O(V) is generated by reflections, there exists anisotropic us, ..., u, € V such that

O =Ty " Ty

e

Since ¢ € SO(V), r must be even. By repeated applications of Lemma 10.7, one can now check that u =
uy -+ - up € M satisfies 0 = Ty, and so SO(V) lies in the image of u — T,.

Finally, suppose there exists u € M such that T,, ¢ SO(V). Then

Ty ="Tu " Tu

for anisotropic uy,...,u, € V and r odd. Set v =y ---u, € C~ (V). Then, repeated applications of Lemma 10.7

implies that

vav = —Tuy " Tu, T = —1yT = —uzut.

Then w = u~tv € C~(V) satisfies wz = —zw for all z € V. By Lemma 10.5, it follows that w = 0, which is
impossible. O

Corollary 10.9.1. Ifu € C’+(V) is invertible and uzu™' € V for all x € V, then there exists vi,...,v, € V
such that u = vy - - - v, where r is even. Furthermore, uu € k*1¢.

Proof. The existence of vy, ..., v, is immediate from the proof of the above theorem. We then have

wt = (vy - 0p) (T T1) = Q1) -+ - Qvr) 1.
O

We now define a map 6 : SO(V) — k*/(k*)%. Given any o € SO(V), we write 0 = T, for invertible
u € C*(V). By the corollary. we have ut = al¢ for some a € k*. If we replace u with Au, then « gets replaced
by aA?. Hence, we have a well-defined map

0:SO(V) — k*/(k*)?, Ty (uu)(k*)?.
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More concretely, given o € SO(V'), we write 0 = 75, - - T5,, and set
0(0) = Q(a1) - Q) (k") € k™ / (K")*.

That this is well-defined (i.e. independent of the choice of x1, ..., z,-) follows from Proposition 10.8. In fact, this
concrete description shows that @ actually extends to a map 0 : O(V) — k*/(k*)? such that 0(7,) = Q(z)(k*)?.

Exercise 10.10. For V a regular quadratic space, we have 0(—1y/) = discV € k*/(k*)2.
However, we will only really care about this map restricted to SO(V).

Definition. The group homomorphism 6 : SO(V) — k*/(k*)? is called the spinor norm. The kernel of @ is
denoted by SO'(V).

Ezercise 10.11. If V is regular isotropic, then € is surjective.
The group SO’(V') has an interesting double cover, the spin group.

Definition. The spin group Spin(V) of a quadratic space V is the subgroup of M (V') consisting of those
u € M(V) such that vz = 1¢.

Lemma 10.12. The map u — T, gives a surjective group homomorphism Spin(V) — SO'(V), with kernel

{£1}.

The spin group is very important in the theory of algebraic groups (and the theory of Lie groups). It has
important applications in physics as well.

Ezample 10.13. Suppose V is a quadratic space over k, where k is algebraically closed (say k¥ = C). Then
k*/(k*)? is the trivial group and so the spinor norm is trivial. It follows that SO’(V) = SO(V).

Ezample 10.14. Suppose V is a regular quadratic space over R. If V' is positive (or negative) definite, then the
image of 0 is R~¢ = (R*)?, and so 6 is the trivial map. Thus SO'(V) = SO(V) in this case as well. It turns out
that, for V positive (or negative) definite, Spin(V') is a simply connected Lie group that forms a double cover
of SO(V). It is precisely this fact that makes it extremely important in Lie theory and physics.

However, if V is indefinite, then the spinor norm is surjective, and so SO’(V) is an index 2 subgroup of

SO(V).

Remark 10.15 (for those who know about algebraic groups and Galois cohomology). As with O(V') and SO(V),
the functor R — Spin(V ®; R) makes Spin(V) an algebraic group. Let Spin(V) denote the corresponding
algebraic group.

Over any field not of characteristic 2, Spin(V') is a simply connected double cover of the algebraic group
SO(V), i.e. we have an exact sequence

1 — ps — Spin(V) - SO(V) — 1

where ps is the algebraic group of second roots of unity. Taking cohomology, and again assuming chark # 2,
we have

1 — {#1} = Spin(V) — SO(V) — H'(k, uz).
However, H*(k, o) = k* /(k*)2. Tt turns out that this connecting homomorphism
SO(V) — H'(k, p2)
is precisely the spinor norm map

0:SO(V) — k*/(k*)2.

The spin group, the spinor norm, and the group SO’(V) all play a key role in the study of quadratic spaces
over the integers. In fact, they provide important obstructions to the local-global principle which we will
encounter when we study quadratic forms over Z.
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10.3 Spinor Genus

Now suppose V is a quadratic space over the rationals. For every place v of Q, we have the spinor kernel
SO'(V,) € SO(V,) consisting of those rotations with trivial spinor norm. We then have the group

SO, (V) :={(0,) € SOx(V) : 7, € SO'(V,,) for all places v}.

Mimicking the definition of the genus, we have the following.

Definition. The spinor genus spnL of a full lattice L is the set of all full lattices K such that there exists
o€ O0(V) and ¥, € SO'(V,) for every prime p such that

K,=0%,L,
for all primes p. The proper spinor genus spn™ L is the subset of such K where we may choose o € SO(V).

In other words,

spnl :={oXL:0 € O(V),X € SO, (V)},
spntL = {oXL :0 € SO(V),% € SO\ (V)}.

The containment
O(V) CO(V)SOL(V) C Oa(V)

implies that each genus is partitioned into spinor genera, and each spinor genus is partitioned into classes. By
the orbit-stabiliser theorem again, we know that spn™ L is in bijection with SO, (L)\SO(V)SO} (V).

Remark 10.16. Since O(V) ¢ SO} (V) in general, in order to make sure that clsL C spnl we consider the
O(V)SO} (V) orbit of L instead of just the SO} (V) orbit.

Exercise 10.17. If 3 is an element of SO (V), show that X(spnL) = spn(XL) and X(spnt L) = spnt (ZL).
There is a very important theorem due to Eichler.

Theorem 10.18 (Eichler). If V is a regular quadratic space such that dimV > 3 and V., is indefinite, then
for any full lattice L inside V' the spinor genus coincides with the class.

There is an explicit formula for the number of spinor genera in a genus. However, in order to write down this
formula, we need to take a brief detour into the world of adéles.

10.4 1deles and Adeles

A very useful notion when dealing with global properties is the ring of adéles. We stick to being over Q.

Definition. The ring of finite adéles A% is the subring of the (infinite) product ring
AQ C H Qp
P

(the product being over all primes p of Q) consisting of those elements (a,) € [], Q, such that a, € Z, for
almost all finite primes p.

Definition. The ring of adéles Aq is the product ring R x Ag.

Addition and multiplication happens component wise. We can endow Hp Q, with the product topology,
in which case A(‘Ef is endowed with the subspace topology. Thus Ag also can be equipped with the product
topology. Under this topology, Ag and Ag’ are locally compact Hausdorff topological rings. Notice that Q
embeds into Ag ‘diagonally’, i.e.

Q= Ag, z— (z)y,

since any rational number is a p-adic integer for all primes p not dividing the denominator. We usually identify
Q with its image in Ag.

Definition. The subring of principal adéles is the image of Q in Ag under the diagonal embedding.
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Under this embedding, it turns out that Q is a discrete subset of Ag, that Q is a dense subset of AZ (by
the weak approximation theorem), and moreover the quotient space Q\Ag is compact. However, we shall not
really need the topology on Ag in what follows.

We are not doing anything special! Specifying an element of Ag is the same as specifying a real number
and a p-adic number z,, € Q, for all primes p, satisfying the simple condition that x, € Z, for all but finitely
many primes p.

Set Z = Hp Zyp, the product being over all (finite) primes p. This is again a ring under component-wise
addition and multiplication, and is also endowed with a topology, the product topology. We have the diagonal
embedding Z < Z, in which Z is dense in Z (this is again weak approximation). Clearly, Z C Ag and

RxZC Ag. It turns out that
A¥=2Q®z2Z, QNRxZ=1Z and Ag=Q+RxZ
Remark 10.19. The proofs of all these facts is actually not very hard, and follows the proofs given below very
closely. Proofs may be found in pretty much any book on algebraic number theory.
In what follows however, we are most interested in the group of units of the ring Ag.
Definition. The group of idéles is the group of units Ag of Ag.

Equivalently, Af consists of those elements (z,) € [[, Q; such that z,, € Z; for almost all finite primes p. As
before, we endow [], Q5 with the product topology, and endow Ag with the subspace topology. In this way,
Ag is a locally compact Hausdorff topological group.

Remark 10.20. WARNING: the topology so induced on Ay does not coincide with the subspace topology
induced by Aj C Ag.

We have the diagonal embedding Q* —» Af@ as usual. These are the principal idéles. Notice that we also have
7 = H Ly,
P

endowed with the product topology.

Lemma 10.21. Ag = Q*(R* x Z*) In other words, for any idéle (x,) € A}, there exists a € Q, yoo € R*, and
Yp € Zy, for all primes p such that

Too = AYoo, and x, = ay, for all primes p.

Proof. By definition of an idele, we have x;, € Zy for all primes p ¢ S, for some finite set S of (finite) primes.
Set

—ordpx :
o= H p—ordpazcp and  y, = Z‘ppil pTp 1fp es,
oty Tpa if pg S orp=occ.

Since a € Zj, for all p ¢ S, we see that y, = zpat € Zy, for all p ¢A S. For all p € S, we have by definition that
|zpp~ e |, = 1, and so y, € Zy, as well. Hence y = (y,) € R* x Z C Ag. By construction, notice that = = ay
as required. O

Lemma 10.22. (R* x Z*) N Q* = {+1}

Proof. Consider any principal idele = (z), € QN (R* x 7*). Since x € Z*, we have that z € Z, for all primes
p. If o ¢ {£1}, then there exists some prime p (dividing either the numerator or denominator of z) such that
|z[, # 1, and so x ¢ Z for this prime p. It follows that 2 € {£1}, and the lemma follows. O

The previous two lemmas imply the following.
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Corollary 10.22.1. We have an internal direct product Ay = Q*(Rso x Z*) In other words, for any idéle

x = (x,), there exists a unique Yoo € Rso, a unique y = (y,) € Z*, and a unique a € Q* such that Too = ayso
and x, = ayp.

Again, we are not doing anything special! Specifying an element of Ag is the same as specifying a non-zero
real number 2, (which, by the corollary, we may always assume positive) and a non-zero p-adic number z,, € Q,
for all primes p, satisfying the simple condition that x, € Z; for all but finitely many primes p.

10.5 Number of Spinor Genera

We also see that the set of all spinor genera in the genus of L is in bijection with

SO(V)SOL(L)SO, (V)\SO4(V).

Since there are only finitely many classes in a genus, and each spinor genus is a disjoint union of classes, it
follows that there are only finiely many spinor genera in a genus. Moreover, the number of such spinor genera
is the group index

(SO4(V) : SO(V)SOL(L)SOL (V).
Proposition 10.23. The number of spinor genera in a genus is always a power of 2.

Proof Sketch. Consider the homomorphism 6 : SO4 (V) — Af/(A5)?, whose kernel is precisely SO} (V). Since
A(E/(A?@)Q is a pure 2-torsion group, it follows that SO, (V)/SO} (V) is a pure 2-torsion group. This implies
that the group index

(SOA(V) : SO(V)SOL(L)SOL(V))

is a power of 2. O

In practice however, it is hard to compute this index, even if we know that it is a power of 2. We thus want
to find an easier number to compute. To do this, we introduce some notation.

V)= |J S={acQ :a(@)€ch(SOV))}cQ

SeB(SO(V))

0L)= |J S={acQ :a(Q)*€f(SOL)}CQ"

Se0(SO(L))

0V,):= |J S={acQ:a(@)co(SOV,)}CQ;

S€B(SO(V,))

U  S={aeQ:a(@;)*€b(SO(L,))} C Q;

S€B(SO(L,))

D
—~

~
3
~

I

Via the embedding Q" < A, we can view 6(V) (and 6(L)) as subgroups of Ag. In many cases, we know what
these groups are!

Lemma 10.24. IfV is a reqular quadratic space with dimV > 3, then the spinor norm (restricted to SO(V,))
is surjective for any prime p. In other words, 0(V,,) = Qj, for all primes p.

Proof. For dimV,, > 4, V,, is universal, and so there exists a symmetry with any pre-assigned spinor norm. It
follows that the spinor norm is surjective. We may thus suppose that V is ternary. Now, V), represents « if
and only if V, L (—a) is isotropic. By Proposition 4.46, if disc(V L (—a)) # (K*)?, then the space cannot
be anisotropic, and so V represents a. Now, if discV C Z;(Q;)Z, then V represents all prime elements and at
least one unit. However every element of Q) can be written as the product of exactly two such elements times
a square. Hence, it follows that 6 is surjective. A similar argument works for discV C pZ;(Q;‘,)Q. O

Lemma 10.25. Suppose p is an odd prime such that L, is a modular lattice with rankL > 2. Then 6(L,) =
p\p
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Proof. By suitably scaling (), we may suppose that L, is unimodular. Take any reflection 7, € O(L,), where u is
a maximal anisotropic vector of L,. Lemma 7.3 implies that B(u, L) C Q(u)Z,. However, as L is unimodular,
Proposition 6.29 says that B(u,L) = Og. Thus Z, C Q(u)Z,. However, sL = Z, and so Q(u)Z, C Z,.
Hence Q(u)Z, = Z, and so Q(u) € Z}. We thus have 6(r,) € Z3(Qj)? for any 7, € O(Ly), and hence that
0(Ly) € Z;(Q3)?. On the other hand, by Corollary 7.9.3 we can find u € L, such that Q(u) is any unit we
want, and one can check that 7, € O(Ly). Hence 0 : O(Ly,) — Z5(Q3)?/(Q})? is surjective, and the result thus
follows. O

Lemma 10.26. Suppose V' is a reqular quadratic space over Q with dimV > 3. Then,

o(V) = Q=0 if Vo positive or negative definite,
| QF  if Vi indefinite.

Proof. If V, is positive or negative definite, then @Q(u) must have the same sign as v € V runs through
anisotropic vectors, which forces the product Q(u1)Q(uz) - - - Q(uz2,) to be positive. Hence, we see that 6(V') C
Qs if V. is positive or negative definite.

We now want to show equality. Pick any a € Q*, and suppose that a > 0 if V, is definite. First suppose
dimV > 4. Pick an arbitrary non-zero element b € Q(V). Then ab € Q(V). For all finite primes, we know
by Corollary 4.46.1 that ab € Q(V,). Hence V represents ab for all p < co. The Hasse-Minkowski Theorem
then implies that ab € Q(V). Thus, we can find u,v € V such that Q(u) = ab and Q(v) = b. It follows that
O(1u7y) = ab?(Q*)? = a(Q*)? as required.

Now suppose dim V' = 3. We may scale the quadratic form so that discV = 1, so that V,, is either indefinite
or positive definite. Let S be the set of all (finite) primes p such that V), is anisotropic; recall that this is a finite
set of primes as a consequence of Lemma 4.44. As a consequence of weak approximation for Q, or alternatively
by an application of Lemma 5.9, we may find b € Q such that

e b > 0 if V. is positive definite (otherwise no condition on the sign of b)
o —b,—ab¢ (Q;)* forallpe S.

Notice that ((—b) L V), is isotropic for all p ¢ S since V), is itself isotropic. On the other hand, disc({—b) L
Vp) = —b(Q;)2 #* (@;)2 for p € S. Since Proposition 4.46 tells us that any regular anisotropic quadratic space
over Q, must have discriminant (Qj;)?, we see that (=b) L V,, is isotropic for all p € S. Hence (—=b) L V is
isotropic at all primes p and at oo, and so by Hasse-Minkowski we know that (—b) L V is isotropic over Q.
This implies that b € Q(V'). The exact same argument but with b replaced by ab shows also that ab € Q(V).
It then follows that a € 6(V). O

We are now in a position to write down the number of spinor genera in a genus.

Proposition 10.27. For a full lattice L in V', the number of proper spinor genera in genlL divides

AL 0(V) (]R X Ha(Lp)>

If dim V' > 3, then we have equality.

Proof. Given that the identity has trivial spinor norm, we know that (Q})? € 0(SO(Ly,)) (or equivalently that
(Q;)? € 0(Ly)), and thus that

(Ay)? C (R X He@,,)) c o) (R X He@)) .

This implies the existence of the following quotient map

IT: AL/ (AD)? — A(’@/G(V) (R X Ha(Lp)> .
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We can also define the map
©: SOA(V) = AY/(AD)?,  (Zp) = (0(5));

that this is well-defined (i.e. (X,) is a unit for almost all p) follows from Lemma 10.25. We thus have a group
homomorphism

d:=T100:50,(V) - A{@/G(V) <R X He(Lp)> .

We now compute the kernel of ®. We have ©(SO(V)) C kerII due to the presence of (V) in the quotient,
so that SO(V') C ker ®. Similarly SO4(L) C ker ®. We also have SO} (V) C ker © C ker ®. Thus

SO(V)SO(L)SO, (V) C ker .

Suppose on the other hand that ®(X) is trivial. Write ©(X) = (i,(Qj)?); by our choice of ¥ we must have
in(Q})* C 0(V)O(Ly) for all primes p. We can thus write i, = aj, for some a € §(V) and some j, € (L),
for all primes p. Pick o € SO(V) with 8(SO(V)) = a(Q*)?, and for each p pick A, € SO(L,) such that

0(Ap) = jp(Q})?. Setting Ay to be the identity, we thus have a well-defined element A = (A,), € SOx(L).

Consider ¥/ := 07 'A7'Y € SO (V). By our choice of A and o, we see that (X)) = (Q;)* for all primes p, and
so X, € SO'(V,). Thus X' € SO} (V). Hence, we see that

Y =0AY € SO(V)SOA(L)SO, (V).
Hence, ker ® = SO(V)SO4(L)SO,L (V) as required. In particular, we have an injection

SO4(V)/SO(V)SOx(L)SO, (V) — A / o(V) (R X He(Lp)>

which implies the first claim about divisibility.

To prove equality for dimV > 3, we just need to show that ® is surjective in this case. Consider any
i = (ip) € Aj. Since we only care about the coset i-6(V) (R x 1, H(Lp)), we may as well suppose that io, = 1.

Set Yoo = 1. Lemma 10.24 says that as dim V > 3, the spinor norm 0 : SO(V,) — Q3 /(Q})? is surjective for all
primes p, i.e. that 6(V,) = Q;. We can thus pick %, € SO(V,) such that i, € 0(3,) for all primes p. Moreover,
Lemma 10.25 says that 0(L,) = Z;(Q;)z for almost all primes p. Since i) € Z;, for almost all primes p as well,
we can pick the above X, so that ¥, € SO(L,) for almost all primes p. This implies that £ = (£,) € SOa(V),
and it isn’t hard to check that ®(X) = i. Therefore, ® is surjective for dim V' > 3. O

10.6 A Generalisation of Siegel-Weil

We now give a generalisation of the Siegel-Weil Mass formula. In order to state it, we need to introduce the
following family of modular forms.

Suppose t € N is a given positive integer, and x is a given Dirichlet character. A (weight % ) unary theta
series is a function 6, , : H — C given by

Oreni(2) = > x(n)ng™

n>0

where ¢(z) = €*™*. This is indeed a modular form.
Lemma 10.28. If x is a Dirichlet character with conductor fy, then 0y € Mgz, (F0(4tf§),xx_4t).

Definition. A (weight %) unary theta series is a weight % modular form that can be written as the finite linear
combination of 6; , for some ¢ and .

The following was proven by Schulze-Pillot in 1984.

Theorem 10.29 (Schulze-Pillot). Suppose V is a ternary reqular positive definite quadratic space, and L is a
full lattice in V. Then,

1 1
ZL’ ‘SO(L’)|_1 ; |SO(L/)|@L/ = SgenL +Z/{san

for some unary theta series Uspny, depending only on the spinor genus of L, where
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e the sum runs over a set of class representatives L' in the spinor genus of L, and
o Esonr 15 the Siegel-Fisenstein series coming from the original Siegel-Weil Mass Formula.

It tuns out that in the ternary case, it was proven recently [KKV22| that any Siegel-Eisenstein series Egenr,
in the ternary case can be explicitly determined using class numbers of binary forms!

Definition. Given D, the D ’th Hurwitz class number H(D) is the weighted count of all binary quadratic forms
ax? 4 bxy + cy? over Z such that 4ac — b?> = D, where we weight the binary quadratic forms by

) % if az? + by + cy? is equivalent over Z to dx? + dy? for some d € Z,

o & if az? 4 bxy + cy? is equivalent over Z to dz? — dxy + dy? for some d € Z, and

e 1 otherwise.

We set H(0) := — 5.

It is clear that H(D) = 0 unless D = 0, —1 (mod 4). The first few non-zero Hurwitz class numbers are given
below. The values of Hurwitz class numbers are given as the sequence A259825 in the Online Encyclopedia of
Integer Sequences (OEIS).

D 7 8 11
H(D) 11 1

3
1
3

D= s
—_
SV %)

Table 3: First few non-zero Hurwitz Class numbers H (D)

It turns out that the generating series of the Hurwitz class numbers

H(z) = Z H(n)q"

n>0

satisfies modularity in some sense. The problem is akin to that for E5; it’s not quite modular, but it’s close to
being modular. One example is as follows.

Proposition 10.30. Suppose a,b € N are such that ged(a,b) = 1 and b is square-free. Then, the function

Map(2) =Y (H(abn) — bH(an/b))q"

n>0
is a modular form for weight %, level T (4b Hp‘ap), and character X4ap.
This tells us where to look for our identities. The main result is the following.

Theorem 10.31 ([KKV22, Theorem 1.1]). Suppose V is a ternary regular positive definite quadratic space,
and L is a full lattice in V with discriminant discL = d. Let s be the square-free part of d (i.e. d = s(m)? for
some m € N). Then, the coefficient of ¢ in Egenr, is of the form

4sn
cr(n) Z ar.¢(n) - H <F>
f12d
for some choice of coefficients cr,(n) and ar, ¢(n) which are periodic in n.

Ezample 10.32. Consider L = (1) L (1) L (16). One can check either by using SAGE or by using the same
techniques illustrated in Section 8.6 that
genl = clsL + clsM

2 01
M:<021>.
1 1 5
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Let us count the number of spinor genera in the genus, i.e. we want to evaluate the group index

AL 0(V) (R X Ha@,,))

Notice first that L, is unimodular for all odd primes p, and so 6(L,) = Z#(Qj)? by Lemma 10.25. Lemma 10.26
tells us that O(V) = Qs¢. It remains to evaluate 6(Ls). Let L = Qz L Qy L Qz where Q(z) = Q(y) = 1 and
Q(z) = 16. Then, notice that

ToTotys ToTo+2y € SO(L2)

have spinor norms 2(Q3)? and 5(Q3)2. Hence
{1,2,5,10}(Q3)* € 6(L2).

It turns out that this is actually an equality ([CS13, Chapter 15, Section 9.5] gives an explicit algorithm);
intuitively, this is because if u = ax + By + vz € L is anisotropic with Q(u) € Z3, then

Q(u) = o® + 5% + 167>

can only take on the values 1 or 5 modulo 8. One can now see fairly easily that
AL = (9(1/) (R X He(L,,)>> L (ip)y (9(1/) (R X He(m))
P P
where (i,), € A is the idéle given by
: L p#2
iy =

3 p=2.

Therefore,

AY0(V) (R X He@,,))] =2.

Hence, we see that spnL = clsL! Using the Siegel-Weil mass formula and its generalisations, we can now find
identities for © 7, and ©,;, as follows.

One can first calculate that |[SO(L)| = |SO(M)| = 8, which implies that
1 1
Egenl, = §®L + §@M
by the usual Siegel-Weil mass formula. Since discL = 16, we know that
Egenr, € M3/5(Lo(64), X6a) = M3/2(T0(64)).

The Sturm bound for this space is
LI 641+ LA 12
12 2 2) 7

So we want to look at the first 13 coefficients for all of our modular forms in order to check identities. A quick
calculation shows that

Orn(2) =14+4q+4¢> +4¢* +8¢° + 4¢° + 4¢° +8¢"° + 8¢ +--- .
On(2) =1+4¢> +4¢* +8¢° +4¢® +16¢° + 8¢"° +8¢"3 +--- .
Egenr(2) = 1+2q 4+ 4¢* + 4¢* +8¢° +4¢® +10¢° + 8¢ +8¢" +---.
Since spnlL = clsL and spnM = clsM, the generalisation of Siegel-Weil tells us that
O = ggenL + UspnL, and Oy = ggenL + Uspnir -
Since %@L + %@M = Egenl, it then follows that
uSPnL = *uspnM =0 — ggan = 2q — 6q9 4

We see immediately that
usan = 291,)(,1

where y_1(n) = (=1)»=1/2 for n odd.
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A Modules and Algebras
A.1 Modules

Let R be a commutative ring with identity.
Definition. An R-module is an abelian group (M, +) equipped with a ‘multiplication by R’ map
tRxM—>M
such that, for all r,s € R and all z,y € M we have
er-(x4+y)=r-z+r-y,
e (r+s)-x=r-x+s-uz,
e (rs)-x=r-(s-x), and
o l.z=ux.
Example A.1. Modules over a field are called vector spaces.
Example A.2. All abelian groups are Z-modules.

Definition. A submodule of an R-module M is a subgroup N C M such that r-n € N for all r € R and all
n € N. Clearly, a submodule is an R-module in its own right.

Given a submodule N of a module M, we can form the quotient of abelian groups M/N. We may equip this
quotient group by the following action of R:

r-(m+ N)=rm+ N.

One can then check that M/N equipped with this R-action is itself an R-module. Thus we can take quotients
of modules.

Definition. A homomorphism of R-modules from M to N is a homomorphism of abelian groups f: M — N
such that f(rz) = rf(x) for all x € M and all » € R. An isomorphism is a bijective homomorphism.

Definition. A module M is finitely generated if there exists a finite collection of elements x4, ..., z,, € M such
that for any = € M there exists ¢; € R such that

r=CT]+Cxo+ -+ Cpnp.

A module M is free if there exists a collection S C M (possibly infinite) that forms a basis for M, i.e. every
x € M can be written as
T=2_ e

yeS

for unique choices of ¢, € R, where ¢y = 0 for all but finitely many y € S.

Example A.3. R™ is a finitely generated free module. In fact, every finitely generated free module is isomorphic
to R™ for some n.

Definition. Suppose S is any subset of an R-module M. The R-submodule generated by S is defined to be

(S) := m N

NDS
where N runs through all submodules of M containing S.

Concretely, we have

k
<S> = {Z?"liﬂl : kEN,T'i GRaxi € S}

i=1
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A.2 Algebras

As usual, we let R be a commutative ring. However, we will only need the case where R is a field.

Definition. An R-algebra A is an R-module equipped with a binary operation (multiplication)
tAXA—- A

such that, for any r,s € R and any z,y,z € A, we have
o (x+y)-z=x-2+4+y- 2
ez -(y+z2)=x-y+z-z
e (az)- (by) = (ab)(z - y).
An R-algebra A is associative if the above binary operation also satisfies z- (y-2) = (z-y) -z for all z,y, z € A.
An R-algebra A is commutative if the above binary operation also satisfies x -y =y - x for all z,y € A.
An R-algebra A is unital if there exists an element 14 € A such that 14 -z =x-14 = x for all z € A.
Ezample A.4. For any commutative ring R, the matrices M,,(R) are an associative unital R-algebra.

Ezxample A.5. If S is any ring with R as a subring, then S is a associative R-algebra. If S is commutative and
with identity, then S is a commutative associative unital R-algebra. Thus, for instance, C is a 2-dimensional
commutative associative unital R-algebra.

For us, most of the algebras tend to be unital and associative.

Definition. Given two R-algebras A and B, a homomorphism of R-algebras is a homomorphism of R-modules
f: A — B further satisfying f(z-y) = f(z) - f(y).

Thus, given any rings S; and Ss both containing a commutative ring R, a homomorphism S; — S5 of rings
is a homomorphism of R-algebras if and only if it acts as the identity on R.

A.3 Tensor Products

We shall define tensor products using a universal property. Again, R is a commutative ring.

Definition. Suppose M and N are R-modules. The tensor product of M and N is an R-module M ®r N
equipped with a bilinear map ® : M x N — M ®pg N satisfying the following universal property: For any
R-module T' with a bilinear map B : M x N — T, there exists a unique morphism f : M ® g N — T of
R-modules satisfying
B(m,n) = f(m®mn)
for all m € M and n € N.
M x N

,@,l X

M ®r N e T

Due to the universal property, if the tensor product exists it is unique up to unique isomorphism. That it
exists can be checked easily via the following construction:

Let X be the free R-module generated by M x N. Let Y be the submodule of X generated by all elements
of X of the form

(ml + m27n) - (mla TL) - (mQ’n)v (m7n1 + ?12) - (m,nl) - (mvnQ)a and (rm,n) - (ma TTL).

Then one can check that X/Y satisfies the universal property of tensor products, so that M @z N = X/Y.
Thus, as a set, M ®pr N consists of finite-linear combination of formal symbols m ® n, where the symbol —® —
satisfies

(mi4+me)@n=mn+ma®@n, me(ni+nz) =men,+meny, and r(mMAOn)=(rm)@n=me(rn).
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We have a lot of straightforward properties of tensor products:

Proposition A.6. Let R be a commutative ring, and M, N, L are R-modules. Then, we have the following
canonical isomorphisms of R-modules:

1. M®r R M;

2. M®@r N =N ®gr M;

3. LOr (M®rN)= (L®rM)®rN.

It also turns out that the tensor product of finitely generated R-modules is also finitely generated.

Now suppose S is a commutative associative unital R-algebra. In particular, it is an R-module, so that we
can form the tensor product M ® S with any R-module M. We can equip M ® g S with an S-action by defining

s-(m®t):=m® (st)

and then extending linearly. In this way, M ®pg S is an S-module. This process of producing S-modules from
R-modules is called base-change. One can think of base-change as simply a change in coefficients. For instance,
we have

M,(R)®r S M,(S) and R"®pS=S"

In fact, for us, just these two facts is more than enough.

Proposition A.7. Suppose L is an R-module, and M and N are S-modules for a commutative associative
unital R-algebra S. We then have the following canonical isomorphism

L®r (M ®sN)=(Log M)®s N

if M is an S-module then it is also an R-module by simply restricting to the image of R in S.
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